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PREFACE 

PROF.  Ariya  Inokuty  has  occupied  the  chair  of  Engineering 
in  the  Engineering  College  of  Tokyo  Imperial  University  for 
upwards  of  twenty  five  years.  With  his  energetic  mind  ever 
directed  to  progress  in  his  profession,  he  is  still  actively  employed 
in  the  duties  of  his  Professorship,  in  the  study  of  various  subjects 
of  interest  to  himself  and  his  co-workers,  and  in  promoting  and 
carrying  out  researches  in  various  departments  of  technical 
phenomena. 

The  graduates  of  the  College  educated  under  Prof.  Inokuty 
now  number  many  thousands.  Most  of  them  occupy  responsible 
positions  in  Engineering  circles.  The  labours  of  their  former 
professor  are  always  a  matter  of  deep  interest  to  them,  and  often 
of  considerable  value  in  the  guidance  of  their  own  work. 

On  various  occasions  he  has  published  essays  relating  to  his 
researches ;  on  other  occasions  he  has  expressed  his  views  on 
matters  connected  with  the  actual  as  well  as  the  ideal  education  of 
the  Engineer.  These  essays  and  expressions  of  opinion  and  judg- 
ment are  scattered  throughout  the  Transactions  of  various  Insti- 
tutions and  technical  journals ;  they  have  had,  in  many  cases,  a 
lasting  effect  upon  the  development  of  the  science  and  art  of 
Mechanical  Engineering. 

To  his  very  numerous  pupils  both  past  and  present,  the  time 
appears  to  have  arrived  for  a  fitting  recognition  of  the  value  of 
his  services.  The  completion  of  the  25th  year  of  his  professorial 
work  seems  a  suitable  occasion  for  a  special  celebration.  With 
the  kind  assistance  of  other  friends  of  the  Professor,  these  pupils 
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have  already  presented  to  the  College  a  set  of  experimental 
centrifugal  pumps  with  an  electric  motor  to  drive  them.  They 
now  propose  to  take  one  step  further. 

To  interest  the  general  public,  and  make  the  Professor's 
work  and  researches  available  to  as  large  a  circle  as  possible, 
they  propose — through  the  Celebration  Committee  appointed  for 
the  purpose — to  compile  his  various  contributions  and  essays,  and 
reprint  and  publish  them  in  a  comprehensive  volume.  This  volume 
will  be  called  the  "  Inokuty  Technical  Papers."  The  contents 
will  embrace  his  papers  already  published  in  Journals,  Transac- 
tions of  Institutions  and  elsewhere,  and  also  other  papers  which 
have  not  yet  publicly  appeared.  It  is  unnecessary  to  enlarge  on 
the  value  that  this  volume  will  offer  to  its  readers,  representing 
as  it  does  the  outcome  of  his  literary  labours.  It  will  bring 
within  easy  access  what  is  now  obtained  only  by  some  diligence 
and  searching.  It  will  be  a  souvenir  to  his  friends  and  a  guide 
to  his  fellow  workers.  The  compilation  of  it  is  attractive,  and 
the  work  itself  should  stand  as  a  lasting  monument  to  the 
Professor's  great  technical  genius. 

THE  CELEBRATION  COMMITTEE. 
TOKYO, 

March,  1913. 
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I. 

Volume  of  Certain  Solids. 

[Rigaku  Kyokwai  Zasshi.'] 

Let  a  surface  be  generated  by  the  motion  of  a  straight  line 
which  is  guided  by  the  perimeters  of  any  two  closed  plane  curves 
»'i=0i(0)  and  ^2=02^)  in  parallel  planes,  and  which  moves  in 
such  a  manner  that  it  always  lies  in  the  plane  containing  the 
poles  Oi  and  02  of  the  said  curves.  Bounded  by  this  surface 
and  by  the  two  plane  curves,  we  obtain  a  solid  somewhat  like  a 
frustum  of  any  cone.  It  is  proposed  to  find  an  expression  for 
the  volume  of  this  solid. 

For  simplicity  we  suppose  the  axis  or  the  line  Oi  02  to  be 
perpendicular  to  the  two  plane  curves  and  employ  the  following 
notations : — 

h  =  perpendicular  distance  between  the  two  planes, 

x  =  distance  of  any  intermediate  parallel  section  from  the 
plane  of  ?"i=0i(0;, 

r  =  radius  vector  of  the  section  at  distance  x,  the  vectorial 
angle  being  6. 


Then 


Volume  of  Certain  Solids.  [i. 

and  the  area  of  any  section  is 


which  may  be  put  thus : — 


Hence  the  volume  of  the  solid  is 


V=    A  dx 

JO 


(1) 


where  ^  and  A2  are  the  areas  of  the  two  ends  and  B  the  follow- 
ing function  : — 


It  is  easy  to  see  that  B  is  never  greater  than 

If  the  figures  forming  the  two  ends  of  the  solid  are  similar,  the 

solid  is  a  cone  and  we  obtain  the  usual  formula  for  it,  thus 


r2=nr}     or 


Volume  of  Certain  Solids. 


=-L  (  &(#)  n  0l(6)dd=n  A, 
=i/n*Al  =  V  A\ 


Hence  F=h(A.2+T/A^Il+A1)  .........................     (2) 

In  order  to  find  the  numerical  value  of  the  function  B,  we 
take  the  following  case  :  —  A  solid  on  a  circular  and  a  square 
ends.  Putting  d  for  the  diameter  of  the  circle  and  s  for  the 
side  of  the  square,  we  have 


and  taking  the  initial  line  perpendicular  to  a  side  of  the  square, 
we  have 


Now  5=-i-Jr,r,rf0 


2  J       cos 


This  integral  is  to  be  taken  between  the  limits  0=^-  and  0=0, 
and  the  result  multiplied  by  8. 


=•99452  ./^ 


Volume  of  Certain  Solid? 


[I- 


Hence  for  this  solid  the  volume  is 


(3) 


The  coefficient  of  middle  term  is  practically  unity  and  may  be 
left  of  consideration,  and  then  the  formula  is  just  the  same  as 
for  a  frustum  of  any  cone. 

Again  if  we  suppose  the  two  guiding  plane  curves  to  be  in- 
verse to  each  other,  we  have  7V2  =  constant  =&2,  say,  and 


so  that  the  formula  (1)  reduces  itself  to 


(4) 


As  an  example  of  this 
class  of  solids,  let  one  end  be 
a  square  and  the  other  its  in- 
verse, that  is,  four  circles  ar- 
ranged as  in  the  figure. 

Putting  d  for  the  diameter 
of  four  equal  circles  and  s  for 
the  side  of  the  square,  we  have 
the  volume  of  this  solid 


-97968  y 'A1 


(5) 


Here  again  the  coefficient   of  the    middle   term   is  approximately 
equal  to  unity. 


Volume  of  Certain  Solids. 


It  is  to  be  remembered,  however,  that  the  solid  here  sketch- 
ed does  not  come  under  the  class  of 
the  solids  whose  volume  we  proposed 
to  find.  This  solid  here  has  two 
parallel  rectangles  for  the  ends,  a^ 
being  parallel  to  a2,  and  bi  being 
parallel  to  b2.  The  other  faces  are 
bounded  by  four  planes.  We  will 
sketch  out  the  method  of  finding  an 
expression  for  its  volume. 


Putting  a  and  b  for  the  sides  of  any  parallel  section  at  dis- 
tance x  from  top  and  using  h  for  the  perpendicular  height,  we 
have 


arid 


b-2—bi 


(6) 


This  may  be  put  thus : — 
1 


+AJ, 


where  c  =  -?r  f  J—  4-  A/— 


and         <*!=&!?«!        and        az=b2mz. 

Suppose   the   two  rectangular   ends  have  their  sides  in  the  ratio 
of  1:  2  and  2  :  1,  then  c=li.      This  cannot  be  safely  neglected. 


II. 

Extension  of  Simpson's  Rule. 

[The  Journal  of  the  Engineering  Society,  Japan,  No.  75,  1888.] 

The  following  results  which  are  an  extension  of  Simpson's 
Rule  may  be  useful  for  finding  the  approximate  values  of  areas, 
volumes,  moments  of  inertia  and  other  integrals,  especially  those 
relating  to  naval  architecture.  I  have  arrived  at  three  distinct 
formulae  marked  (A],  (B)y  and  (<7);  of  these  (A)  would  be  most 
convenient  and  useful  for  practical  applications,  while  (C)  would 
probably  be  more  exact  but  involves  a  greater  amount  of  labour 
in  multiplication,  and  lastly  (B)  might  be  very  handy  as  well  as 
legitimate  in  some  cases  but  would  not  be  accurate  enough  in 
other  cases  as  will  be  seen  presently.  These  formulae  will  be 
considered  separately. 

I.  Let  there  be  given  three  equidistant  ordinates  y0,  y1}  yz, 
and  the  whole  abscissa  H  between  y0,  and  y2,  of  any  plane  curve. 
The  problem  is  to  find  approximately  the  area  of  the  figure 
bounded  by  the  curve,  the  abscissa,  the  ordinate  y0,  and  by 
another  ordinate  corresponding  to  any  abscissa  h,  which  is  a 
fraction  of  H. 

Assuming  the  parabola  of  the  second  order  for  the  curve, 
as  in  the  Simpson's-  First  Rule,  we  have 


1888] 


Extension  of  Simpson's  Kule.  - 

The  area  required  is  expressed 

by 


1    3 

mQH+2i 


where  m=h-^H.     Now    when    x   is   equal  to  0,  IH,  H,  we  have 
the  corresponding  values  of  y  equal  to  yQ,  y^  y2  respectively. 

Therefore  y.=P, 


and 


y,=P+QH+RH\ 


Multiply  these  equations  by  Uik0)  ^hk^  %hk2  respectively  and  add 
the  results  to  equation  (1);  kQ,  ki,  k2  being  indeterminate  multi- 
pliers. We  have  then 


(2) 


Since  we  have  thus  introduced  three  arbitrary  quantities,  we  are 
at  liberty  to  introduce  three  conditions.  Very  well  then  let  us 
equate  the  coefficients  of  P,  Q,  R  in  equation  (2)  each  to  zero; 
thus  :  — 


3m  + 
2nr  + 


(3) 


8  Extension  of  Simpson's  Rule.  [u. 

Hence  the  equation  (2)  becomes 

(4) 


It  now  only  remains  for  us  to  determine  the  values  of  the  three 
constants  k0,  klt  #2  in  terms  of  m  from  the  equations  (3).  When 
they  are  found  and  substituted  in  (4)  we  obtain  the  following  :  — 


...(A) 


which  is  the  formula  required. 

We  will  apply  it  to  a  few  cases.  In  the  first  place  suppose 
?ft  =  i,  that  is,  suppose  we  wish  to  find  the  area  corresponding  to 
one  half  of  the  whole  abscissa,  we  then  obtain  the  well-known 
5-8  rule, 


which  is  thus  seen  to  be  a  particular  case  of  the  formula  (A). 

Suppose   we   want  to  find   the  area    corresponding   to    one 
fourth  of  the  whole  abscissa,  we  have  then 


which  might  be  called  8-5  rule. 

Again  the  area  corresponding  to  three-fourths  of  the  whole 
abscissa  is 


a  singular  result,  the  third  ordinate  disappearing  altogether. 
We  give  two  other  particular  cases  :  — 


Extension  of  Simpson's  Kule. 

when  w=s, 


when  m=§, 


These  results  together  with  other  cases  are  given  in  the  follow- 
ing table  of  coefficients. 

Formula  (A). 


Giving  the  area  corresponding  to  any  abscissa  h=m  Hy  having 
given  three  equidistant  ordinates  y0,  y^  and  y2. 


[TABLE. 
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.Table   (A). 

Giving  the  coefficients  c0,  clt  c2,  and  the 
divisor  c  in  the  formula  (A). 


_  h 

Co 

c, 

c, 

c 

•1 

5-14 

1-12 

-0-26 

6 

•2 

4-35 

2-08 

-0-44 

6 

I 

1  4-00 

2-50 

-0-50 

6 

T 

I  8 

5 

—  1 

12 

•3 

3-66 

2-88 

-0-54 

6 

1 
3 

r  3-44 
131 

3-11 

28 

-0-55 
-5 

6 
54 

•4 

3-04 

3-52 

-0-56 

6 

i 

f  2-50 

4-00 

-0-50 

6 

JL 

2 

(5 

8 

-1 

12 

•6 

2-04 

4-32 

-0-36 

6 

2 
3 

,1-77 

I  S 

4.44 

20 

-0-22 

-1 

6 

27 

•7 

1-66 

4-48 

-0-14 

6 

3 

4 

f  1-50 
I  1 

4-50 
3 

0 
0 

6 
4 

•8 

1-36 

4-48 

+  0-16 

6 

•9 

1-14 

4-32 

+  0-54 

6 

1-0 

1 

4 

+  1 

6 

1-1 

0-94 

3-52 

+  1-54 

6 

1-2 

0-96 

2-88 

+  2-16 

6 

- 

t  1-00 

2-50 

+  2-50 

6 

IT 

{2 

5 

+  5 

12 

When  it  is  more  convenient  to  use  integral  coefficients   and 
corresponding  modified  divisor,   both   sets   of  values  are  given  in 
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the  table.  It  may  be  noticed  here  that  all  the  numbers  in  the 
table  (except  those  with  the  signs  of  recurring  decimal)  are  the 
exact  values  of  the  respective  constants. 

II.     Instead  of  three   equidistant  ordinates,  let  us  now  sup- 
pose that  2/1  is  the  ordinate  corresponding  to  the   abscissa   h,   as 
shown   in    the   figure.     Still   using  the 

.^.~.  parabola,   of  the   second   order   the   in- 

"fc  I     1  *  f2  tegral  for  the  area  is  the  same   as   be- 

yss/ss/ysss&     \ 

fore,  namely, 

A=-r(6P+3mQH+2m2IiH2) (1) 

6 

Now  when  x  is  equal  to  0,  h,  H  we  have  2/  equal  to  y0>  2/i>  ^2 
respectively. 


P+mQH+m2EH2, 


and  2/2 

Proceeding  in  a  manner  similar  to  that  of  the  preceding  case  we 
obtain  the  following  three  equations  of  conditions  : — 


3m 


(3) 


together  with  the  same  equation  as  (4)  in  the  preceding  case  for 
the  area.  When  the  constants  are  found  and  substituted  in  (4), 
there  results 


which  is  the  formula  required. 


12  Extension  of  Simpson's  Rule.  [u. 

By  making  the  ratio  m  in  this  equation  equal  to  one  half 
we  obtain  the  5-8  rule,  as  it  ought  to  be  the  case. 

When    w  =  J,  ^=72 

When    m=f,  A=-2-(3y0+8y1-3ya). 

o 

When    »n=J,  A=^ 

oo 

When    m=f,  ^=-4- 

lo 

It  is  easy  to  see  that  the  formula  (B)  would  be  more  accu- 
rate than  formula  (A)  so  long  as  h  is  less  than  %H,  while  on  the 
other  hand  (A)  would  be  more  accurate  when  h  is  greater  than 
$H',  when  h  approaches  very  near  to  the  value  H,  the  formula 
(B)  would  be  almost  useless  for  practical  applications.  The  fol- 
lowing table  might  be  of  some  use  in  some  calculations. 

Formula  (B). 

/j 

A = — (c0y0  +  C$1 + c2y2). 
c 

Giving  the  area  corresponding  to  any  abscissa  h=mH,  having 
given  the  extreme  ordinates  y0,  y2  and  the  ordinate  yl  correspond- 
ing to  h. 
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Table  (B). 

Giving  the  coefficients  CQ,  c^  c2)  and  the 
divisor  c  in  the  formula  (B). 


m=T 

Co 

c, 

c, 

c 

•1 

2-90 

3-11 

-0-011 

6 

•2 

2-80 

3-25 

-0-050 

6 

1 
4 

1  2-75 
133 

3-33 
40 

-0-083 
-1 

6 

72 

•3 

2-70 

3-43 

-0-129 

6 

1 

t  2-67 

lie 

3-50 
21 

-0-167 
-1 

6 
36 

•4 

2-60 

3-67 

-0-267 

6 

1 

r  2-50 

4-00 

-0-500 

6 

{ 

2 

I  5 

8 

-1 

12 

•6 

2-40 

4-50 

-0-900 

6 

2 

r  2-33 

5 

-1-333 

6 

{ 

3 

\  1 

15 

-4 

18 

•7 

2-30 

5-33 

-1-633 

6 

3 
4 

r  2-25 
I  3 

6-00 
8 

-2-250 
-3 

6 
8 

III.  Let  us  now  suppose  that  there  are  four  equidistant 
ordinates  y0,  yl9  y2,  y3  and  the  whole  abscissa  H  and  that  we  want 
to  find  an  approximate  value  of  the  area  up  to  any  abscissa  h. 
Assuming  the  parabola  of  the  third  order  for  the  curve  as  in 
the  Simpson's  Second  Rule, 


the  expression  for  the  area  is 


14  Extension  of  Simpson's  Knle.  [IT. 

A  =  \P+  Qx  +  Rx*  +  Soc?)dx 


(1) 


When  2=0,  %H,  IH,H,  we  have  the  values  of  ?/  equal  to  y0,  yi, 
y2i  2/3  respectively.  There  will  then  be  four  equations  for  deter- 
mining the  four  constants  P,  Q,  JK,  S. 

Proceeding  just  in   the  same   way  as   before  we  obtain  the 
following  :  — 


(C) 


which  is  the  formula  required. 

When   m  is   unity   this  formula   becomes  Simpson's  Second 
Rule. 


-When    »»=*,  A 

When    m=±,  ^ 

When    m=f,  A 

Formula  (C). 


(<v/0  +  c^  +  c$z  +  c3?/3). 

C 


Giving  the  area  corresponding  to  any  abscissa  h=mH,  having 
given  four  equidistant  ordinates  y0,  y^  yz,  and  ys. 
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Table  (C). 

Giving  the  coefficients  <?0,  clf  c2,  c3,  and  the 
divisor  c  in  the  formula  (C). 


h 

m=-H 

Co 

Ci 

?2 

C3 

c 

•1 

6-031 

3-027 

-1-347 

0-289 

8 

•2 

4-488 

5-016 

-1-896 

0-392 

8 

•25 

3-859 

5-672 

-1-922 

0-391 

8 

•3 

3-317 

6-129 

-1-809 

0-363 

8 

1 

3 

1  3-000 
I  9 

6-333 
19 

-1-667 
-5 

0-333 
1 

8 
24 

•4 

2-464 

6-528 

-1-248 

0-256 

8 

1 

2 

1  1-875 
\15 

6-375 
51 

-0-375 
3 

0-125 
1 

8 
64 

•6 

1-496 

5-832 

+  0-648 

C-024 

8  •  , 

2 
t 

j  1-333 
I  1 

5-333 
4 

+  1-333 

+  1 

0 
0 

8 
12 

•7 

1-273 

5-061 

+  1-659 

0-007 

8 

•75 

1-203 

4-641 

+  2-109 

0-047 

8 

•8 

1-152 

4-224 

+  2-496 

0-128 

8 

•9 

1-079 

3-483 

+  2-997 

0-441 

8 

1-0 

1 

3 

+  3 

1 

8 

III. 

Theory  of  Warming  Buildings  by 
Hot  Water  or  Steam. 

[The  Journal  of  the  Engineering  Society,  Japan,  No.  126,  1892.] 

The  rationale  of  the  apparatus  for  warming  buildings  by  hot 
water  or  steam  will  not  be  out  of  place  in  this  journal.  Some 
of  the  following  formulae  and  the  methods  of  calculation  relating 
to  the  apparatus  are  believed  to  be  new  so  far  as  the  writer  is 
aware  and  they  are  applicable  to  any  of  the  systems  that  are  in 
vogue  at  present. 

Let     2-=the  quantity  of  heat  in  British  thermal  units  given 

out  per  minute  by  a  given  system  of  pipes, 
/=the  length  of  pipes  in  ft., 
d=the  external  diameter  of  pipes  in  inches, 
c?0=the  internal  diameter  of  pipes  in  inches, 
tf=the  temperature  of  hot  water  or  steam  in  the   pipe 

in  degrees  Fah., 
£'=the  temperature  of  the  air  surrounding  the  pipe,  or 

the  temperature  of  the  air  in  the  room  after  it  has 

been  warmed,  in  degrees   Fah. 


Then 
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where  k  is  the  rate  of  combined  radiation,  conduction,  and  con- 
vection per  square  foot  of  pipe  surface  per  degree  of  difference 
of  temperature  per  minute.  To  determine  the  value  of  k  we 
quote  from  D.  K.  Clark's  Rules,  Tables,  and  Data  p.  481. 
"  Mr.  Hood  estimates,  from  experiments  made  by  Tredgold,  that 
the  water  contained  in  an  iron  pipe  of  4  inch  diameter  internally 
and  44  externally  loses  0'S51°  F.  of  heat  per  minute  when  the 
excess  of  its  temperature  is  125°  F.  above  that  of  the  surround- 
ing air,  .........  "  From  these  data  we  have 


where  the  number  0.115  is  the  specific  heat  of  iron  ;  by  calcu- 
lation the  value  of  k  is  found  to  be  0*0389  British  thermal  unit 
per  square  foot  of  pipe  surface  per  degree  of  difference  of  tem- 
perature per  minute. 

Thus  we  have        ?  =0-0389^^-*')  heat  units  per  min.  ...(1) 

2=2-334^-^-*')  heat  units  per  hour..  ..(I7) 

The  value  of  k  may  be  calculated  from  other  data.  In 
D.  K.  Clark's  Rules,  Tables  and  Data  are  given  (p.  472  —  p.  477) 
the  results  of  various  experiments  made  by  different  authorities 
on  the  condensation  of  steam  in  iron  pipes.  The  average  value 
of  the  amount  of  condensation  is  0'00235  Ib.  of  steam  at  20  Ibs. 
per  square  inch  absolute  pressure,  per  square  foot  of  pipe  surface, 
per  degree  of  difference  of  temperature,  per  hour.  Now  the  latent 
heat  of  evaporation  of  steam  at  the  pressure  above  stated  is  954*8 
British  thermal  units,  and  consequently  the  value  of  k  ought 
to  be 


]  8  Theory  of  Warming  Buildings  by  Hot  Water  or  Steam.  [in. 

7      0-00235x954-8          AAQ^   i 

K—        — 6~ —  =0-0374  heat  unit  per  minute, 

=  2-244  heat  units  per  hour. 

Now  suppose  that  the  volume  of  air  to  be  warmed  per 
minute  is  V  cubic  feet  estimated  at  the  temperature  of  32°F.  from 
t"F.  to  t'F.,  i.e.,  from  the  temperature  of  the  air  outside  the  room 
to  that  in  the  room.  The  volume  of  one  Ib.  of  air  at  32°^.  oc- 
cupies 12'39  cubic  ft.  and  the  specific  heat  of  air  is  0*2377.  We 
therefore  have  from  the  preceding  formula 

°'2377 


from  which  we  obtain  7=  1  '9Q(^,7j  )  =    dG=PT'  sa7-  •  •  •  (2) 

If  calculated  according  to  Mr.  Hood's  estimates  who  took  the 
specific  heat  of  air  at  0'2767,  the  coefficient  in  the  above  formula 
would  become  2'24  which  is  considered  rather  too  large. 

The  temperature  of  hot  water  in  the  pipe  may  be  about 
200°^.  It  is  said  that  in  habitable  rooms  each  square  foot  of 
glass  may  be  considered  as  equivalent  to  an  additional  quantity 
of  air  li  cubic  ft.  to  be  warmed  per  minute.  For  conservatories, 
forcing  houses,  and  like  buildings,  the  quantity  of  air  to  be 
warmed  is  li  cubic  ft.  per  square  foot  of  glass  per  minute.  The 
radiation  of  heat  from  frames  and  sashes  made  of  metal  is  as 
great  as  from  glass.  When  pipes  are  placed  in  trenches  covered 
with  grating,  the  loss  of  heat  as  estimated  by  Mr.  Hood  amounts 
to  5  to  7  per  cent. 

A  man  makes  about  17  respirations  per  minute  each  of  40 
cubic  inches,  that  is,  17  x  40x60-^- 1728 =23*6  cubic  ft.  per  hour. 
An  ordinary  gas  burner  consumes  about  5  cubic  ft.  of  gas  per 
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hour,  and  requires  for  combustion  12  cubic  ft.  of  air  per  cubic 
ft.  of  gas,  that  is,  60  cubic  ft.  of  air  per  hour  for  each  gas 
burner;  each  pound  of  candles  or  oil  burnt  requires  160  cubic 
ft.  of  air  for  combustion. 

In   some    book    the   quantity   of  air  required  for  the  proper 
ventilation  of  various  buildings  is  stated  to  be  as  follows : — 


Cubic  ft.  per  head 
per  hour. 

Cubic  ft.  per  head 
per  minute. 

For  apartments  with  healthy  occupants 

300* 

5* 

For  apartments  with  sick  occupants 

1200 

20 

For  prisons  and  workhouses 

350* 

5-8* 

For  churches  and  assembly  rooms 

550* 

9-2* 

For  hospitals  ordinary,  and  barracks 

2200 

36-7 

For  hospitals  for  infectious  diseases 

4500 

75 

The  same  book  says  that  the  space  provided  for  each  bed 
in  the  wards  of  oridinary  hospitals,  should  not  be  less  than  1800 
cubic  ft.  and  in  hospitals  for  infectious  diseases  not  less  than 
2500  cubic  ft.  The  space  provided  in  dwelling  houses  should 
not  be  less  than  300  cubic  ft.  for  each  person  in  a  room, 
whether  children  or  adults. 

According  to  modern  investigations  on  ventilation,  those 
quantities  in  the  above  table  which  are  marked  with  asterisks  * 
are  considered  far  too  small.  The  following  is  an  extract  from 
Encyclopaedia  Britanica,  Article,  Ventilation  : — 

"  Parkes  advises  a  supply  of  2000  cubic  ft.  of  air  per  hour 
(  =  33  cubic  ft.  per  minute)  for  persons  in  health  and  3000  or 
4000  cubic  ft.  (=50  or  67  cubic  ft.  per  minute)  for  sick  persons. 
The  English  Barracks  Improvement  Commissioners  require  that 
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the  supply  be  not  less  than  1200  cubic  ft.  (  =  20  cubic  ft.  per 
minute)  per  man  per  hour.  Pettenkofer  recommends  2100  cubic 
ft.  (=35  cubic  ft.  per  minute)  and  Moriu  considers  that  the 
following  allowances  are  not  too  high  : — 


Cubic  ft.  per  head 
per  hour. 

Cubic  ft  per  head 
per  minute. 

Hospitals  (ordinary) 

2000  to  2400 

33  to  40 

„          (epidemic) 

5000 

83 

Workshops  (ordinary) 

2000 

33 

„            (unhealthy  trades) 

3500 

58 

Prisons 

1700 

28 

Theatres 

1400  to  1700 

23  to  28 

Meeting  halls 

1000  to  2000 

17  to  33 

Schools  (per  child) 

400  to  500 

6.7  to  8.3 

„        (per  adult) 

800  to  1000 

13  to  17" 

"  A  general  idea  of  the  cubic  capacity  per  inmate  allowed 
by  law  or  custom  in  certain  cases  is  given  in  the  following 
table  : — 


Cubic  feet 

Hospitals 

1200 

(&  upwards) 

Middle  class  houses 

1000 

(&  upwards) 

Barracks 

600 

Good  secondary  schools 

500 

London  board  schools 

130 

Workhouse  dormitories 

300 

London  lodging  houses 

240 

One  roomed  houses* 

212 

*  Mean  of  29  measurements." 
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The  simplest  way  of  estimating  the  volume  of  air  to  be 
warmed  is  to  calculate  beforehand  the  number  of  times  the  air 
in  a  room  ought  to  be  renewed  per  hour.  Dividing  the  whole 
contents  of  the  room  by  the  cubic  capacity  per  inmate,  we  obtain 
the  number  of  inmates ;  this  number  multiplied  by  the  amount 
of  ventilation  in  cubic  ft.  per  head  per  hour  gives  the  quantity 
of  air  to  be  warmed  per  hour ;  this  product  divided  by  the  con- 
tents of  the  room  gives  the  number  of  times  the  air  in  the  room 
ought  to  be  renewed  per  hour.  The  whole  arithmetic  is  equivalent 
to  simply  dividing  the  amount  of  ventilation  per  hour  by  the  cubic 
capacity  per  inmate.  Thus  suppose  that  for  an  ordinary  dwelling 
house  we  allow  2100  cubic  ft.  of  air  per  head  per  hour  with 
800  cubic  ft.  of  room  space  allotted  to  each  person  in  the  room, 
then  2100-^-800=2.6  times  per  hour,  that  is,  the  air  in  the  room 
must  be  wholly  changed  every  23  minutes.  Again  for  a  meeting 
hall  let  the  ventilation  be  1200  cubic  ft.  per  head  per  hour 
with  a  room  space  of  200  cubic  ft.  per  head,  then  the  renewal 
of  the  air  is  1200-^-200=6  times  per  hour.  Again  for  a  certain 
workshop  the  ventilation  is  3000  cubic  ft.  per  head  per  hour  with 
an  allowance  of  350  cubic  ft.  of  room  space  per  head,  then  the 
renewal  is  8.6  times  per  hour.  It  will  be  seen  that  in  general 
where  a  large  amount  of  ventilation  is  requisite  for  each  person 
as  in  hospitals,  the  cubic  capacity  allowed  per  inmate  must  also 
be  large,  so  that  the  number  of  times  the  air  in  the  room  is  to 
be  changed  per  hour  may  not  be  so  high  as  might  appear  at 
first  sight.  While  on  the  other  hand  in  places  where  many 
people  are  crowded  as  in  theatres,  meeting  halls,  &c.,  the  occu- 
pants are  healthy  persons  and  the  amount  of  ventilation  for  each 
person  need  not  be  so  free  and  abundant  as  in  the  first  case,  so 
that  here  also  the  number  of  times  the  air  is  to  be  changed  per 
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hour  is  not  very  high.  The  following  table  gives  the  values  of 
this  number  for  various  amounts  of  ventilation  and  different 
cubic  capacities  allowed  per  inmate  : — 


Ventilation 
in  cubic  ft. 
per  head 
per  hour. 

^  Xumber  of  times  the  air  in  a  room  is  to  be  changed  per  hour, 
for  cubic  ft.  capacity  per  inmate  = 

200 

250 

300 

350 

400 

500 

600 

700 

800 

1200 
1500 
1800 
2100 
2400 
2700 
3000 
3300 
3600 

6-0 
7-5 
9-0 

4-8 
6-0 
7-2 
8-4 

4-0 
5-0 
6-0 
7-0 
8-0 
9-0 

3-4 
4-3 
5-1 

6-0 
6-9 

7-7 
8-6 

3-0 
3-75 
4-5 
5-25 
6-0 
6-75 
7-5 
8-25 
9-0 

2-4 

2-0 
2-5 

1-7 
2-1 
2-6 

1-5 
1-9 
2-25 
2-6 

3-0 
3-6 
4-2 

4-8 
5-4 
6-0 
6-6 

7-2 

3-0 
3-5 
4-0 
4-5 
5-0 
5-5 
6-0 

10-5 
12-0 
13-5 
15-0 
16-5 
18-0 

3-0 
3-4 
3-9 
4-3 
4-7 
5-1 

9-6 
10-8 
12-0 
13-2 
14-4 

3-0 
3-4 
3-75 
4-1 
4-5 

10-0 
11*0 

12-0 

9-4 
10-3 

The  use  of  the  above  table  is  this :  multiply  the  cubic  con- 
tents of  the  building  to  be  warmed  by  one  of  the  numbers  in  the 
table,  properly  chosen,  and  divide  the  product  by  60;  the  result 
is  the  value  of  V  in  the  formula  (2). 

To  find  the  value  of  V,  we  may  also  make  use  of  the  follow- 
ing table  which  gives  the  volume  of  air  in  cubic  ft.  to  be  warmed 
per  minute  per  1000  cubic  ft.  of  room  space  for  various  amounts 
of  ventilation  per  head  and  different  cubic  capacities  allowed  per 
inmate : — 
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Ventilation 
in  cubic  ft. 
per  head 
per  hour. 

Volume  of  air  in  cubic  ft.  to  be  warmed  per  minute  per 
1000  cubic  ft.  of  room  space, 
for  cubic  ft.  capacity  per  inmate  = 

200 

250 

300 

350 

400 

500 

600 

700 

800 

1200 
1500 
1800 
2100 
2400 
2700 
3000 
3300 
3600 

100 
125 
150 

80 
100 
120 
140 

67 
83 
100 
117 
133 
150 

57 
71 
86 
100 
114 
129 
143 

50 
63 
75 
88 
100 
113 
125 
138 
150 

40 

33 
42 

29 
36 
43 

25 
31 
37.5 
44 

50 
60 
70 
80 
90 
100 
110 
120 

50 
58 
67 
75 
83 
92 
100 

175 

200 
225 
250 
275 

300 

50 
57 
64 
71 
79 
86 

160 
180 
200 
220 
240 

50 
56 
62.5 
69 
75 

167 
183 
200 

157 
171 

Multiply  the  cubic  contents  of  the  building  to  be  warmed 
by  one  of  the  numbers  in  the  above  table,  properly  chosen,  and 
divide  the  product  by  1000 ;  the  result  is  the  value  of  V  in 
formula  (2). 

We  quote  from  D.  K.  Clark's  Kules,  Tables  and  Data  p.  483 
approximate  rules  for  the  length  of  4  inch  pipe  required  to 
warm  any  building  for  each  1000  cubic  ft.  of  room  space. 


[TABLE. 
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"  Building 

Length  of  4" 
pipe  per  1000 
cub.  ft.  of  room 
space. 

Temperature 
in  Fah. 
maintained  in 
the  room. 

Remarks. 

Churches  and  large  publicl 
rooms                                 J 

5ft. 

55°^. 

(In  very  cold  weather.     If 
the  air  is  regularly  changed, 
\  from  50  to  70  per  cent  more 
'pipe  is  required. 

Dwelling  rooms 

12 

65 

Ditto 

14 

70 

Halls,      shops,      waiting  1 
rooms,  &c.                       J 

10 

55 

Ditto 

12 

60 

Work-rooms,     manufacto-1 
ries,  &c.                          J 

6 

50  to  55 

Ditto 

8 

60 

Schools  and  lecture  rooms 

6  to  7 

55  to  58 

Drying     rooms     for     wetl 
linen,  &c.,  when  empty/ 

150  to  180 

120 

Ditto,  when  filled 

}>          » 

80 

Drying  rooms  for  curing  \ 
bacon,     drying     paper,  > 
leather,  hides                    J 

20 

70 

Green  houses  &  conserva-1 
tories                                 J 

35 

55 

In  coldest  weather. 

Graperies  &  store-houses 

45 

65  to  70 

Ditto 

Ditto 

50 

70  to  75 

Ditto 

Pineries,  hot  houses,    andl 
cucumber  pits                   J 

55 

80 

Ditto 

These  numbers  for  the  length  of  4  inch  pipe  are  only  suitable 
for  buildings  on  the  usual  plan  and  of  ordinary  proportions." 

Having  determined  the  principal  dimensions  of  a  system  of 
pipes  for  warming  any  building,  the  next  step  is  to  calculate  the 
quantity  of  coal  to  be  burnt  per  hour  and  then  having  decided 
on  a  given  type  of  boiler  for  generating  hot  water  or  steam,  we 
are  to  calculate  its  dimensions.  The  quantity  of  heat  given  out 
by  a  pipe  d  inches  in  diameter  and  /  ft.  long  containing  hot 
water  or  steam  at  t  F.  is  given  by  the  formula  (1),  namely, 
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(7=0-0389  x^l(t-i')  British  thermal  units  per  minute, 

where  t'  is  the  temperature  of  the  air  maintained  in  the  room. 
The  above  may  be  put  in  Ibs.  of  water  evaporated  per  hour  from 
and  at  212°  F.,  thus:— 


Let  E'  be  the  actual  evaporative  power  of  one  Ib.  of  coal, 
that  is,  the  number  of  Ibs.  of  water  which  is  actually  evaporated 
from  and  at  212°  F.  by  one  Ib.  of  coal  burnt.  The  value  of  E' 
varies  according  to  the  ratio  of  beating  surface  to  the  grate  area, 
the  type  of  boiler  used,  the  method  of  producing  the  draught, 
<fec.,  and  it  ranges  from  about  9  to  6  Ibs.  Now  W  divided  by 
E'  gives  the  quantity  of  coal  required  per  hour,  without  any 
allowance  for  the  loss  of  heat  by  evaporation  to  the  open  air, 
the  loss  by  leakage,  the  loss  of  heat  from  boiler  surface  by  radi- 
ation, &c.  The  rest  of  the  calculation  is  just  the  same  as  for  a 
steam  engine  boiler.  Suppose  for  example  we  take  d  at  4"  and 
I  at  1200  ft.,  the  temperatures  of  the  hot  water  in  the  pipe  and 
that  of  the  air  in  the  room  being  206°  F.  and  60°  F.  respectively. 

7tf     4x1200(206-60) 
Here     W**         —       —  ^s<  °*  wa^er  evaporated  per  hour. 


Assuming  the  value  of  E'  at  7  Ibs.  we  have 

Tr-5-^'=444-5-7=63  Ibs.  of  coal  to  be  burnt  per  hour. 
We  will  now  investigate  the  relation  between  the  rate  of 
cooling  and  the  velocity  of  circulation  of  hot  water  in  a  hot 
water  apparatus.  Suppose  that  a  boiler  can  supply  hot  water  at 
constant  temperature  t0  F.  through  a  system  of  pipes  and  that  the 
air  surrounding  the  pipe  is  kept  at  a  constant  temperature  t'F  . 
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by  means  of  well  regulated  ventilation,  then  the  temperature  of 
the  hot  water  in  the  pipe  will  gradually  fall  as  we  go  away  from 
the  boiler.  Now  our  problem  is  the  following : — In  order  that 
the  temperature  of  the  hot  water  in  the  pipe  at  a  distance  x  ft. 
from  the  boiler  may  be  t  F.,  what  must  be  the  velocity  of  circu- 
lation ? 

Let         v= velocity  of  hot  water  in  ft.  per  minute, 

^4=sectional  area  of  pipe  in  square  ft., 

$=perimeter  of  pipe  in  ft., 

t0=  temperature  Fah.  in  the  boiler, 

j£= temperature  Fah.  of  hot  water  at  distance  x  ft. 
from  the  boiler, 

£'= temperature  Fah.  of  the  air  surrounding  the  pipe, 

k=a&  before,  the  rate  of  combined  conduction,  con- 
vection and  radiation  per  square  ft.  of  pipe  sur- 
face per  degree  of  difference  of  temperature  per 
minute, 

w= weight  in  Ibs.  per  cubic  ft.  of  hot  water, 

c— specific  heat  of  hot  water. 

Then  the  quantity  of  heat  given  out  from  the  surface  of  a 
very  short  length  of  the  pipe  ox  will  be 

-dQ=k(SxS)(t-t'). 

This  amount  of  heat  must  be  accounted  for  in  the  fall  of  tem- 
perature dt  and  hence  we  have  also 

dQ=Avivcdt. 
Equating  these  two  expressions  for  $Q,  we  have 

Avivc(-3t)=kdxS(t-tf).    ... (4) 
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k(t-t') 


where         m=ihe   hydraulic    mean    depth  of  the  cross  section  of 

the  pipe  in   ft., 

-=the  rate  of  fall  of  temperature   per   foot   length   of 
the  pipe. 

CN, 

Again  (4)  may  be  written  thus         wcmv          =  —  kdx. 

Integrating,  we  obtain         w  c  m  v  \og(t  —t')  =  —  kx  +  const. 
But  when  tf=£0=the  temperature   in    the    boiler,    the    distance    x 
from  it  is  zero.     This  determines  the  value  of  the  constant,  and 
we  obtain 


(6) 


(Not  finished.) 
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Clearance  in  Steam  Engine  Cylinders. 

(In  a  letter  to  the  Editor  of  'The  Engineer'.) 
\The  Engineer,   Vol.  LXXX.  August  23,  1895.] 

Sir, 

The  fact  that  there  always  exists  a  certain  amount  of  loss 
of  work  due  to  clearance  so  long  as  the  terminal  pressure  is 
higher  than  the  back  pressure  before  compression  is  now  unde- 
niable, and  it  can  be  shown  that  there  is  a  particular  value  of 
compression  for  which  this  loss  is  the  least  possible.*  The 
following  calculations  relating  to  this  subject  may  be  of  some 
interest.  Two  cases  present  themselves. 

Case  I. — Here  the 
amount  of  compression 
is  supposed  to  be  suf- 
ficient to  create  a  nega- 
tive pressure  just  equal 
to  the  initial  pressure. 
Referring  to  Fig.  1,  let 
BC  be  the  expansion 
curve,  FGH  the  com- 


FIG.  1. 


*  After  having  written  this  letter,  the  writer  has  just  been  able  to  learn  that  the  ex- 
istence of  such  a  minimum  loss  had  been  shown  many  years  ago. 
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pression  curve,  ED  the  back-pressure  line,  and  AF  the  clearance 
space.  From  the  end  C  of  the  expansion  curve,  draw  horizontal 
line  meeting  the  compression  curve  at  the  point  6r,  we  have 
then  the  triangular  area  GHK,  representing  the  loss  of  work 
due  to  clearance  and  the  sudden  drop  of  pressure  at  CD.  As- 
suming the  hyperbolic  law  for  the  compression  curve,  and  using 
the  notations  indicated  in  the  figure,  the  area  GHK  has  the 
following  expression  : — 


(1) 


where  r'=m-±-c=p1-t-pb.  This  represents  the  loss  of  work  per 
f  —  —  cj  cubic  feet  of  steam  at  the  initial  pressure^.  Now  with 
the  same  initial  and  back  pressure,  and  the  same  (real)  ratio  of 
expansion,  the  amount  of  work  that  could  have  been  done,  were 
there  no  clearance,  is  — 


(2) 
Dividing  (Ij  by  (2),  there  results  — 


r 
l+fcgrJl 

which  is  then  the  loss  of  work  due  to  clearance  when  the  com- 
pression is  sufficient  to  produce  a  pressure  equal  to  that  of  the 
initial  steam,  and  is  expressed  as  a  fraction  of  the  total  work 
which  could  have  been  done  under  an  exactly  similar  condition 
without  clearance.  The  above  expression  vanishes  when  c  is 
zero  ;  and  it  vanishes  also  when  p^pb  =  T,  that  is,  when  the 
terminal  pressure  is  equal  to  the  back  pressure,  as  it  ought  to 
be  the  case.  In  the  Table  I,  the  terminal  pressure  p.z  is  assumed 
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to  be  25  lb.  absolute,  the  back  pressure  pb  17  Ib.  absolute.  The 
volume  m  of  the  cushion  steam  at  the  instant  when  the  compres- 
sion commences,  and  also  the  volume  of  clearance,  are  expressed 
as  fractions  of  the  total  cylinder  volume.  These  may  be  converted 
into  fractions  of  the  piston  displacement  by  putting  c-s-(l  — e)  in 
place  of  c  and  m-s-(l  —  c)  in  place  of  m. 

Table  I. 


c 

^  =  85  Ibs. 
p6=17  Ibs. 

^=100  Ibs. 

^=115  Ibs. 
pb  =  \l  Ibs. 

m 

L 

m 

L 

m 

L 

•03 

•15 

•005 

•18 

•005 

•20 

•006 

•05 

•25 

•009 

•29 

•010 

•34 

•Oil 

•07 

•35 

•013 

•41 

•016 

•47 

•017 

•10 

•50 

•022 

•59 

•026 

•68 

•030 

•14 

•70 

•039 

•82 

•049 

•95 

•064 

With  condensing  engines  it  is  usually  not  possible  to 
obtain  the  compression  pressure  high  enough  to  equal  the  initial 
pressure,  unless  either  the  clearance  space  is  very  small  or  the 
back  pressure  is  comparatively  high,  or  the  initial  pressure  is 
very  low. 

Case  II. — This  is  the  more  general  case  in  which  the  com- 
pression is  incomplete,  as  in  most  actual  engines.  We  still  as- 
sume the  hyperbolic  law  for  both  the  expansion  and  compression 
curve.  It  must  be  noticed  that  when  the  compression  is  incom- 
plete, the  steam  from  the  boiler  rushes  into  the  partially  vacuous 
clearance  space  at — or  rather  a  few  moments  before — the  begin- 
ning of  each  stroke  without  doing  any  work,  and  that  this 
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process  has  the  effect  of  making  the  steam  a  little  drier.  This 
is  altogether  neglected  in  the  following  calculation,  so  that  all 
the  figures  for  the  loss 
of  work  are  exaggerat- 
ed more  or  less,  and 
in  reality  the  amount 
of  compression  required 
for  the  minimum  loss 
of  work  would  be  much 
smaller  than  the  calcu- 
lation shows.  Referring 
to  Fig.  2,  let  GHK  be 
the  compression  curve  FIG.  2. 

intersecting  the  vertical  line  MG,  drawn  at  the  end  of  the 
clearance  space,  in  the  point  G.  If  this  compression  curve  be 
continued  till  it  meets  the  admission  line  at  F,  we  obtain  a 
narrow  triangular  area  FGM.  Now  the  loss  of  work  due  to 
clearance  is  the  sum  of  the  areas  HKL  and  FGM,  and  the 
consumption  of  steam  at  pressure  pl  is  —  —  c'  cubic  feet  per 
stroke,  because  c  =AF  is  the  volume  to  which  the  cushion  steam 
must  be  compressed  in  order  to  obtain  a  negative  pressure  equal 
to  that  of  the  initial  steam,  and  the  compression  curve  as  well 
as  the  expansion  curve  for  the  next  double  stroke  would  be  the 
same,  whether  the  compression  be  carried  up  to  the  point  F  or 
only  to  the  point  G.  To  obtain  an  expression  for  the  loss  of 
work,  we  first  notice  the  following  : — 

b       ,./_  Pi 


Pi 


and 


pj 
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The  area  for  the  triangular  piece  HKL  will  be  just  the  same  as 
in  Case  I,  except  that  we  have  here  to  put  c  in  place  of  c,  thus  — 

c'Pl{logr'-(l  +  log  r-  -L-)J 
that  is, 

(3) 


The  expression  for  the  narrow  triangular  area  FGM  is  — 


that  is, 

(4) 


Adding  (3)    and    (4)    together,    we    have    the    loss    of   work    per 
f  —  —  c'j  cubic  feet  of  steam  at  plt  thus  — 


But  the  amount  of  work  which  could  have  been  done  by 
rjjT~~c'j  cubic  feet  of  steam  under  an  exactly  similar  condition, 
but  without  clearance,  is  — 


that  is, 


Hence,  the  loss  of  work  expressed  as  a  fraction  becomes 
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L=. 


1  — 


—r- 
r' 


.-1 


l  +  logr 


(B) 


This  loss  of  work  becomes  the  least  possible  when  the  volume  m 
of  the  cushion  steam  has  the  value  given  by  the  equation — 


which  has  been  found  by  applying  the  usual  rule  of  calculus  to 
the  expression  (B).     The  minimum  loss  of  work  then  becomes — 


1  +  logr— ~ 

which  may  be  put  in  the  following  form  : — 
(Pt~~P^c  rectangle  AG 


ABCDE 


where  pe  stands  for  the  terminal  compression  pressure  represent- 
ed by  the  line   GN  in  Fig.  2. 


§ 


Real  Eatio  of  Expansion  r- 
p2=10-51bs. 


Compression  Volume  m  in  Fractions  of  Total  Cylinder  Volume. 
Dotted  Curve  is  the  Locus  of  Minimum  Loss. 

FIG.     3. 
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Real  Ratio  of  Expansion  ?'=i, 
s.,  p6=31bs. 


Compression  Volume  m  in  Fractions  of  Total  Cylinder  Volume. 
Dotted  Curve  is  the  Locus  of  Minimum  Loss. 

FIG.     4. 


Real  Ratio  of  Expansion  r  =  5, 


•2        -3 


Compression  Volume  m  in  Fractions  of  Total  Cylinder  Volume. 
Dotted  Curve  is  the  Locus  of  Minimum  Loss. 

FIG.     5. 


Real  Ratio  of  Expansion  r=6, 
p.2=10'51bs., 

C 


•t         -2       -3       -f-       -5       -6       -7       '8       '3        to 

Compression  Volume  m  in  Fractions  of  Total  Cylinder  Volume. 
Dotted  Curve  is  the  Locus  of  Minimum  Loss. 

FIG.     6. 
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?$ 


•03  '05          •0^  70  7^ 

Clearance  Volume  c  in  Fractions  of  Total  Cylinder  Volume. 

FIG.  7. 


'03  '05  '07  70  74. 

Clearance  Volume  c  in  Fractions  of  Total  Cylinder  Volume. 


In  the  Table  II.  are  given  the  values  of  the  loss  of  work 
for  various  proportions  of  clearance  space,  compression  volume, 
and  the  ratio  of  expansion.  The  table  also  gives  the  least  loss 
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Table  II. 
jj2=10-51bs.,   pb=< 


r=3 

r=4 

?-=5 

r=6 

c 

Pi  =  rp.2=3l'5\bs. 

P!=^2=421bs. 

p1=rp2=  52'5  Ibs. 

pi=rp.2  =  63  Ibs. 

»«. 

L. 

in. 

L. 

m. 

L. 

771. 

L. 

•177 

•022 

•2 

•027 

•2 

•031 

•2 

•039 

•2 

•022 

•232 

•026 

•286 

•029 

•3 

•034 

/.o 

•3 

•028 

•3 

•027 

•3 

•029 

•338 

•033 

.Do 

•4 

•040 

4 

•033 

•4 

•032 

•4 

•034 

•5 

•058 

•5 

•044 

•5 

•039 

•5 

•038 

•6 

•081 

•6 

•059 

•6 

•049 

•6 

•045 

•2 

•040 

•2 

•052 

•2 

•063 

•2 

•076 

•286 

•oss 

•3 

•046 

•3 

•056 

•3 

•067 

•8 

•038 

•372 

•045 

•4 

•052 

•4 

•062 

.05 

•4 

•041 

•4 

•045 

•453 

•052 

•5 

•060 

'5 

•050 

"5 

•048 

'5 

•052 

'528 

•060 

•6 

•063 

'6 

•054 

•6 

•055 

•6 

•060 

•2 

•064 

"2 

•082 

•2 

•099 

'2 

•118 

•3 

•056 

•3 

•072 

•3 

•089 

•3 

•107 

•389 

•055 

•4 

•067 

•4 

•082 

•4 

•098 

.07 

•4 

•055 

•498 

•065 

•5 

•078 

'5 

•093 

•5 

•057 

•5 

•065 

•595 

•077 

•6 

•090 

•6 

•064 

•6 

•C67 

•6 

•077 

•686 

•089 

•2 

•105 

•2 

•131 

•2 

•159 

•2 

•184 

•3 

•092 

•3 

•119 

•3 

•146 

•3 

•172 

•4 

•085 

•4 

•no 

•4 

•135 

•4 

•161 

.10 

•5 

•082 

•5 

•104 

•5 

•128 

"5 

•154 

•528 

•082 

•6 

•101 

•6 

•123 

•6 

•147 

•6 

•083 

•565 

•100 

•772 

•120 

•860 

•141 

•  0 

•164 

•2 

•202 

'  -2 

•242 

•2 

•279 

•8 

•147 

•3 

•187 

•3 

•226 

•3 

•264 

•4 

•136 

•4 

•175 

•4 

•214 

•4 

•252 

.14 

•5 

•129 

'5 

•166 

•5 

•204 

•5 

•243 

•6                -125 

•6 

•160 

•6 

•197 

•6 

•235 

•686 

•124           -828 

•154 

•925 

•186 

•980 

•223 

Figures  in  italics  refer  to  minimum  loss  of  work. 

for  given  clearance  and  expansion,  together  with  the  correspond- 
ing amount  of  compression  required.    This  latter  quantity  becomes 
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the  smaller,  the  smaller  the  clearance  space,  and  as  referred  to 
above,  when  the  drying  effect  of  the  clearance  is  taken  into  ac- 
count, still  less  compression  means  more  economy.  As  will  be 
seen  from  a  glance  at  the  table,  the  value  of  m  for  minimum 
loss  of  work  also  becomes  smaller  as  the  ratio  of  expansion  be- 
comes less.  "  Engines  which  keep  the  exhaust  port  open  as  long 
as  possible  are  more  economical  than  those  in  which  there  is 
much  compression " — THE  ENGINEER  for  July  12th.  1895. 
Why  this  should  be  so  can  be  understood,  at  least  to  some  extent. 
Various  curves,  represented  in  Figs.  3  to  8,  have  been  plotted 
from  the  results  of  the  above  calculations,  showing  the  effects  of 
clearance  and  compression.  These  will,  it  is  hoped,  tell  their 
own  tales  without  further  explanation.  In  conclusion,  it  must  be 
confessed  that  the  above  investigation  is  only  a  rough  approxi- 
mation to  the  truth,  for  there  are  various  points  of  importance 
that  are  entirely  ignored,  such  as  the  drying  effect,  action  of 
clearance  wall  as  distinguished  from  the  wall  of  working  cylinder, 
re-evaporation  during  exhaust,  &c. 

A.  Inokuty  (of  Japan). 
London,  August  llth. 


V. 

Strength  of  Wheel  Teeth. 

\The  Journal  of  the  Society  of  Mechanical  Engineers,  Tokyo,  Japan, 
Vol.  I,  No.  1,  1897.] 

In  an  ordinary  form  of  teeth  of  a  toothed  wheel,  the  ex- 
istence of  two  rectangular  corners  of  a  tooth  means  a  considerable 
source  of  weakness,  for  from  inaccurate  form  in  the  teeth  or  in- 
accurate fixing  of  the  wheel,  the  pressure  transmitted  may  happen 
to  act  at  one  corner  of  a  tooth,  tending  to  break  it  across  an 
oblique  section  passing  through  the  root  at  one  side.  Treating 
the  tooth  as  a  rectangular  cantilever  fixed  at  the  root  and  having 
a  uniform  thickness  equal  to  the  thickness  of  the  tooth  at  the 
pitch  line,  Prof.  Unwin  gives  the  following  equation  for  the 
strength  of  wheel  teeth  under  the  condition  above  stated  :  — 


a) 


where  f^  is  the  maximum  bending  stress  occurring  in  an  oblique 
section  AD  through  the  point  A  at  the  root,  making  the  angle 
BAD=45°,  and  nP  the  pressure  acting  at  the  corner  B  ;  the 
total  pressure  transmitted  by  the  wheel  being  P,  n  is  a  fraction 
lying  between  i  and  1. 

When  a  wheel  has  an  accurate  form   of  teeth   and   is   care- 
fully fitted,  the  pressure  will  be  distributed  along  the  whole  width 
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of  the  tooth.     The  strength  of  the  tooth  in  this  case  is  given  by 
the  equation 


/.= 


QnP 


h 
T' 


(2) 


np 
Elevation. 


j 

\ 
\ 

i 

D 

F 

~h  
Plan. 

E 

FIG.  1. 


where  f>  is  the  maximum  bending  stress  oc- 
curring in  the  section  AF  along  the  root. 
Taking  ordinary  proportions  h  =  'l  pitch  and 
b  —  2^  pitch,  we  have 

A  =  1-785, 

that  is,  the  stress  due  to  the  pressure  acting 
at    one    corner    is   greater   by    78*  per   cent 
than  that  due  to  the  same  pressure  distribut- 
ed over  the  whole  edge.      In   actual    wheels, 
the   stress  /i   would  be  still  greater  than  this,  for  the  thickness 
along  the  root  is  in  most  cases  greater  than  t,  while   the   thick- 
ness at  the  outer  end  D  of  the  oblique  section  is  less  than  t. 

Now  the  fact  that  in  a  machine  shop  of  moderate  size  one 
can  find  out  without  difficulty  half  a  dozen  toothed  wheels  with 
teeth  broken  at  the  corners  shews  that  the  existence  of  such 
corners  is  really  worse  than  useless.  We  see  from  the  following 
investigation  that  the  strength  of  wheel  teeth  is  greatly  increased 
by  simply  cutting  away  small  pieces  off  the  corners. 

A  triangular  portion  BCE,  Fig.  2,  being  cut  away  from 
the  tooth,  suppose  the  pressure  to  act  at  the  point  C  tending  to 
break  it  across  an  oblique  section  AD.  Using  the  notations  in- 
dicated in  Fig.  2  the  bending  moment  on  the  cantilever  at  the 
section  AD  is 
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nP.CF 

i.e.,  nP.AC  sin(0— a) 

i.e.,  nP.AB.  sec  a  sin  (6—  a) 

or  nPh  sec  a  sin  (0—  a). 

The    moment    of   resistance    of   the 
section  is 


Vi£\ 

N^X 

* 

i 

\ 

\ 

\ 

0 

„  ^  „ 

FIG.  2. 

*-e->  6/1  '*  S6C  ^  X  t~' 

Equating  these  to  one  another,  we  have 

wP/i  sec  a  sin  (0—  a)  =%fji&  sec  0, 

y;=  6w2Psec  a  cos  0  sin  (0-  a), 
which  will  be  found  to  have  a  maximum  value  when 


and  the  value  of  /i  is  then 
3wP, 


(3) 


Hence  to  find  the  direction  AD  of  the  maximum  stress  flt  set 
off  CD  equal  to  CA  and  join  AD.  Now  if  CE  be  parallel  to 
AD,  the  load  ?iP  applied  at  any  point  in  CE  would  produce 
the  same  stress  /i  in  the  section  AD. 

The  bending  stress  /'  in  the  section  AC  will  be  greatest 
when  the  load  nP  acts  at  the  point  E  and  as  is  shown  below 
this  greatest  tress  f  will  be  less  than,  equal  to,  or  greater  than 
the  stress  /i  in  the  section  AD  according  as  the  angle  a  is  less 
than,  equal  to,  or  greater  than  30°. 
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The    bending    moment   at   the  section  AC  of  the  cantilever 
EAC  is 


i.e.,  n  P.  AE.  sin  a 


( ~       \ 
sin  a  siii 


--M 
nf.AG. ^4   2  i 


The  moment  of  resistance  of  the  section  AC  is 


Equating  these  to  one  another,  we  get  the  stress  in  the  section 
AC  due  to  the  bending  action  of  the  load  nP  applied  at  the 
point  E, 


„      6nP  .  x^ 

/=~T~slna-~7T 


From  equation  (3),  the  ratio  of  this  stress  /'  to  the  stress  in  the 
section  AD  is  found  to  be 


7        2  sin  a  cos  [  -A —  —  a 

7T~     ~ 


sm    1-^a—  -r- 
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This  verifies  the  statement  above  made.  Hence  for  a  not  greater 
than  30°,  the  following  construction  should  be  made.  Setting 
off  CD  equal  to  CA,  join  AD.  Draw  CE  parallel  to  AD  cutting 
the  side  AB  at  E.  Cut  away  the  triangular  portion  BCE. 
From  equation  (3)  we  see  that  the  tooth  is  thus  strengthened  in 
the  ratio  of  1:  cot  (4-—  v0)*  The  two  corners  G  and  E  may 
then  be  rounded  off  by  means  of  a  ^circular  arc  touching  the 
three  lines  AE,  EC,  and  CD,  as  shown  in  Fig.  2. 

For  angle  a  greater  than  30°,  the  point  E  must  be  so  chosen 
as  will  produce  the  stress  /'  in  the  section  AC  not  to  exceed 
the  stress  fi  in  the  section  AD.  The  bending  moment  on  the 
cantilever  EAC  due  to  the  load  nP  applied  at  E  is 

n  P.  AEsina. 

Equating  this  to  the  moment  of  resistance  of  the  section  AC,  we 
have 

n  P.  AEsin  a=^f  f2  h  sec  a, 
from  which  we  get 


,,  . 

j  =  —  —  cos  a  sin  a. 

h  tr 

Equating   this   to   the   value   of  fi   given    by   (3),  we  obtain  the 
greatest  safe  value  of  AE, 

A  tan  (5-  -la) 

U       2    J  .........................     (4) 


9 
sin  2  a 


A  tana  ( — ^=.+cos-^s 
*  The  radius  of  this  circular  arc  is  "* 
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It  is  worth  observing  that  with  an  ordinary  form  of  a  tooth, 
if  the  width  b  is  less  than  twice  the  total  height  h,  the  tooth  is 
less  strong  to  withstand  the  pressure  distributed  over  the  whole 
width  at  the  edge  than  against  the  same  pressure  concentrated 
at  one  corner  of  it.  For  in  the  first  case  the  stress  f2  induced 
at  the  root  of  the  tooth  is  given  by  the  equation  (2)  and  in  the 
second  case  the  maximum  stress  /i  is  given  by  the  equation  (1), 
and  consequently 

/2_^ 

A      b  ' 

Thus  if  b  is  less  than  2  A  the  stress  /2  will  be  greater  than  f± 
and  the  tooth  is  more  liable  to  break  along  the  root.  Hence 
with  the  usual  proportion  of  h  =  '7  x  pitch,  the  width  b  should 
not  be  less  than  1  '4  x  pitch  for  ordinary  form  of  tooth.  If  the 
corners  of  the  tooth  are  rounded  as  is  here  proposed,  the  width 
b  should  not  be  less  than 


(5) 


which  becomes  2*42  p  for  a=  30°. 

Now  making  the  angle  «  =30°,  we  obtain  £C='577  A;  BE 
=  *333  h  ;  the  radius  of  the  circular  arc  touching  AE,  EC,  and 
CD='789h;  again  comparing  the  equations  (1)  and  (2),  we 
obtain  the  ratio  1:  tanf-^r—  -j«J=«l:  '577  in  which  the  stress  /j 
is  diminished,  keeping  the  pressure  and  the  thickness  the  same  ; 
similarly  the  ratio  1:  cotf-|—  -^a\=l:  T732  in  which  the  pres- 
sure can  be  increased,  keeping  the  two  other  quantities  the 
same  ;  and  lastly  if  the  stress  and  the  pressure  remain  the  same, 
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the  thickness  and  consequently  the  pitch  p  can  be  reduced  in 
the  ratio  1:  ^tan^-laW  :  0760.  If  we  now  put  h  =  '7p 
and  w  =  S,  the  equation  (3)  becomes 

p=KVP,    (6) 

where  the  constant  K  may  have  the  values  '036,  '045,  and  '057 
corresponding  to  the  stress  /i=6880,  4400,  and  2740  Ibs.  per  sq. 
inch  respectively.  The  equation  (6)  gives  somewhat  smaller  pitch 
than  one  given  by  Prof.  Unwin,  while  the  corresponding  values 
of  the  stress  just  given  are  considerably  lower,  showing  clearly 
the  advantageous  effect  of  cutting  away  small  pieces  off  the  corners 
of  a  tooth. 

The  following   table   shows   at   a   glance   the   results   of  the 
above  calculation. 
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VI. 

Designing  Pressure  Blowers  and 
Rotary  Pumps. 

[The  Journal  of  tke  Society  of  JfedtauW  En,yix«r*,  Tokyo,  Japan, 
VoL  J,  Xo.  1,  1897.] 

The  general  form  of  the  curves  for  the  outline  of  the  re- 
volving pistons  of  Boots'  pressure  blowers  and  rotary  pumps,  or 
in  general,  of  a  pair  of  chamber  wheels  in  gear  depends  upon 
two  kinematical  principles  as  follows: 

1°  In  order  that  the  velocity  ratio  of  a  pair  of  chamber 
wheels  in  gear  may  be  constant,  the  direction  of  the  common 
normal  at  the  point  of  contact  of  a  pair  of  teeth  must  pass 
through  the  point  of  contact  of  the  two  pitch  circles. 
y  In  order  that  the  above  condition  may  be  satisfied,  the 
form  of  the  tooth  curve  on  the  outside  of  the  pitch  circle 
of  one  wheel  must  be  a  certain  envelop  of  the  tooth  curve 
on  the  inside  of  the  pitch  circle  of  the  other  wheel,  and 
vice  versa. 

If  these  curves  be  the  roulettes  traced  out  by  another  curve 
rolling  on  the  outside  of  the  pitch  circle  of  the  first  wheel  and 
on  the  inside  of  the  pitch  circle  of  the  second  wheel,  the  tooth 
curves  will  be  envelops  to  each  other  and  the  condition  1°  is 
satisfied.  In  ordinary  toothed  wheels,  as  is  well  known,  the 
generating  curves  for  the  roulettes  are  generally  circles. 
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We  are  quite  at  liberty  to  choose  any  form  of  tooth  curve 
either  for  the  portion  lying  on  the  outside  of  the  pitch  circle  or 
for  that  on  the  inside,  provided  that  the  radius  of  curvature  at 
the  outermost  point  of  a  tooth  be  not  greater  than  that  at  the 
corresponding  innermost  point  of  the  other  tooth  in  gear. 

We  shall  now  describe  the  geometrical  construction  of  the 
curve  for  the  revolving  piston  of  a  Roots'  blower.  It  will  not 
be  difficult  to  draw  tbe  curves  for  other  cases  by  similar  geome- 
trical construction. 

Let  A  and  B  be  the  centres  of  two  equal  pitch  circles 
touching  each  other  at  the  point  C.  The  height  DM  of  the 


\ 


tooth  outside  the  pitch  circle  must  be  equal  to  the  depth  CH 
inside  the  pitch  circle,  and  for  the  case  of  two  lobed  curves  as 
in  a  Roots'  blower,  these  dimensions  cannot  be  made  much 
greater  than  half  the  radius  of  the  pitch  circle.  Having  chosen 
the  points  H  and  M  at  convenient  positions,  draw  through  the 
centres  A  and  B  lines  making  angles  of  45°  with  the  centre  line 
AB  and  cutting  the  pitch  circle  at  E,  Fy  L,  K,  &c.  These  are 
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then  necessarily  points  on  the  tooth  curves.  Now  any  arbitrary 
form  of  curve  may  be  given  either  to  the  portion  EMF  lying  on 
the  outside  of  the  pitch  circle  or  to  the  portion  EHT  on  the 
inside.  In  the  figure  we  have,  for  simplicity,  drawn  a  circular 
arc  through  EMF,  the  centre  being  at  0.  Then  KHL  is  an 
equal  circular  arc  on  the  other  pitch  circle.  The  curve  passing 
through  EHT  and  forming  the  inside  portion  of  the  tooth  on 
the  right  hand  pitch  circle  must  be  envelop  of  the  arc  KHL 
supposed  fixed  on  the  left  hand  pitch  circle  KGL,  while  this 
pitch  circle  KGL  itself  is  rolled  round  on  the  outside  of  the 
right  hand  pitch  circle  as  the  base.  To  construct  such  an 
envelop,  draw  a  circular  arc  BP  with  the  centre  A  and  join  A 
with  any  point  P  on  the  arc  BP.  Draw  PQ  making  the  angle 
APQ  equal  to  the  angle  BAP.  Set  off  PQ=AO;  with  Q  as 
centre  and  QR=OM  as  radius  draw  the  arc  RS.  A  series  of 
such  circular  arcs  will  form  the  envelop  required.  In  the  ac- 
companying diagrams,  a  few  other  forms  of  chamber  wheels  are 
shown. 

The   volume  delivered"  per  revolution  by  a  pair  of  revolving 
pistons  of  a  Hoots'  blower  is  given  by  the  following  formulae. 

Let         r=the  radius  of  the  two  equal  pitch  circles, 

/=the  length  of  the  pistons. 

Then  if  the  height  DM  of  a  tooth  outside  the  pitch  circle,  which 
is  equal  to  the  depth  CH  inside  the  pitch  circle,  be  made  one 
half  the  radius  of  the  pitch  circle,  the  capacity  per  revolution 
will  be  found  to  be 

(7=7-24^   (1) 

for  the  form  in  which  the  curve  EMF  outside  the  pitch  circle 
is  a  circular  arc  ;  and 

l^lr-l     (2) 
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for  the  form  in  which  the  curve  EMF  is  an  epicycloid  traced 
out  by  a  circle  whose  diameter  is  ith  of  the  diameter  of  the 
pitch  circle. 

The  following  practical  rules,  proposed  by  the  writer  and 
based  on  good  practice,  for  the  proportion  of  the  various  parts 
of  a  Boots'  blower  may  prove  useful. 

The  mean  velocity  of  air  through  the  discharge  pipe  of  a 
fan  or  pressure  blower  may  be  determined  by  the  following  em- 
pirical formulse  : 

v  =  3(d  +  5)     (3) 

for  pipes  equal  to  or  less  than  5"  in  diameter ;   and 


60  rf 


(4) 


for  pipes  equal  to  or  greater  than  5"  in  diameter.  In  these 
formulae  v  is  the  mean  velocity  of  the  air  in  feet  per  second  and 
d  is  the  diameter  of  the  pipe  in  inches.  The  maximum  velocity 
permissible  may  be  taken  at  about  II  times  and  the  minimum 
at  about  I  times  the  above  value.  The  following  table  gives  the 
velocity  and  the  delivery  for  pipes  of  different  diameters,  calcu- 
lated by  the  empirical  formulae  (3)  and  (4). 


Dia.  of  pipe 
in  inches 

Mean  Telocity 
in  ft.  per  sec. 

Delivery  in 
cub.  ft.  per  rain. 

Dia.  of  pipe 
in  inches 

Mean  velocity 
in  ft.  per  sec. 

Delivery  in 
cub.  ft.  per  min. 

1 

18-0 

5-76 

10 

40-0 

1310 

1* 

19-5 

14-4 

12 

42-4 

2000 

2 

21-0 

27-5 

14 

44-2 

2830 

2J 

22-5 

46-0 

*16 

45-7 

4100 

3 

24-0 

70-7 

18 

47-0 

5220 

4 

27-0 

142 

20 

48-0 

6280 

5 

30-0 

246 

24 

49-7 

9370 

6 

32-7 

385 

27 

50-6 

12100 

8 

36-9 

773 

30 

51-4 

15200 
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When  the  pipe  is  comparatively  short  it  is  of  course  quite  pos- 
sible to  employ  a  much  higher  velocity  without  a  perceptible 
loss  of  pressure. 

The  pressure  of  blast  obtained  by  a  fan  depends  on  the 
circumferential  velocity  at  the  delivery  edge  of  the  fan  blade, 
while  the  pressure  that  can  be  obtained  by  a  Roots'  blower  does 
not  depend  on  its  speed,  so  that  a  Eoots'  blower  of  a  given 
capacity  per  revolution  can  be  adapted  to  different  amounts  of 
delivery  per  minute  by  varying  its  speed  of  rotation.  The  fol- 
lowing formulae  may,  however,  be  taken  to  represent  the  relation 
between  the  capacity  C  of  the  blower  in  cub.  ft.  per  revolution 
and  the  diameter  d  of  delivery  pipe  in  feet,  when  the  blower  is 
working  at  its  normal  speed  : 

<7=9-26c/3    .......................................    (5) 

which  may  be  written  thus 

rf=0-476{/tf~  ....................................    (6) 

giving  the  diameter  of  the  pipe  in  ft.  suitable  for  a  blower  of  a 
given  capacity  in  cub.  ft.  per  revolution. 

When  the  blower  is  driven  by  belting  the  diameter  of  the 
pulley  may  be  taken  equal  to  2'14  d  ;  the  width  of  the  pulley 
may  be 

=0-25d  +  H"  for  d<5", 

=0-426  d  +  0-37"        for  dfrom  5"  to  16," 
for  dlG." 


To  find  the  amount  of  power  required  for  the  delivery  of  a 
given  quantity  of  air  at  a  given  pressure  per  unit  time,  let  P  be 
the  absolute  pressure  of  air  in  Ibs.  per  sq.  ft.  and  V  the  volume 
in  cub.  ft.  of  one  Ib.  of  air  at  pressure  P  and  at  a  constant  tem- 
perature. Also  let  Va  and  Pa  be  the  corresponding  quantities 
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under  the  normal  pressure  of  the  atmosphere,  so  that  Pa  is  the 
absolute  atmospheric  pressure  itself.  Then,  as  is  usual,  we  have 
PV=PaVa-  Now  the  amount  of  work  done  in  compressing  the 
air  from  Pa  to  P  is 


=PaVa  log-^-  ft.  Ibs. 

The  work  done  in  the  expulsion  of  the  air  at  pressure  P  after 
the  compression  is  PV  ft.  Ibs.  which  is  equal  to  VaPa  ft.  Ibs. 
But  the  amount  of  work  done  on  the  pistons  of  the  blower  by 
the  pressure  of  the  external  air  is  PaVa  ft.  Ibs.  Hence  the  re- 
sultant amount  of  work  to  be  done  on  the  air  by  the  blower  is 


ft.  Ibs  ............................     (A) 

Now  the  ratio  P+-Pa  being  only  a  very  little  greater  than  unity, 

very  nearly. 


Hence  the  expression  (A)  is  equal  to 

op 

p         .  (P-Pa)  V  ft.  Ibs.  very  nearly.      (A') 

Putting  §=the  volume  of*  air  in  cub.  ft.  per  min.  estimated  at 
the  pressure  p  Ibs.  per  sq.  inch  above  the  atmosphere,  the  theo- 
retical horse  power  required  is 

ffp-^P+Pa)       144  J»Q  (7) 

~~£72£T    33000  ' 
where  pa  =  14'7  Ibs.  per  sq.  inch. 
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At  the  mean  temperature  of  60° F.,  one  cub.  ft.  of  air  weighs 
0'076097  Ibs.  under  the  atmospheric  pressure  and,  therefore, 
under  a  pressure  of  p  Ibs.  per  sq.  inch  above  the  atmosphere, 
it  will  weigh 

10=  P+P«  x  0-07 6097  Ibs (8) 

Supposing  that  the  pressure  of  the  air  in  the  pipe  is  not  per- 
ceptibly reduced  till  it  reaches  the  discharge  end  of  the  pipe, 
the  velocity  of  efflux  of  the  air  from  the  nozzle  is 


144  » 
*-  ft.  per  second (9) 

w 

Dividing  the  discharge  Q  by  this  velocity  v,  we  obtain  the  ef- 
fective area  of  the  nozzle. 

As  an  example  let  it  be  required  to  find  the  principal 
dimensions  of  a  Boots'  blower  for  supplying  the  blast  to  a  cupola 
capable  of  melting  4  tons  of  cast  iron  per  hour. 

The  volume  of  air  required  for  this  cupola  will  be  about 
2000  cub.  ft.  per  min.,  so  that  from  the  table  given  above,  the 
diameter  of  the  discharge  air  main  will  be  found  to  be  12." 
From  formula  (5),  we  obtain  the  capacity  of  the  blower, 

(7=9'26  cub.  ft.  per  revolution. 

The  number  of  revolutions  of  the  blower  is  then  2000-9'26=216 
per  min.  The  length  I  of  the  revolving  piston  may  be  from  4i 
to  6  times  the  radius  of  the  pitch  circle ;  we  will  take  it  at  5 
times.  Using  the  formula  (1),  we  have 


.  /     9-26 
V  7-24  x 


•24x5 
=  •635  ft.  =7-62." 
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The  diameter  of  the  piston  chamber  =3r=  22'85." 
The  length  of  revolving  piston  =5r=l  ft.  11." 
The  diameter  of  driving  pulley  =  2'14x  12=251." 
The  width  of  driving  pulley  =0'426x  12  +  '37=5i." 

The  maximum  pressure  of  the  blast  required  by  a  cupola  will 
be  about  O78  Ib.  per  sq.  inch  above  the  atmosphere.  The  theo- 
retical power  required  is  obtained  from  the  formula  (7). 


=1-026x6-37  =6-53. 

If  we  assume  an  efficiency  of  75  per  cent.,  the  actual  horse 
power  required  would  be  8*7.  The  weight  of  air  under  a  pres- 
sure of  '78  Ib.  per  sq.  inch  at  62°  .F.  is  by  (8)='08009  Ib.  per 
cub.  ft.  The  velocity  of  the  blast  at  the  nozzle  is  then 


The    effective    area    of   the    nozzle    is    then    found    to  be  16  sq. 
inches,  which  is  the  area  of  a  circle  4i"  in  diameter. 
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VII. 

Effect  of  Inertia  of  Moving  Parts  of 

an  Engine  on  Piston  and 

Crank  Pin  Effort. 

[Transaction  of  Japanese  Institution  of  Naval  Architects, 
No.  1,  December,  1897.] 


In  high  speed  engines,  the  inertia  of  the  massive  parts  di- 
rectly connected  with  the  piston  and  reciprocating  with  it,  and 
also  of  the  connecting  rod  and  the  unbalanced  part  of  the  crank, 
greatly  alters  the  piston  and  crank  pin  effort.  The  following  is 
an  exact  method  of  determining  the  various  forces  arising  from  the 
acceleration  of  moving  parts. 

The  mechanics  of  the  connecting  rod  will  be  considered 
first  and  then  the  result  of  it  will  be  applied  to  the  calcula- 
tions of  inertia  effect  of  other  moving  parts.  Referring  to  Fig. 
1,  let  AB=R  be  the  crank  radius  ;  BC=L  the  connecting  rod 
length  ;  P  any  point  in  the  centre  line  EC  of  the  connecting 
rod,  distant  I  from  the  crank  pin  B.  Let  V  be  the  velocity 
of  the  crank  pin  B ;  6=  the  angle  CAB  which  the  crank 
makes  with  the  line  of  stroke  AC;  a=  the  angle  BCA; 
and  t=  the  time  measured  from  the  beginning  of  the  stroke. 
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FIG.  1. 
The   angular  velocity  of  the  crank,  which  we  assume  to  be  uni- 

7/j 

form,  is  o)  =  V^-B=-^r.     Taking  A   for   the   origin    and   AC  for 
the  axis  of  abscissa,  the  coordinates  of  the  point  P  are 

x=R  cos  6+1  cos  a 
y  =  R  suid—lsin  a 

The  two  angles  0  and  «  have  the  relation 


(1) 


1  .   a 

sin  a  =  — sin  a, 


(2) 


where   n   is   put  for   the  ratio  L+-R  for  simplicity.     From  this, 
we  have 


da 
dt 


_d0 
dt' 


Differentiating  again  and  observing  that— ^- =0,  we  obtain 


d-a  _  _  (n2- 1)  sin  6  f  dd  V 
~   rn'-8ins0)*  V  dt  )' 


(3) 


(4) 


Now  differentiating  the  first  of  the  equations  (1),  we  have 


dx          r>dd  •    . 

—  =  —  It— —  sin  0— 
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Differentiating  again,  we  obtain 


Substituting  the  expressions  given  by  (2),  (3),  and  (4)  and  sim- 
plifying, we  obtain  the  equation 


This  is  an  expression  for  the  resolved  part  of  the  acceler- 
ation parallel  to  the  line  of  stroke,  of  any  point  in  the  centre 
line  of  the  connecting  rod  ;  by  making  I  equal  to  L  we  obtain 
the  translational  acceleration  of  the  piston  and  other  parts  di- 
rectly connected  with  it  ;  and  by  making  /  equal  to  zero  we 
obtain  the  component  acceleration  of  the  crank  pin  parallel  to 
the  line  of  stroke.  In  particular,  putting  1=1=  distance  of  the 
centre  of  gravity  of  the  connecting  rod  from  the  crank  pin  end, 
we  obtain  the  component  acceleration  of  that  point  parallel  to 
the  line  of  stroke,  which  may  be  written  thus  :  — 


dt 


Differentiating  the  second  of  the  equations  (1),  we  obtain 

dii       n  dd        Q     7  da 
—2-  =  R— -cos  V  —  l^r-cos  a. 
dt          dt  dt 

7g/3 

Differentiating  again  and  remembering  that  —j-r=Q,  we  obtain 


Making  substitutions  from  (2),  (3),  and  (4)  we  obtain 
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which  is  the  component  acceleration  at  right  angles  to  the  line 
of  stroke,  of  any  point  in  the  centre  line  of  the  cennecting  rod. 
This  result  may  be  written  down  at  once  from  Fig.  1.  Making 
1=1,  we  obtain 


d?          \dt  M"     -'"" (8) 

Now  leaving  out  of  consideration  the  force  of  gravity  on 
the  moving  masses,  there  are  only  two  other  external  forces 
acting  on  the  connecting  rod,  one  at  the  crosshead  pin  and  the 
other  at  the  crank  pin.  These  may  be  decomposed  parallel  and 
perpendicular  to  the  line  of  stroke.  Let  these  be  represented 
by  X-L,  Xi,  YI,  and  Yz  as  indicated  in  Fig.  1.  The  dynamical 
equations  of  motion  for  the  connecting  rod  are  then  as  follows:  — 


(9) 


T  d-a 

/o    ,2=(L—l}  sin  a  J^+^sin  a  X» 


and 


i-JcosaJT, (11) 

Since  we  are  considering  the  forces  arising  from  acceleration 
only  and  the  external  force  causing  this  acceleration  is  supposed 
to  be  supplied  by  a  part  of  the  pressure  on  the  piston  through 
the  instrumentality  of  the  crosshead  pin,  it  is  evident  that  there 
can  be  no  resistance  in  the  direction  of  motion  of  the  crank  pin, 
acting  on  the  connecting  rod  at  the  crank  pin.  We  have,  there- 
fore, equation  of  condition 

X2sm6+  y2  cos  0=0 (12; 
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In  the  equations  above,  M  is  the  mass  of  the  connecting  rod 
and  IQ  its  moment  of  inertia  about  an  axis  passing  through  the 
centre  of  gravity  and  perpendicular  to  the  plane  of  motion. 

If,  in  any  particular  engine,  the  pressure  on  piston  becomes 
insufficient  to  produce  the  force  Xi  at  the  crosshead  pin,  the 
deficiency  will  be  supplied  by  the  inertia  of  the  crank  shaft  and 
other  rotating  part,  acting  through  the  crank  arm  and  finally  at 
the  crank  pin.  In  this  case  the  equation  (12)  does  not  hold ; 
in  fact  the  piston  effort  and  consequently  the  crank  pin  effort 
will  here  be  negative. 

Again  if  the  pressure  on  the  piston  become  nothing  or 
negative  as  in  most  gas  engines  and  oil  engines,  it  is  the  inertia 
of  the  flywheel  and  crank  shaft  that  causes  the  acceleration  of 
the  connecting  rod.  It  is  evident  that  in  this  case  there  can  be 
no  resistance  in  the  direction  of  motion  of  the  crosshead  pin, 
acting  on  the  connecting  rod  at  the  crosshead  pin.  We  have, 
therefore,  an  equation  of  condition 

-2^=0 (12') 

From  the  four  equations,  namely,  (9),  (10),  (11),  and  (12), 
we  can  determine  the  four  component  forces  and  then  knowing 
the  pressure  on  piston,  a  complete  investigation  relating  to  the 
forces  and  speed  can  be  made.  Take  the  equation  (11)  first.  It 
can  be  written  thus : — 


/o— -  =L  sin  a  JTt  —  L  cos  a  Yt  + 1  sin  a(X2—  Xj)  + 1  cos  a  ( Yl  —  Y2~). 


Substituting    the    values    of  JT2—  X^   and    YI~  Y2    given    by    the 
equations  (9)  and  (10),  we  obtain 
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-cosa 


Making  substitutions  from  equations  (5)  and  (7),  we  obtain  after 
reduction 


(13) 


where  I2=I0+PM=  the  moment  of  inertia  of  the  connecting  rod 
about  the  axis  of  the  crank  pin  as  the  axis.  From  the  equation 
of  condition  (12),  we  have 


Putting  this  value  of  Y2  in  the  equation  (10),  we  have 


1 

CltV 

Eliminating  X2  between  this  and  the  equation  (9),  we  have 

M(COS  0-£§--sin  0^]=X1  sin  6+  Y,  cos  6. 
* 


Substituting  the  expressions  given  by    (5')    and    (7'),    we    obtain 
after  reduction 

M  R  a*2  K  1  sin  d=L(X1  Bind  +  Y^  cos  0),     .....................     (14) 

where  for  simplicity  we  put 


Eliminating  Y±  between  (13)  and  (14),  we  obtain 


LX1sin(d+a) 


6  +1  MIho-{K  sin  6  cos  a  +  cos  6  sin  (6+  a)}.   ...  (15) 
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This  determines  the  value  of  X±.      Eliminating  X±  between  (13) 
and  (14),  we  obtain 


a).   ...  (16) 

This    determines    the    value    of  Y^.      The    equation    (11)  can  be 
written  in  the  form 

70^  =  (L-/)  sin  a  (X,~  X2)-(L-T)  cos  a  (Yt-  Y2) 

+  L  sin  a  X2—  L  cos  a  Y2. 
Substituting  the  value  given  by  (9)  and  (10),  we  have 


Again   substituting    the    expressions    given    by    (5)   and   (7),    we 
obtain 


o-  (L  -7)  lMf  -(L-  l)M  Bof  sin  (6  +  a) 

=i(sin  a  X2—  cos  a  Yz). 
But  the  equation  of  condition  (12)  gives 


Hence  we  obtain 

LX2  sin  (0+a) 

~  a).   (17) 


This  determines  the  value  of  JT2.     These  equations  are  too  com- 
plex for  practical  application. 

If  we  assume  as  an  approximate  truth  that  the  force  arising 
from  the  translational  acceleration  of  the  connecting  rod  parallel 
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to  the  line  of  stroke  acts  at  its  centre  of  gravity,  then  the  equa- 
tion (9)  at  once  enables  us  to  determine  that  force  ;  for  using 
the  value  of  the  acceleration  given  by  (6),  \ve  have  the  transla- 
tional  resistance  of  the  connecting  rod  equal  to 


where   Wc   is   the  total  weight  of  the  connecting  rod.     But  since 
nR=L,  if  we  put  J=l-r-L,  the  above  can  be  written  as  follows:  — 


The  last  expression  within  the  twisted  brackets  is  the  same 
factor  as  in  the  expression  for  the  acceleration  of  crosshead  and 
piston.  Hence  we  conclude  that  so  far  as  the  translational 
inertia  of  the  connecting  rod  parallel  to  the  line  of  stroke  is 
concerned,  the  effect  is  just  the  same  as  if  its  entire  mass  were 
concentrated  at  the  centres  of  the  crosshead  pin  and  the  crank 
pin  in  the  inverse  ratio  of  the  segments  into  which  the  centre 
of  gravity  divides  the  length  between  the  two  centres. 

Now  let  Wp=  the  weight  of  the  piston,  piston  rod,  and  cross- 
head  ;  Wk=  the  weight  of  the  unbalanced  part  of  the  crank 
webs,  eccentric  discs,  &c.  Then  the  total  resistance  due  to 
translational  acceleration  of  the  whole  moving  parts  may  be 
separated  into  two  parts.  The  first  part,  which  is  due  to  the 
simple  harmonic  motion  in  the  line  of  stroke,  is 


—  (.rJFt+jre+jr,y?a*2cos0,    ...........................    (A) 
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and  the  second  part,   which    arises    from    the    angularity    of   the 
connecting  rod,  is 


In  these  exprsssions  .r  is  the  distance  of  the  centre  of  gravity 
of  Wk  from  the  axis  of  the  crank  shaft,  expressed  in  fractions 
of  crank  length.  Putting  x=R(I  —  cos  0)  for  the  distance  through 
which  the  projection  of  the  crank  pin  on  the  line  of  stroke 
moves  from  the  beginning  of  stroke,  the  expression  (A)  takes 
the  form 


(A'} 


Hence    this    part    of    the    resistance    can    be    represented    by    a 
straight  line.    In  Fig.  2,  let  AOB  be  the  diameter  of  the  crank 

pin  circle  on  the  line  of  stroke ; 
OP  a  position  of  crank ;  PM  a 
perpendicular  from  P  on  to  the 
line  of  stroke.  Take  CB=AD  = 
the  expression  (A)  with  x  equal 
to  zero  and  2R,  respectively,  at 
right  angles  to  AOB.  Join  CD. 
The  ordinate  of  this  straight  line, 
then,  represents  the  resistance  (A).  Now  for  the  second  part  (J?), 
we  first  transform  the  term  containing  6,  thus  :  — 

r  cos  20  + sin*  6 


FIG.  2. 


A')-- 


/*. c    .I-  01* 


n'(cos2  d  -  sin2  0  )  +  sin2  0(  1  -  cos2  0} 


=  cos2fl(?i2-sin2fl)-(rr-l)sin20 
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_  cos20-(?i2-l)tan2« 
n  cos  a 


_ 

nR 


Now  in  Fig.  3,  let  OP  be  the  crank,  PC  the  connecting  rod, 
and  OG  the  line  of  stroke.  Draw  OD  at  right  angles  to  00  and 
meeting  the  crank  pin  circle  in  D.  From  D  set  off  DE  equal 
to  the  connecting  rod  length,  cutting  the  line  of  the  stroke  in 
E  and  draw  EF  parallel  to  OP  and  meeting  OD  in  F.  Take 
OG  equal  to  OF  and  draw  HG  parallel  to  AF.  Then  we  have 


FIG.  3. 


OF=OE  tan  a 


=y'L2—ft2  tan  «. 
But  by  construction,  we  have 

OH  __  OF 
~6G~~OA' 


OH= 


OF  .OG 


tan.  a)2 


B 


Now  draw   PJ/  perpendicular  to  00  and  JfJV  perpendicular    to 
OP.     Then  we  have 
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=  (OP  cos  0)  cos  0 
=72  cos2  0. 

„  f/a.        1         ON—  OH 

Hence  we  have  f(d}  =  —w- 

nR  '          cos  a 

Take  OR  equal  to  ON.  Set  off  EK  equal  to  the  length  RH 
and  draw  KL  at  right  angles  to  EKO,  meeting  EF  in  L.  Then 
we  have 

-,       ON-  OH 


The  expression  (B),  therefore,  becomes 


If,  in  Fig.  2,  the  accelerations  CB  and  AD  at  the  dead  centres 
were  drawn  to  the  scale 


, 

then  in  order  to  obtain  the  curve  of  resistance  due  to  transla- 
tional  acceleration,  we  have  simply  to  set  off  ST  in  Fig.  2  equal 
to  EL  in  Fig.  3.  A  number  of  such  points  as  T  can  be  found 
to  complete  the  curve.  The  effective  piston  effort  diagram  and 
the  corresponding  crank  pin  effort  diagram  can  now  be  drawn 
without  difficulty. 

In  modern  high  speed  single  acting  steam  engines  and  in 
gas  and  oil  engines,  the  effect  of  inertia  of  moving  parts  forms 
an  important  matter,  and  some  of  the  equations  above  given 
may  be  of  use  in  checking  the  result  of  ordinary  calculation  or 
graphical  determination  of  the  forces  due  to  acceleration. 


VIII. 

Preliminary  Experiment  on  the 
Strength  of  Bolt  and  Nut. 

[The  Journal  of  the  Society  of  Mechanical  Engineers,   Tokyo,  Japan, 
Vol.  I,  No.  2,  1898.] 

An  ordinary  triangular  threaded  screw  bolt  working  in  a 
nut  whose  thickness  is  from  I  to  1  diameter  of  the  bolt,  subjected 
to  direct  tensile  load,  always  breaks  by  tearing  in  the  screwed 
part  especially  near  the  shank.  The  bolt  breaks  by  tension, 
because  as  is  wellknown  the  nut  of  an  ordinary  proportion  is 
far  stronger  than  the  bolt  under  tension.  It  breaks  especially 
near  the  shank,  that  is,  at  the  base  of  the  screwed  part,  because 
there  is  a  sudden  change  of  the  distribution  of  tensile  stress  in 
passing  from  the  screwed  part  to  the  shank. 

Now  supposing  that  the  shearing  strength  of  the  screw 
thread  in  the  direction  of  the  axis  of  the  bolt  is  equal  to  the 
tensile  strength  of  the  bolt  and  that  the  cylindrical  section  of 
the  thread  at  its  root  is  subjected  to  pure  shearing  action,  the 
least  thickness  of  the  nut  which  ensures  sufficient  strength  to 
resist  both  the  tensile  and  shearing  stress  would  be  ith  of  the 
diameter  at  the  bottom  of  the  screw  thread.  Again  supposing 
that  the  total  tensile  load  acts  uniformly  over  the  surface  of  the 
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thread  in  the  direction  of  the  axis  of  the  bolt  and  that  the 
thread  resists  this  load  by  behaving  as  a  cantilever  of  which  the 
length  is  the  depth  of  the  thread,  the  width  is  the  circumference 
at  the  bottom  of  the  thread,  and  the  height  at  the  fixed  end  is 
the  thickness  of  the  thread  at  the  root,  the  least  thickness  of 
the  nut  which  ensures  sufficient  strength  to  resist  both  the  tensile 
and  bending  stress  would  be  given  by 


where  ft  and  fb  are  the  tensile  and  bending  stress  induced,  re- 
spectively ;  d  the  diameter  of  the  bolt;  d^  that  at  the  bottom  of 
the  thread  ;  and  p  the  pitch  of  the  screw. 

In  the  following  table  are  given  the  thicknesses  of  nuts  calcu- 
lated under  these  hypotheses  for  several  diameters  of  bolts,  the 
tensile,  shearing,  and  bending  stresses  all  being  supposed  equal 
to  one  another.  The  screw  threads  are  according  to  Whitworth's 
standard  sizes. 


[TABLE. 
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Table  I. 


Diameter  of  bolt 
in  inches. 
d 

Number  of 
threads 
per  inch. 

Least  thickness  of  nut  to  resist 

shearing, 
in  inches. 

bending,  by  (1) 

in  inches. 

h 

in  fractions  of 
diameter. 
h 

d 

i 

12 

•0983 

•187 

•378 

1 

11 

•127 

•245                   -392 

f 

10 

•156 

•299 

•398 

i 

9 

•183 

•351 

•401 

1 

8 

•210 

•403 

•403 

14 

7 

•236 

•453 

•402 

1J 

7 

•267 

•513 

•410 

If 

6 

•290 

•559 

•407 

14 

6 

•322 

•619                   -413 

If 

5 

•342                   -656                   -404 

If 

5 

•375                   -709                   -405 

If 

45 

•398                   -765                   -408 

2 

4^ 

•479 

•792                   -396 

It  would  be  very  complicated  and  difficult,  if  not  impossible, 
to  determine  by  calculation  the  greatest  real  stress  existing  near 
the  root  of  a  screw  thread  when  the  bolt  is  in  tension. 
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Whatever  may  be  the  nature  and  distribution  of  this  stress, 
it  will  be  possible  to  determine  by  actual  testing  the  least  thick- 
ness of  a  nut  for  which  the  bolt  has  just  enough  strength  to 
resist  this  as  well  as  direct  tensile  stress.  The  object  of  the 
present  experiment  is  to  find  out  such  a  proportion  of  a  nut  to 
the  diameter  of  the  bolt. 

Nine  wrought  iron  bolts,  two  1"  in  diameter,  two  f"  in 
diameter,  and  five  &"  in  diameter  all  4"  long,  with  ordinary 
triangular  threads  cut  in  a  lathe,  were  prepared.  The  heights 
of  the  bolt  heads  were  all  made  equal  to  the  diameters  and  the 
widths  of  the  nuts  were  in  accordance  with  the  usual  propor- 
tions, but  the  thicknesses  of  the  latter  were  varied.  A  special 
grip,  Fig.  2,  for  holding  the  bolt  without  any  lateral  constraint 
was  employed.  The  tensile  load  was  applied  between  the  nut  and 
the  bolt  head  by  Riehle  Brothers'  hydraulic  testing  machine 
capable  of  exerting  a  maximum  force  of  42000  Ibs.  The  follow- 
ing table  gives  the  results  of  this  testing. 


FIG. 


FIG.  2. 


68 


Preliminary  Experiment  on  the  Strength  of  Bolt  and  Nnt. 


[VITI. 


:- 


^CB 
-^ 


OJ 

II    * 

t 

i 

1 

i 

** 

•g^       ° 

0 

t 

s 

•« 

.-i 

1  SP      J 

2 

1 

c3 

I 

1 

'S'i    1 

"  o 
o  -^3 

G.J 

c 

bJO 

DO 

^^3        2 

*5   o 

« 

2  S 

TT! 

S  «s       75 

fH 

"c*  ^ 

Jo 

O  "^ 

,J2 

rS 

1 

•sl  ^ 

a  £ 

2 

0   B 

2 

~ 

-^  .1 

*"*    O 

QJ        "^ 

1  2 

-w        '•c       T3 
rt         a-       2L 

O 

1-3  -g1 

P|:p  is 

fl]  1 

"C       3 

i! 

ll 

a  ^ 

'"  =S 

S      .S4     .& 

•I    1    1 

3      -g      i 

^ 
^ 

"cS 

111  i 

1    1 

ll 

||| 

3 
^0 

^ 

m 

™ 

»     p; 

W 

P3         &        £ 

° 

« 

•pt:aiq;  jo  tno^oq  IB  rare 

o     o 

o     o 

i 

o     o 

80 
GO 

O 

i 

o     o     o 

1 

1 

"*"    PB°l  2ui3IB8Jq    1"*°^ 

0        ^ 

co 

>0       (N 

O        CO 

s 

O        O        GO 

g 

:f. 

•sqi 

o     o 

o 

R  i 

o 

000 

O 

•5 

1~-       t~- 

1-H 

ui    pBO[    SaijjBSjq   {P-IO^ 

(M       »O 

l> 

CO        d 

C^l         C^         Ci 

fH 

<p 

0 

•  p 

3 

CB 

CO       CO 

rH 

^H        -  •" 

CO 

__         «^H         -^ 

J^ 

BE 

'}[oq  jo  japutBip  jo  saoij 
-OBJJ  m  %uu  jo  VsaujpiqJL 

§  ? 

0 

9    ? 

?  9  s 

1 

^ 

s 

•saqoui 

CJ        « 

CO 
00 

CO        C<l 

or 

O        iO       iO 

•—  i       CO       O 

1 

ui  i/   j.nu  jo    ssanjptqj, 

tp        CO 

CO 

CO        •* 

CO        CM        <M 

§ 

8 

•saqoui  ui  »  ^nu  aqi 

iO       0 

o 

O        C5 

0 

C5       Ci        Ci 

_£ 

J: 

apisino    Suipafoad    JJBJ 

P- 

= 

•»  'saqoui  ui 

«•*•    -^ 

-f 

^       ^ 

HM 

^,      ^,,      H« 

"^ 

1*1 

jjcd  paMaios  jo   qjSua^j 

g 

w 

•saqoui 

If 

a 

| 

ui     /    ;[oq     jo     qiSua^i 

g 

^ 

•saqoui 

* 

.-(»      L-IX       cKc 

s 

fl 

tit   p  *[oq   jo   jaiauiBtQ 

0 

E 

•OJJ 

CO 

0 

t^        CO        C5 

H 

£ 
1 

IX. 

Strength  of  Long  Tubes  under 
External  Pressure. 

[The  Journal  of  the  Society  of  Mechanical  Engineers,  Tokyo,  Japan, 
Vol.  I,  No.  2,  1898.] 

A  thin  cylindrical  tube  with  its  ends  free  and  under  a 
uniform  external  pressure  is  in  a  condition  similar  to  that  of  a 
long  column  subjected  to  an  axial  load.  Were  a  tube  perfectly 
circular  in  form,  of  perfectly  uniform  thickness,  made  of  perfectly 
homogeneous  material,  and  subjected  to  perfectly  uniform  external 
pressure,  the  tube  would  maintain  its  form,  the  stress  produced 
being  a  simple  corupressive  stress  distributed  uniformly  in  a  cir- 
cumferential direction.  But  when  the  pressure  exceeds  a  certain 
limit,  the  tube  is  in  unstable  equilibrium  and  any  slight  deviation 
from  perfect  accuracy  in  the  above  conditions  will  cause  the 
tube  to  yield  by  collapsing.  Collapsing  in  one  part  is  accom- 
panied by  bulging  in  the  neighbouring  part,  so  that  if  the  ends 
of  the  tube  were  free  as  in  smoke  tubes  of  steam  boiler  without 
beading  over,  the  tube  will  be  divided  up  into  four  segments. 

A  formula  corresponding  to  Euler's  formula  for  long  columns 
has  been  obtained  by  Levy  for  the  collapse  of  a  thin  cylindrical 
tube  of  an  unlimited  length, 
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where  i  is  the  thickness  of  the  plate  forming  the  tube,  r  the 
mean  radius  of  the  tube,  E  the  modulus  of  direct  elasticity  and 
p  the  external  fluid  pressure. 

Now  when  the  thickness  of  the  tube  is  large  as  compared 
with  the  radius,  the  stress  will  be  nearly  uniform,  because  there 
will  then  be  little  tendency  to  collapse.  The  formula  for  this 
case  is  very  nearly 


(2) 


An  empirical  formula  may  be  constructed,  approximately  satisfy- 
ing the  above  equations  in  the  two  extreme  cases  of  a  very  thin 
tube  and  a  considerably  thick  tube,  thus: 


j>=  -    TT-    ....................................   (3) 


This  may  be  called  a  Gordon  formula  for  a  long  tube  under 
external  pressure,  in  which  the  value  of  the  constant  a  has  to 
be  determined  by  experiments.  If  we,  however,  put  a=-j>->  twe 
equation  becomes  equivalent  to  Levy's  formula  for  an  extremely 
thin  tube.  This  value,  not  depending  upon  direct  experiments 
on  tubes,  may  be  called  an  hypothetical  value  of  the  constant  a. 
The  corresponding  hypothetical  value  of  the  constant  a  in 
Gordon-Rankine  formula 


for  a  long  column  rounded  at  both  ends,  is  given  by 
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Now  it  is  natural  to  suppose  that  the  actual  value  of  a  is  similar 
to  that  for  a  Ions;  column.     Hence  we  obtain 


(4) 


The  following  table  gives  the  values  of  the  constant  a  calculated 
by  the  equation   (4). 


Breaking  stress  /in 
Ibs.  per  sq.  inch. 

Values  of  —  for 
a' 

columns. 

Values  of  J-  for 
ft 

tubes. 

Wrought  irou 

36,000 

36,000 

228 

Mild  steel 

42,000 

36,000 

228 

Cast  iron 

80,000 

6,400                      40-5 

Timber 

7,200 

3,000 

19-0 

It  is  well  to  notice  that  Levy's  theoretical  formula  ceases  to  be 
applicable  when  the  ratio  of  the  diameter  of  a  tube  to  its  thick- 
ness is  less  than  the  limit, 

diameter 


For  wrought  iron,  taking  .#=29,000,000  and  /=36,000  Ibs.   per 
sq.  inch,  we  obtain  the  limiting  ratio  equal  to  28*4. 

As  an  example  let  us  find  the  probable  factor  of  safety  for 
a  wrought  iron  tube  31"  in  external  diameter,  8  B.  W.  G. 
(=0*165")  thick  and  7ft.  6"  long,  used  as  smoke  tube  of  a 
marine  boiler  with  steam  working  at  160  Ibs.  per  sq.  inch. 
Here  the  mean  radius  of  the  tube  is  1793";  using  formula  (3), 
we  obtain  the  collapsing  pressure  equal  to  2220  Ibs.  per  sq.  inch. 
Dividing  this  by  the  working  pressure  of  steam,  we  obtain  14 
very  nearly  as  the  probable  factor  of  safety. 


X. 

Interpolation. 

[Hitherto  unpublished.] 

Theory  of  Difference.  Consider  a  series  of  numbers  proceed- 
ing according  to  a  certain  law.  By  subtracting  each  term  from 
that  which  follows  it  immediately,  there  will  be  obtained  a  new 
series  of  terms,  called  the  differences  of  the  terms  of  the  given 
series.  Thus  the  proposed  series  being  represented  by 

2/0,   2/1,   2/2,   2/3, 2/»-i>   2/»; 

the  series  of  differences  will  be 

2/i-2/o,    2/2-2/1,    2/3-2/2,  2/~-2/«-i; 

in  which  2/1  —  3/0  is  the  difference  of  y0 ;  2/2 — 2/i,  the  difference  of 
2/i ;  2/« — 2/«-i>  the  difference  of  7/n-i-  These  differences  are  usually 
denoted  by  the  symbol  J;  the  series  of  differences  just  given  is 
then  written  thus 

4/0,       4/1,        4/2>    4/n-l- 

It  is  to  be  observed  that  the  number  of  terms  in  the  series  of 
differences  is  one  less  than  the  number  of  terms  in  the  proposed 
series.  The  same  operation  can  be  performed  on  the  series  of 
differences,  so  as  to  form  the  differences  of  differences,  thus 

4/1  -4/0,       4/2-4/1,       4/»-l-4/n-2- 
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These  are  called  the  second  differences  and  are  usually  represented 
by  J2;  thus  the  second  differences  just  given  may  be  written 


The  number  of  terms  in  the  series  of  the   second    differences   is 
two  less  than  the  number  of  terms  in  the  original  proposed  series. 
We  can  form  the  differences  of  second  differences  ;  these  are  re- 
presented by  &  with  the  corresponding   letter   y0,  ylt  ......  written 

on  the  right  of  the  symbol  ;  the  number  of  terms  diminishes  by 
one  at  each  operation.  If  there  are  (n  +  ~L)  terms  in  the  proposed 
series,  there  will  exist  only  a  single  term  of  the  n  th  differences. 
As  an  example  take  a  series  of  squares  of  natural  numbers 
beginning  with  o. 


Order 

0                 1 

2 

3 

4 

5 

X 

5        '          6 

7 

8 

9 

10 

y 

25               36 

49 

64 

81 

100 

^y 

11               13 

1 

15 

17 

19 

tf-y 

2                 2 

2 

2 

The  third  differences  are  all  zero. 

Take    a   series    consisting  of  cubes  of  natural  numbers,  thus 


Order 

0 

1 

2 

3 

4 

5 

6 

X 

1 

O 

2 

4 

5 

6 

7 

y 

1 

8 

27 

64 

125 

216 

343 

iy 

7 

19 

37 

61 

91 

127 

*y 

12 

18 

24 

30 

36 

' 

*y 

6 

6 

6 

6 

The  fourth  differences  are  all  zero.    All  rational  integral  algebraic 
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functions   of  n  th   degree   have    their   n  th   differences  equal  to  a 
constant,  so  that  (/i  +  i)th  differences  are  zero. 

The  successive  differences   of  a    transcendental  function  may 
be  formed  in  a  similar  manner. 

Differences  of  a  Series  of  Sines. 


Order 

n 

X 

?/=sin  x 

<ly 

*» 

*v 

0 

3° 

•052336 

•017420 

-•000020 

-•000008 

1 

4° 

•069756 

•017400 

-  -000028 

-  -000003 

2 

5° 

•087156 

•017372 

-•000031 

-  -000006 

3 

6° 

•104528 

•017341 

-•000037 

-  -000006 

4 

7° 

•121869 

•017304 

-  -000043 

-•000004 

5 

8° 

•139173 

•017261 

-•000047 

-•000006 

6 

7 
8 
9 

10° 
11° 

12° 

•156434 
•173648 
•190809 
•207912 

•017214 
•017161 
•017103 

-•000053 
-  -000058 

-  -000005 

Differences  of  a  Series  of  Logarithms. 


Order 

n 

X 

y=\ogx 

Ay 

*v 

*y 

0 

1-00 

•0000  0000 

•00432137 

-  -0000  4257 

+  -0000  0082 

1 

1-01 

•0043  2137 

•0042  7880 

-•00004175 

+  -0000  0082 

2 

1-02 

•0086  0017 

•0042  3705 

-  -0000  4093 

-f  -0000  0077 

3 

1-03 

•0128  3722 

•0041  9612 

-•00004016 

+  -0000  0077 

4 

1-04 

•0170  3334 

•0041  5596 

-  -0000  3939 

+  -0000  0073 

5 

1-05 

•0211  8930 

•0041  1657 

-•00003866 

+  -0000  0073 

6 

1-06 

•0253  0587 

•0040  7791 

-•00003793 

+  -0000  0071 

7 

1-07 

•0293  8378 

•0040  3998 

-•00003722 

+  -0000  0065 

8 
9 

1-08 
1-09 

•0334  2376 
•03742650 

•0040  0276 
•0039  6619 

—  •00003657 

10 

1-10 

•04139269 
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It  thus  appears  that  in  a  series  of  numbers  proceeding  according 
to  a  regular  law,  the  differences  generally  become  smaller  and 
more  nearly  equal  to  one  another  as  their  order  becomes  higher. 
This  general  fact  is  very  useful  in  the  construction  of  a  numerical 
table  of  any  kind. 

Laws  of  combination  of  the  Symbol  A. 


Because  JJ0(o;)+/(ic)j 

-{#«+*)+/(«+*)}- 


This  is  the  law  of  distribution  applied  to  the  symbol  A. 
Let  a  be  a  constant  and  yx  any  function  of  x,  then 

Aayx=ayx+h-ayx 


The  symbol  A  is  therefore  commutative  with  respect  to  any  con- 
stant coefficients  of  the  function  upon  which  the  operation  A  is 
applied.  This  is  the  law  of  commutation. 

The  symbol  A  also  obeys  the  index  law,  thus 

f&y^J**^ 

where  m  and  n  are  positive  integers. 

If  a,  b,  ......  be  constants,  and  ux,  vx,  ......  be  any  functions  of 

x,  we  have  from  what  have  been  given 

J(aux+  bvx+  ............  )  =aAu 
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Theorem      ^(uxvx]  =  uxJvx  +  vx  Aux  +  Jux  x  Jux. 
For,  d(uxvx)  =  ^tx+hvx+h-  uxvx 


This  result  may  be  written  in  the  following  form  :  — 


To  expand  yx+n  in  a  series  consisting  of 
yx  and  the  successive  differences. 


Since 


in  which  the  difference  of  the  independent  variable  is  made  equal 
to  1,  we  have 


or  (l+J\yx=yx+l, 

where  (1  +  ^/)  may  be  regarded  as  a  single  operator,  whose  effect 
is  to  increase  the  independent  variable  x  contained  in  the  func- 
tion by  1. 

Therefore  (1  4-  J)(l  +  J)yx=(l  +  J)yx+l 


Similarly  (  1  +  J)3^  =yx+5 

and  generally 
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Expanding   the   left   hand  member  by  the  binomial  theorem,  we 
have 


Hence  we  have 

-  -i-< 


.<»-lXii-2)JV.+  ........................    (A) 


To  express  J"yz  in  terms  ya  and  its  successive  values. 


Hence  we  have 

J"//*  =  ^+n  -  tt&r+n-l  +  -|^-?<W  ~  !  )^+»-2 

—  i-n(»-lK»-%»t»-*+  ...............    (B) 

The   above   equations    (A)    and    (B)    are    the    most    well    known 
formulse  of  interpolation. 

Example.     To  find  the  sum  of  cubes  of  natural  numbers. 

Let  the  required  sum  be 


The  suffix  a;  in  the  equation  (A)  being  0  in  this  case,  we  have 


yg  Interpolation.  [x. 


=  6, 

and  the  differences  of  higher  orders  are  all  zero.     Putting  n=Q, 
we  obtain 


and  the  equation  (A)  takes  the  form  :  — 


Substituting  the  values  of  the  successive   differences   in    this   last 
equation,  we  obtain 


Although  in  obtaining  the  formula  (A),  it  has  been  under- 
stood that  the  number  n  is  a  positive  integer,  the  result  can  be 
applied  to  cases  in  which  n  is  either  negative,  or  fractional,  or 
negative  and  fractional,  so  long  as  the  function  is  continuous 
over  the  range  considered.  This  extension  may  be  regarded  as 
one  example  of  the  application  of  the  principle  of  continuity. 
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Example.  From  a  table  of  saturated  steam,  we  find  the 
following  values  of  the  absolute  pressures  in  Ibs.  per  sq.  inch 
and  the  corresponding  temperatures  in  degrees  Fah. 

Pressure  in  Ibs.  per  sq.  inch  45,  50,  55,  60 ; 

Temperature  in  Fah.  scale  274-4,      281-0,      287-1,       292-7. 

Required  to  find  the  temperatures  corresponding   to    pressures  of 
65  and  57  Ibs.  per  sq.  inch. 

Solution : — We  first  form  a  table  of  difference  as  follows  : — 


n 

0 

1 

2 

3 

P 

45 

50 

55 

60 

T 

274-4 

281-0 

287-1 

292-7 

AT 

6-6 

6-1 

5-6 

JrT 

-0-5 

-0-5 

tfT 

0 

For  the  pressure  of  65  Ibs.  per  sq.  inch,  the  value    of    n    is    4 
and  from  formula  (A)  we  have 

r4=274-4  +  4  x  6-6  +  -1-  x  4  x  3  x  ( -0-5) 
2 

-297-8°  Fah. 

For  the  pressure  of  57  Ibs.  per  sq.  inch,  the  value   of  n  =  (57  — 
45)-*-  common  difference  5—2.4  and  formula  (A)  gives 

7L,=274-4+  2-4  x  6-6  +  JL  x  2-4  x  1-4  x  ( -0-5) 
2 


-289-6°  Fah. 


gQ  Interpolation.  [x. 

Example.  Given  the  expectation*  of  life  of  a  person  for  the 
ages  of  10,  15,  20,  and  30  years  equal  to  45'46,  4 1 -79,  38'31, 
and  31*75  years  respectively,  to  find  the  expectation  of  life  for 
the  age  of  25  years.  These  data  are  taken  from  ^  fir  &  figt  Ws 
(On  Mortality  and  Life  Insurance)  by  Prof.  R.  Huzisawa  of  the 
Science  College,  Tokyo  Imperial  University. 

It  is  a  remarkable  fact  that  the  successive  differences  of  any 
continuous  function  diminish  in  general  very  rapidly  and  con- 
sequently any  function  expanded  in  a  series  of  successive  differ- 
ences converges  very  rapidly  after  a  few  first  terms.  The  left  hand 
side  of  the  formula  (B)  may  therefore  be  put  equal  to  zero  for 
values  of  n  equal  to  a  small  number.  The  successive  differential 
coefficients  of  a  continuous  function  do  not  manifest  any  general 
law  of  variation  such  as  is  stated  above,  in  regards  to  their 
numerical  values. 

In  the  example  just  now  proposed,  the  successive  values  of 
the  function  correspond  to  the  ages  of  10,  15,  20,  and  30  years. 
These  ages  proceed  by  an  equal  difference  of  5  years  with  a  gap 
between  20  and  30  years.  Hence  using  formula  (B)  and  putting 

Jlyx  =  0         and         x  =  0, 
we  have 


therefore       yl  =  4  (y4  +  6  y.2  +  yu —  4//0 


=     (31-75  +  6x38-31  + 45-46-4x41-79) 
=  34-98  years. 

In    the    table    given    by    Prof.    R.    Huzisawa,   the  value  of  yz  is 
34-99  years. 


Average~after-life  time. 
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Newton's  Method  of  Approximation  to  the  Numerical 
Value  of  a  Root  of  an  Equation. 

Suppose  we  require  a  root  of  an  equation 


where  f(x)  is  any  function  of  x.  An  approximation  to  the  re- 
quired root  can  always  be  determined  roughly  by  plotting  a  few 
points,  and  drawing  the  curve  y  l=f(x).  The  abscissa  of  the 
point  of  intersection  of  the  curve  with  the  axis  of  x  is  an  ap- 
proximate root  required. 

Let  a  be  an  approximate  value  of  the  root  thus   found   out 
and  a+h  the  true  root.     Then 


But  by  Taylor's  Theorem 


Since  h  is  a  small  quantity,  we  have 

f(a  +  h)=f(a)  +  hf(a)  nearly. 
But  the  left  hand  member  is  equal  to  zero  and  therefore 


from  which 


Thus  a  nearer  root  is 


Example.     Required  the  root  of  the  equation 
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Writing  the  equation  in  the  form 
y=xx— 100, 


we  have 


when 


x=2, 


„  s  =  4,  y 

Thus  we  see  that  there  exists  a  root  between  x =3  and  4.  Take 
the  common  logarithms  of  both  members  of  the  given  equation 
and  then  putting  y=x\ogwx— 2,  we  have 

when         x  =  l}  y=~  2; 

*=2,  y  =  -l-40; 

a; =3,  y  =  -0-57; 

„  a; =4,  y 


/Trst 


approximation  a, 


Axis 


FIG.  1. 


First 


«1=, 


Referring  to  Fig.  1,   a  very 
rough    estimate   for   the   root 
of  the  equation  may  be  found 
as  follows : — 
4-3 


•57+ -41 


=3-58. 


Taking,  then,  3'6  as  a  first  approximation,  we  have  for  a  second 
approximation 
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__ o  r _  3-6  x  log  3-6  — 2 
log  3-6  4- -43429 

=3-5973, 
which  is  correct  to  the  last  figure. 

Example.  Into  the  hollow  of  a  round  hollow  shaft  fits  a 
solid  shaft  of  the  same  material.  The  two  shafts  are  required 
to  be  of  the  same  strength.  Find  the  outer  diameter  of  the 
hollow  shaft  in  terms  of  the  diameter  of  the  solid  shaft. 

Solution : — Let  D=  the  outer  diameter  of  the  hollow  shaft, 
d=  the  diameter  of  the  hollow  or  of  the  solid  shaft,  /=  the  safe 
shearing  stress  of  the  material.  Since  the  two  shafts  are  to  be 
of  the  same  strength,  we  have 


'  16        D        -'  16 
from  which  we  have 

*4-a;-l=:0, 

where  x  stands  for  the  ratio  D^d.      Now    writing    the   equation 
in  the  form 

y=x4— x— 1, 
we  have, 

when         o;  =  l'0,  11=  —  I'OO  : 


„  oj=l-4,  y=  +  l-44, 

2=1*2    may    therefore    be    taken  as  a  first  approximation    to  the 
root.     A  second  approximate  root  is  then 

f(+7i=a_/g 
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(l-2)4-l-2-l 
4fl-2)3-l 

Thus  the  outer  diameter  of  the  hollow  shaft  is  1'221  times  the 
diameter  of  the  solid  shaft. 

The  degree  of  accuracy  of  the  result  can  be  estimated  by 
comparing  it  with  the  next  approximation.  Thus  a  third  ap- 
proximation to  the  root  in  this  example  being  3=  1/2208,  the 
above  result  is  correct  to  the  last  figure. 

Example.  To  find  the  value  of  6  satisfying  the  equation 
0=tan0  where  6  is  in  radians. 

Solution:  —  Let  /(0)=tan0—  0.  Then  by  means  of  tables  of 
radian  measures  and  trigonometrical  tangents,  we  find 

when         #  =  180°  =3-141  6     radians,  j(d)  =  —  3-1416  ; 

„  0  =  180°+  60°=4-1888,  /(0)  =  -2-4567  ; 

#  =  180°  +70°  =  4-3633,  /(0)=  -1-6158  ; 

0  =  180°  +  80°  =4-5397,  /(0)=  +  1-1334. 

By  using  the  last  two  sets  of  values  of  0  and  /(0)  and  assuming 
in  the  mean  time  a  straight  line  variation  of  /(0)  with  0,  as  in 
Fig.  1,  we  find  an  approximate  root  to  be 

01  =  180°  +  76°  =3-1416  +  1-3265  =4-4681     radians, 
7(0!)  =4-0108  -  4-4681  =  -  -4573. 
/'(0)=sec20-l=tan20. 

A  second  approximate  root  is 
a  _a       tan01-01 


-  -4073 
(4-0108? 
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03=4-4965- 
=4-4934 
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(4-5609)2' 


=  3-1416  + 1-3518  =  180°  + 77°27', 

which  is  correct  to  five  significant  figures.  A  more  exact  value 
of  the  angle  is  4'493409  radians 

=180°-f77027'12¥". 

The  solution  of  this  equation  is  required  in  establishing  Euler's 
formula  for  long  columns  rounded  at  one  end  and  flat  at  the 
other,  and  also  in  finding  the  height  of  the  level  of  water  flowing 
through  a  circular  pipe  partially  filled  so  that  the  velocity  of 
flow  may  be  a  maximum. 

The  equation  af=100  can  be  solved  by  the  theory  of  differ- 
ences.    Putting  the  equation  in  the  form 

yx=xlogx-2, 
we  obtain  the  following  table  : — 


n 

0 

1 

2 

3 

X 

3.4 

3-5 

3-6 

3-7 

y, 

-  -192968 

-•095755 

•002680 

•102340 

Ay* 

•097213 

•098435 

•099660 

*y, 

•001222 

•001225 

*y. 

•000003 

Neglecting    the    third    and    higher    differences,    the   formula 
(A)  becomes 
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2/3-4+*= 2/3-4+  «  J  2/3.4+  -^n(n~  1)  4^3.4. 

Since    the   value    of  2/3.4+?l   must  be  zero  for  value  of  a:  satisfying 
the  given  equation,  the  above  equation  becomes 

0=--192968  +  nx '097213 +  i«(w-l)x -001222, 

Solving  this  for  n,  we  obtain 

n  =  -79-05±  81-0229 

=  1-9729 
which  alone  is  admissible  for  the  question,  and  therefore 

a;=3-4  +  -l  x  1-9729=3-59729, 
the  correct  value  being  3'597285. 

A  General  Principle.  Successive  differences  of  a  continuous 
function  diminish  in  general  very  rapidly.  When  this  is  not  the 
case,  the  differences  of  logarithms  of  such  a  function  diminish 
rapidly ( D) 

In  an  extended  series  of  numerical  values  of  a  continuous 
function,  it  may  sometimes  happen  that  the  succssive  differences 
do  not  diminish  so  rapidly  as  is  desirable,  or  that  they  tend 
first  to  diminish  and  afterwards  to  increase.  In  such  a  case  the 
law  of  variation  of  the  function  is  higher  and  more  general  than 
rational  and  integral  algebraic  law,  which  the  method  of  inter- 
polation assumes  to  follow  at  least  approximately.  Now  it  is 
chiefly  for  a  small  range  of  an  independent  variable  that  a 
transcendental  function  can  be  very  well  approximated  by  a 
rational  and  integral  algebraic  expression.  By  a  previous  mathe- 
matical treatment,  however,  an  unwieldy  function  can  be  greatly 
reduced  in  magnitude  and  approximated  very  well  over  an  ex- 
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tended  range  of  the  variable  by  an  algebraic  expression.  This 
is  the  taking  of  the  logarithm  of  the  function.  For  easy  han- 
dling and  transportation  of  bulky  stuff  such  as  cotton,  a  previous 
mechanical  treatment  under  an  hydraulic  press  is  necessary.  In 
this  sense  the  logarithm  may  be  called  a  mathematical  press  for 
unwieldy  functions. 

Example.  Reguault  gives  the  following  data  as  a  conclusion 
from  his  experiments  on  saturated  steam  for  temperatures  ranging 
from  100°  C.  to  220°  C.  :— 


Temperature  in 
degrees  centigrade 

100 

130 
160 
190 
220 


Pressure  in 
mm.  of  mercury 

760-00 
2030-0 
4651-6 
9426 
17390 


Suppose  that  the  pressure  corresponding  to  150° C.  is  required. 

Solution : — Here  the  temperatures  are  given  at  a  constant 
difference  of  30°  (7.  and  consequently  the  general  formula  (A) 
seems  to  be  applicable. 

The  successive  differences  are  found  to  be  as  follows  : — 


n 

0        1 

2 

3 

4 

t 

100 

130 

160 

190 

220 

P 

760-0 

2030-0 

4651-6 

9426-0 

17390-0 

Ap 

1270-0 

2621-6 

4774-4 

7964-0 

*p 

1351-6 

2152-8 

3189-6 

*p 

801-2 

1036-8 

A*p 

235-6 
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But  here  the  diminution  of  successive  differences  is  so  very 
slow  that  we  are  not  at  all  justified  to  neglect  the  fifth  differ- 
ences. Hence  in  accordance  with  the  general  principle  (D)  we 
take  the  logarithms  of  the  pressures  instead  of  the  pressures 
themselves.  The  fourth  difference  of  the  logarithms  of  the  pres- 
sures is  very  small  so  that  the  fifth  can  safely  be  neglected ; 
this  is  seen  from  the  following  table. 


n 

0 

1 

2 

3 

4 

t 

100 

130 

160 

190 

220 

logp 

2-88081 

3-30750 

3-66760 

3-97433 

4-24030 

Jlog^> 

•42669 

•36010 

•30673 

•26597 

J^ogp 

-•06659 

-•05337 

-•04076 

flogp 

•01322 

•01261 

J4logp 

-•00061 

The  value   of  n   corresponding    to    150° C.   is    (150-100)-*-30=|. 
Now  from  the  formula  (A),  we  have 

log  (p),+?l =2-88081  +  A  x  -42669  +  -1-  x  AX  |-x  (--06659) 


=  3-55417 =log(3582-3). 

Thus  the  required  pressure  is  3582'3  mm.  of  mercury.  From 
Prof.  C.  H.  Peabody's  Table  of  Saturated  Steam,  we  find  that  a 
more  correct  value  is  3582'Omm. 
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Suppose  now  that  it  is  required  to  form  an  equation  giving 
the  relation  between  the  temperature  and  the  pressure  of  satu- 
rated steam  within  the  range  of  temperatures  given  by  Regnault. 
Neglecting  the  differences  of  the  fourth  and  higher  orders,  we 
have 

log^=2-88081+a<-42669) 


J^c  __!)(_.  06659) 
l*0r-l)(*~2)(-01322) 


in  which 


=  2-88081 +  0-46439x-0-039905or+0-002203z3, 


£-100 


30 


From  this  formula  we  find 


Temperature 
t  in  C. 

Pressure  p 
by  Regnault  mm. 

Pressure  p  by 
our  formula  mm. 

Error  of 
our  formula 

100 

760-00 

760-0 

0 

130 

2030-0 

2030-0 

0 

160 

4651-6 

4652-6 

+  1-0 

190 

9426 

9427-9 

+  1-9 

220 

17390 

17413 

+  23 

A  formula  better  than   the   above    can    be   obtained   by   the 
method  of  Least  Squares  and  is  as  follows : — 

log  p  =  2-88081  +  0-4641 8*- 0'039688z2  +  0-002153x3, 
which  gives  the  following  values  of  the  pressure : — 
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X 

t  in  °C. 

P 

in  mm.  of  mercury 

dif. 

0 

100 

760-00 

0 

1 

130 

2029-8 

-0-2 

2 

160 

4652-0 

+  0-4 

3 

190 

9425-2 

-0-8 

4 

220 

17390- 

0 

Example.     From  Prof.  C.  H.  Peabody's  Steam  Tables  are  ob- 
tained the  following  data  relating  to  saturated  vapour  of  ether: — 


Temperature  in 
degrees  Centigrade 

t 

0 

30 

60 

90 

120 


Pressure  in 
mm.  of  mercury 

P 

184-39 
634-80 

1725-0 

3898-3 

7719-2 


Let    it    be    required    to   find  an   equation  expressing  the  relation 
between  the  t  and  p. 

Solution : — The  successive  differences   of  the   pressure   stand 
as  follows  : — 


n 

0 

1 

2 

3 

4 

t 

0 

30 

60 

90 

120 

P 

184-39 

634-80 

1725-0 

3898-3 

7719-2 

zip 

450-4 

1090-2 

2173-3 

3820-9 

*p 

640-2 

1083-1 

1647-6 

*p 

442-9 

564-5 

*p 

121-6 
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The  diminution  of  the  differences  being  very  slow,  the  fourth 
difference  can  not  be  neglected.  We  therefore  use  logarithms  as 
shown  below. 


n 

0 

1 

2 

3 

4 

t 

0 

30 

60 

90 

120 

logp 

2-26574 

2-80264 

3-23679 

3-59088 

3-88758 

A  logp 

•53690 

•43415 

•35409 

•29669 

zf2logp 

-•10275 

-•08006 

-  -05740 

J^ogp 

+  -02269 

+  -02266 

J4logp 

-  -00003 

Neglecting  the  difference  of  the  fourth  order,  we  have 

log j9= 2-26574  + ax  -53690+  *x(x-l)x(- -10275) 


-±-a:(a;-l)(aj-2)x  -02269, 


=  2-26574  +  -59584z--062720«;2+-0037817ar5, 

in  which  x =^30.  For  t  equal  to  0,  30,  60,  and  90  degrees, 
this  equation  gives  exactly  the  same  values  of  p  as  in  the  data. 
For  £=120°  C,  p  will  be  found  equal  to  7719'7  mm.  of  mercury. 

The  rules  and  formulas  thus  far  considered  are  derived  on 
the  supposition  that  the  series  of  differences  proceeds  by  constant 
differences,  whatever  may  be  the  magnitude  of  that  constant. 
When  this  is  not  the  case,  the  formula?  (A)  and  (B)  are  not 
applicable. 
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Problem.     Given    the    values   ya)  yb,  yc,  .........  of   a    function 

corresponding    to    x=a,    b,    c,  ......  ..respectively,    which    are    not 

consecutive  and  equidistant,  to  find  any  other  value  of  y  corre- 
sponding to  x. 

The  general  expression  being  assumed  to  be  rational  and 
integral,  the  following  form  of  equation,  known  as  Lagrange's 
Theorem  for  Interpolation,  enables  us  to  write  down  at  once  the 
values  of  the  constants  involved. 

y=A0(x-b)(x~c)(x~d)  ............  (x-k) 

+  A1(x-a)(x-c)(x-d)  ............  (x-k} 

+  A»(x-a)(x~b)(x-d)  ............  (x-k) 

+  A3(x-a)(x-b)(x~c)  ............  (x-k) 

+  ............  to  n  terms, 

n  being  the  number  of  values  of  the  given  functioD,  and  yk  the 
last  term  corresponding  to  x=k.  Making  x=a  and  y—ya,  all 
the  terms  on  the  right  hand  side  of  the  above  equation  vanish 
except  the  first  and  we  obtain 


A0=- 


Similarly 


(E) 


(a—  b)(a—  c)(a—  d) ....(a— k) 

"*~  (b~a)(b-c)(b-d) (b—k) 

A  = y, 

(c-a)(c~b)(c-d) (c-k) 

&c.         &c. 

Newton's  Interpolation  formula.  Here  also  the  general  ex- 
pression is  assumed  to  be  rational  and  integral,  but  the  form  of 
the  equation  is  different,  being 
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y  =  A  +  B(x  —  «)  +  C(x — a)(x  —  6)  +  D(x  —  a)(x  —  b)(x  -  c ) 
+  E(x~a)(x-l)(x~c)(x~d)  + 

If  x  =  a,  then  ya=A.      Put  this  value  of  A  in  the  equation  and 
then  make  x=b  so  that  y  —  y^  then  y()=ya  +  B(b-c), 

therefore         ]]  =  !f^L, 


A 

Substitute  this  in  the  assumed   equation  and  make   x=c   so   that 
y=ya  then  we  have 


from  which  we  get 


that  is, 


Therefore 


which  may  be  written     f-^  —  J  ?ycl. 


These  are  called  the  difference  coefficients  and  are  quite  analogous 
to  differential  coefficients. 

Newton's  formula  of  interpolation  may  now  be  written 


Interpolation. 


The  successive  values  of  the  difference  coefficients  in  Newton's 
formula  may  be  calculated  most  conveniently  in  a  tabular  form 
as  follows : — 


y* 


Vf 


Any  of  the  terms  iii  the  Table,  as   for   example   the   one   corre- 
sponding to  the  intersection  of  5th  line  and  3rd  column  is 


which  indicates  the  operation 


Example.  Given  tan  86°0'  =  14'30,  tan  86°18  =15-46, 
tan86°30'=16-35,  tan  86°36'  =  16'83 ;  to  find  an  approximate 
value  of  tan  86°54' 


1900] 


Interpolation. 


Solution  :• 


X 

«=86°0' 

?>  =  86°18' 

c=86°30' 

d=86°36' 

y 

7/((  =  I4-30 

^=15-46 

^=16-35 

ytl  =  16-83 

(  J  }y 

•0644 

ta 

•0683 

•0703 

<la 

\Jx)y 

(-£)' 

•000325 

e» 

•000333 
db 

(^ 

•00000133 

dc 

Using  Newton's  formula   of  interpolation,   the   value  of  x  corre- 
sponding to  the  required  value  of  y  is  86°54'.     Thus  we  have 


4f-86°lS')  =  54x36  =  1944, 
(£-«)(a-&)0»-e)=1944(86054'-86030')=1944  x  24=46656. 
Therefore      y  =  14-30  +  54  x  -0644  +  1944  x  -000325  -f-  46656  x  -00000133 

=18-47. 
The  exact  value  of  tan  86°54'  to  two  places  of  decimals  is  18*46. 


Approximate  value  of  the  Integral  of  a 
Continuous  Function. 

Definition  : — 


Then 


QQ  Interpolation. 

which  may  be  written  symbolicaly  thus 

Hence 
similarly 
and  generally 


Expanding   the   left   hand  member  by  the  binomial  theorem,  we 
have 


X  =  a+nh 


FIG.    2. 


Referring  to  Fig.  2  and  considering  a  and  A  as  constants,  the 
above  equation  gives  the  value  of  the  function  y  corresponding 
to  a  positive  integral  values  of  n  and  so  long  as  n  +  1  is  not 
greater  than  the  number  of  terms  of  the  given  function  y,  the 
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value  obtained  by  the  equation  is  exact.  Now  the  equation  being 
in  rational  algebraic  positive  integral  powers  of  n,  the  value  of 
y  corresponding  to  any  fractional  value  of  n  must  be  continuous 
over  two  consecutive  integral  values  of  n.  Hence  when  the  form 
of  the  functionality  is  continuous  and  the  successive  differences 
are  not  large,  the  value  of  y  obtained  by  giving  a  fractional 
value  to  n  cannot  much  differ  from  the  true  value.  We  are 
therefore  quite  safe  to  assume  that  n  in  the  above  equation  is  an 
independent  variable  capable  of  assuming  any  fractional  or  in- 
tegral value,  a  and  h  being  constants.  The  variable  abscissa  x  is 
evidently  connected  with  n  by  the  relation 

(1) 


The  value  of  the  integral  of  y  between  x=a  and  x  is 

rx  rx  rx  i  fx 

I  y  dx  =  yn\  dx+di/A  n  dx+—-A*ya\  n(n—\)dx 


But  from  (1),  we  have   dx=hdn  so  that  when   x=a,  n=0.     Ef- 
fecting the  integration,  we  have 


(0) 
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Neglecting  J3^  and  all  the  succeeding  differences  is  equiva- 
lent to  approximating  the  integral  by  the  area  of  a  parabola  of 
the  second  degree.  Assume  then  Jfya=0  and  put  Aya=ya+h—yai 
d'2ya=ya+vi— 2ya+h  +  ya>  The  general  equation  (G)  then  becomes 


in  which  y0,  yi,  y2  are  put  for  ya>  ya+>,>  ya+yi  for  simplicity.     This 
integral  is  shown  by  Fig.  3. 


Making    w  =  i,    we    obtain   the  area  corresponding  to  ith  of 
the  whole  abscissa  AB,  thus  : — 


which  may  be  called  8—5  rule. 

Making  n=l,  we  obtain  the  area  corresponding  to  one  half 
of  abscissa  AB,  thus  : — 


which  is  a  well  known  5—8  rule. 

Make  n  =  l$  and  the  area  corresponding  to  5  of  the  abscissa 
is  obtained 
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which    is    a    singular    result,  the  third  ordinate  disappearing  al- 
together. 

Making  n=2,  we  have 


which  is  Simpson's  first  rule. 
Making  7i=2i,  we  have 

Area  = 


+  5yi  +  6y,). 


Make  71=  3  and  we  obtain 
Area= 


corresponding  to  1£  times  the  abscissa  AB.  Here  the  second 
ordinate  yl  disappears  altogether.  In  all  these  cases,  the  coef- 
ficients of  y  are  related  to  the  divisor,  thus  : — 

1+3 


12  '          4 

Neglect  £y  and  all  the  successive  higher  differences.  This 
is  equivalent  to  taking  4  equidistant  ordinates  and  approximating 
to  the  value  of  the  integral  by  means  of  the  parabola  of  the  3rd 
degree. 

Putting  J*y=0  and  substituting 

4y=yi-  2/0,      fy  =y2~  fyi  +  2/0, 

and 

^V=  2/3-3^  +  3^-^, 
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we  obtain 


Let         w  =  l,  then  the  integral    =^-(9&+19&- 

Let        n=2,  then  the  integral    =-^(y0+4yl+y^, 
which  is  Simpson's  1st  rule. 

Let        w=3,  then  the  integral    =  -^-(?/o+3?/i+3?/2 

o 

which  is  Simpson's  2nd  rule. 

Let        ?i  =  4,  then  the  integral    =-— (2^— £/2  +  2z/3), 

in  which  the  first  ordinate  does  not  appear.    The  writer  believes 
that  the  two  formulae  (^)  and  (g2)  are  given  for  the  first  time. 
Another  useful  formula  for  an  approximate  value  of  an  integral 
first  given  by  Laplace  is 


To  demonstrate  this  formula  of  Laplace.     We  have  seen  that 

(l  +  4)yx=yx+l. 
But  by  Taylor's  theorem 

d  Id2          Id3 


1900]  Interpolation.  101 

Therefore  (1  +  A)yx= 


and  therefore      l  +  J=e^,    ....................................    (H) 

so  that 


Now 

A__d_    _j 
~daTX~QT 
da; 


._3_J»_  1* 

-—T-  *  v\u))  say- 


Hence 

d 

'  W*~  ~dx 

where  w  is  any  function  of  x.     Now  let    ijx=dwx, 

.r+l  -r+1  .r+l 

then  yxdx=    Awxdx=    A_MJ\wxdx 

J  r  '  r  J r dx 

*  This  expansion  can  be  obtained  by  Maclaurin's  theorem,  or  as  follows: — 


log(H-z) 

Assume  this  to  be   A0+AiX+A&2+As3P+  ........     Clear  of  the  fraction  and  equate  the 

coefficients  of  all  powers  of  x  to  zero,  thus  :  - 


&c.    &c. 
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n  -  wr)  = 

=  <t>(Ajyr> 
Hence 


Making  r=0,  we  have 


Making  r  =  l,  we  have 


Making  r=2,  we  have 


Form    similar    equations    for    n=3,  4,  5,  .........    and   finally   for 

r=n—  1,  thus 


Adding  these  equations   together,  we  have  the  left  hand  member 
equal  to 


and  the  right  hand  member  is 
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+  2/n-2+-i-2/»-i) 


+  2/2  +  2/3+ 


But 

2/1  +  2/2+  2/3+  •••• 


Hence  the  above  equation  becomes 


4-  yw_j  +  - 


The  differences  of   yn  can  not  be  calculated   from    the   values   of 

7/0,  ylt yn.     The  above  result  cannot  therefore  be  employed 

for  actual  calculation.     This  defect  can  easily  be  remedied. 

Before  doing  so,  however,  we  have  to  establish  another  inter- 
polation formula. 


Interpolation. 


LL. 

In  this  result  put  r  for  ?i,  and  then  put  n  for  .r+r,  so  that 

yn  =  Vn-r  +  ^2/n-r-l  +  (r 


Operating  on  this  by  Jr,  we  have 


r_l+~ 


Now  make  r  =  l  in  this  result,  then 


Make  7-=2,  then 

J2?/n 

Similarly 


&c.         &c. 

Substituting  these  in  the  expression  for  the  integral  of  y^  we 
obtain  after  simplification  the  following,  which  is  Laplace's  formu- 
la for  an  approximate  integral. 


1900]  Interpolation.  105 

yxdx  =  -y-y0+y1+y2+y3+  .........  +  yn-i+^-yn 


When   the   successive  values  T/O,  3/1,  y2,  .........  yn  do  not  cor- 

respond to  unit  difference  of  the  independent  variable  x,  but  are 
those  corresponding  to  n  equidistant  values  of  x  ranging  over 
#w—  ar0  and  the  integral  is  in  the  usual  form 


we  have  to  put  x=x0+  Xn~x°  a,  and  then  the  above   integral   be- 
comes 


which  may  be  written 


Hence  we  have  to  multiply  the  formula  (K)  by  a  factor  a?ra~a?0, 
when  the  successive  values  of  y  correspond  to  a  constant  differ- 
ence of  x  equal  to  that  factor. 

Example.     As  a   mere   illustrative   example    of  the    formula 

f18  * 
(jfiT),  let  the  value  of  la  *dx  be  calculated  approximately. 
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Solution : — 


n 

0 

1 

2 

3 

4 

X 

10 

12 

14 

16 

18 

y 

2-1544 

2-2894 

2-4101 

2-5198 

2-6207 

Ay 

•1350 

•1207 

•1097 

•1009 

*y 

-•0143 

-•0109 

-•0088 

Here 


•60685, 


)=^(—  0088  --0143)  =  --00096, 

xn-x0  „  18-10  _ 
~ 


Putting  these  in  the  formula  (K)  we  obtain  an  approximate 
value  of  the  integral  equal  to  19*2213.  The  value  correct  to 
the  last  figure  is  19'2218. 

Approximate  Value  of  the  Differential  Coefficient  of  a  Continu- 
ous Function  in  Terms  of  the  successive  Differences  of  the  Func- 
tion. 

Taking  the  logarithms  of  both  members  of  the  equation  (H) 
and  expanding  the  right  hand  member,  we  have 
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in  which  the  symbol  4  is  now  defined  by 

%c=2/*+A-2/a- 

Applying  the  above  identical  operations    to    any    function    of   x, 
we  have 


dx 


(L) 


This  equation  enables  us  to  calculate  that  value  of  the  differ- 
ential coefficient  which  corresponds  to  the  first  term  of  a  given 
series  of  a  function.  Now  we  know  that  when  an  equidistant 
series  of  a  function  are  given,  the  differential  coefficient  corre- 
sponding to  the  middle  term,  or  a  term  near  the  middle,  of  the 
series  is  in  general  most  accurately  determined.  To  determine 
such  a  value  of  dy/dx  or  that  corresponding  to  any  desired  value 
of  y,  we  have  to  establish  another  and  more  general  formula. 

We  have  before  obtained  a  well  known  formula  of  interpo- 
lation, namely, 

y*  =Va  +  nAya  +  Tcrn(n 

VL 


in   which     x=a  +  nh.      Differentiating    the    above    equation    with 
respect  to  n  and  observing  that 


n 
we  have 


dx 

(M) 
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This  equation  enables  us  to  calculate  the  differential  coefficient 
corresponding  to  any  value  of  x,  or  of  y  whose  value  is  known 
in  terms  of  n.  When  n=Q,  the  result  becomes  the  equation  (L). 


Putting  n='  we 


and 


there  being  no  term  of  second  difference. 
Putting  n  =  l,  we  have  x  =  a  +  h  and 


Putting  ?'  =  I,   we  have  x=a+l—h  and 


Here  the  term  containing  d*ya  does  not  exist. 
Putting  ?i=2,  we  have  x=a+2h  and 


Example.  The  pressure  p  in  Ibs.  per  sq.  foot  of  saturated 
steam  corresponding  to  the  temperature  0  in  Centigrade  scale  is 
as  given  in  the  third  line  of  the  following  table. 


n 

0 

1 

2 

3 

•   6 

90 

100 

110 

120 

P 

1463 

2116 

2994 

4152 

Jp 

653 

878 

1158 

*V 

225 

280 

fp 

55 
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Suppose  that  we  require  the  value  of  -gjj-  corresponding  to   the 
temperature  0=105°  (7. 

Solution : — We  first  form  a  table  of  differences  as  shown 
above.  Since  0=105°  is  exactly  midway  between  the  second  and 
third  term  of  the  series  of  0,  the  value  of  n  is  1J  and  we  have 
to  employ  the  formula  (m3),  thus  : — 


=875-7. 


But  h  is  here  equal  to  10  and  therefore-^-=87'57  for  105°  C. 

Example.  Suppose  that  the  values  of  p  in  the  third  line 
of  the  following  table  are  given  and  that  dp+dd  corresponding 
to  0=105°  C.  is  required. 


n      0 

1 

2 

3 

4 

5 

6 

0 

90 

95 

100 

105 

110 

115 

120 

P 

1463 

1765 

2116 

2524 

2994 

3534 

4152 

Jp 

302 

351 

408 

470 

540 

618 

fp 

49 

57 

62 

70 

78 

fp 

8 

5 

8 

8 

J4p 

-3     +3 

0 

Solution : — We  form  a  table  of  differences  as  shown  above 
and  use  the  formula  (w4),  omitting  the  column  corresponding  to 
0=90°  C. 
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- -- '•" 


=437-92, 

and  therefore        -&•  = — ~ — =87-58. 
du  5 

We  shall  now  deduce  another  general  expression  for  the  dif- 
ferential coefficient  of  a  function.     We  have  seen  that 


This  can  be  expanded  in  the  following  form  :  — 


Differentiating  this  result  with  respect  to  ?i,  we  obtain 


+  .........  (JV) 

in  which  a;=a  +  wA. 

When  7i=0,  a;  becomes  a  and  we  obtain 
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When  n  =  —  1,  we  have  x=a  —  h  and 

*-%*•  =  J2f-*-  -g-^-»-  4-  A--3A 


When  n  =  —  2,  \ve  have  #=«—  2A  and 


In  the  equation  (w2)  put  a+k  for  a  and  in  the  equation 
(n^  put  a  +  3A  for  a,  and  adding  the  resulting  equations  together, 
we  obtain 


This  equation  enables  us  to  calculate  the  differential  coefficient 
of  y  corresponding  to  the  third  term  ya+2A  of  a  given  series  ya, 
y*+M  Va+iM  ya+sh)  Va-Hh  consisting  of  five  terms,  neglecting  the  fourth 
and  higher  differences. 

Again    in    the    equation    (n3)    put   a+4h  for  a  and  add  the 
resulting  equation  to  the  equation  (m4),  we  then  obtain 


(O 


in  which  the  term    containing    the    fourth    differences    does    not 
exist.      This    is    a    good    form    of   a  formula  for  calculating  the 
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differential  coefficient  corresponding  to  the  third  term  of  a  given 
series  consisting  of  five  terms. 

In  the  equation  (L)  put  a+3A  for  x  and  in  the  equation 
(fli)  put  a+3h  for  «,  and  adding  the  resulting  equations  together, 
we  obtain 


by  which  we  can  calculate  the  differential  coefficient  of  the  middle 
term  of  a  series  consisting  of  seven  terms.  Many  other  formulae 
may  be  obtained  easily. 

Working  out  the  same  example  before  given,  by  the  equation 
(w4),  we  have 


therefore         -L=      *  437-93=87-59. 
do         5 


If  we  use  the  equation  (n5)  we  have 


437-92, 


therefore         -^-x  437-92  =87-58. 
do         5 


If  we  use  the  equation  (w6)  we  have 


438-42, 
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therefore 


=X  438-42  =  87-68. 


This  result  is  probably  the  most  accurate. 

We  give  the  following  numerical  examples  which  only  serve 
to  show  the  degree  of  accuracy  that  can  be  attained  by  the  use 
of  some  of  the  foregoing  formulae. 

In  the  subjoined  table  the  numbers  in  the  line  headed  y 
are  the  natural  logarithms  of  the  numbers  in  the  line  headed  x. 
The  problem  is  to  calculate  the  value  of  dyldx  corresponding  to 
#=1*4.  Of  course  there  is  no  real  use  of  this  calculation, 
because  it  is  well  known  that  the  differential  coefficient  of  the 
natural  logarithm  of  any  number  is  the  reciprocal  of  that 
number. 


n 

0 

1 

2 

3 

4 

5 

6 

X 

1-1 

1-2 

1-3 

1-4 

1-5 

1-6 

1-7 

y 

•0953 

•1823 

•2624 

•3365 

•4055 

•4700 

•5306 

Jy 

•0870 

•0801 

•0741 

•0690 

•0645 

•0606 

*y 

-  -0069 

-•0060 

-•0051 

-•0045 

-•0039 

A*y 

•0009 

•0009 

•0006 

•0006 

(1)     Given  the  natural  logarithms  of  1/2,  1/3,  1*4,  1/5,  and  1'6; 
required  the  value  of 


d(\oge  x)/dx        for 
Using  the  formula  (m4),  we  have 


x=l-4. 


•1-^-0801  +  4   -'0060   +4 
dx  2  \  /3 


=  •07140, 
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therefore  -^-=-7140. 

Using  the  formula  (w4),  we  have 

•i-^- =lf -0741  +  -O69o")  -  -L(  -ooo6 + -oooe") 

ax       z  \  /      12  \  I 

=•07145, 

therefore  -^-=-7145. 

ax 

Using  the  formula  (n5),  we  have 


+  jL(-0009  +  -0006) 
=  •071425, 

therefore  -^|-  =  -71425 

(2)     Given  the  natural  logarithms  of  I'l,  1-2,  1'3,  1'4,  1-5,  1'6, 
and  1*7  ;  required  the  value  of 

c?(loge  x)/dx        for        x=l-4. 
Using  the  formula  (w6),  we  have 


+  *  ^0009  +  -0006  \ 
=  •071425, 


therefore  -^=-71425. 


The    value    of    -j-    correct   to    five   decimal  places,  for   x  =  1-4   is 
— L  =  -71429. 
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To   develop   j^   in  a  Series  proceeding  by  the  Differential 
Coefficients  of  yx. 

From  the  formula  (H)  we  obtain  at  once 


in  which  the  symbol  J  is  defined  by 

4r.=y.4*-y* 

The  above  can  be  expanded  as  follows  :  — 


Hence  we  have 
/*»«« 


A,+1  .  x 

xn       2          (y^+1  n       24'  rfa;w+2 


.^ 
48  ~^+r~1~ 

When  7i  =  l,  we  have 


When  7i=2,  we  have 


12      cto4        4 
When  7i=3,  we  have 


In  the  preparation    of    the   reprint    of   Mr.    Barlow's    Tables    of 
Squares,    Cubes,    Square  Roots,  Cube  Roots,  and  Reciprocals  by 
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Prof.  A.  De  Morgan,  certain  formulae  were  employed  in  checking 
the  second  differences  of  square  roots,  cube  roots  and  reciprocals. 
These  formulae  can  be  obtained  from  equation  (j92).  Thus  in  the 
case  of  a  square  root,  we  have 


dx 


Making  h=l  and  taking  first  two  terms   of   the   expansion 
we  have 


nearly 


This  was  used  for  checking  the  second  differences  of  square 
roots  of  numbers  greater  than  1250.  Similarly  in  the  case  of 
cube  root  and  reciprocal,  we  easily  obtain 


To  develop   2yx  in  a  Series  proceeding   by   the    Differential 
Coefficients  of  yx. 

Let  2y, =ya  +  ya+l  +  ya+2  +ya+5+ +  yx^. 
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Taking  the  difference,  we  obtain 


Hence  Iyx=zl~1yx, 

Strictly  speaking,  this  should  be  written  in  the  form 
Sy3.=  ^-lyx  +   constant. 

Because  the  first  term  in  the  given  series  might  have  been  ya+r 
instead  of  ya  where  r  is  any  integer,  positive  or  negative,  and 
still  the  same  result  would  have  been  arrived  at.  The  case  is 
exactly  analogous  to  adding  a  constant  to  an  indefinite  integral. 
Now  we  had  before 


from  which 


=(— V1 

\dx) 


This   last   fraction    can    be    expanded  in  the  following  form  (see 
Todhunter's  Dif.  Cal.,  page  95  and  also  Williamson's  Dif.   Cal., 
page  93)  :— 
d 

dx        ,_JL_^_    A_^l    ^_JL.     E-»    d<i  - 
e-&-l  ~         2  dx  +1^  ~^~  li    dx4+\!L   dyf> 

where  Bernoulli's  numbers  are 


7?        691 
jbn  = 


2730'  6  ' 

3617  fi  _  43867         „  __  1222277 

510  '  "        798    '         19        2310 
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Hence  ^*={l£»|     x  ltlie  serles  Just  obtainedr^ 

=   {the  series  just  obtained  \yxdx 
_fL       1    dy        B,    d*  \d 

-)*—+~-/*~  .........  a 

Therefore  ^=C 


30240     da* 
which  is  Euler-Maclaurin  formula. 

Example.     Required  to  find  the  sum 

l»  +  2»+3"+  ............  +af. 

Let  S  be  the  sum  so  that   S=xn+  Zxn,   where   yx=x 

NOW 


Hence  S=xn+2xn 


+  -QA^r7^-  l)(w-2)(w-  3)(»-  4X~5- 
30240 


The  constant  C  can  be  determined  by  applying  a  particular  value 
of  the  variable  x.     Thus  making  x=l, 
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and  putting  w  =  l,  2,  3,  4,  o,  &c.,  we  find   that   the   constant  C 
is  zero,  for  all  even  values  of  n, 

°=~-~    for    n  =  l>  6Y=~for    %:=3> 


Example.     To  find  the  sura  4r+-HT+-4r+  .........  +  — 

I"  /"  O"  X" 

Let  the  sum  be  tf^-L-f-  2'J._. 


dx2 


2-3            d3yx  _      2-3-4  „ 

— j — »        — i — i s — »         etc. 


rpi        r  o       !     L/t      1  1    1         12         1        2-3-4 

Therefore  #=— r  +  6'-  .-^  ___.-_  +  __-. — 5— + 

x2  x  2    x2      12    a;3      720        of 

1        1  1          1 


But   -p4--o3  +  -Q2+-^-'-  .........   ad.  inf.  is  known  to  be  -g-^2.    Hence 

1 

the  contant    C=-^x~- 
o 

Example.     To  find  the  sum 

l2  +  (l2+22)  +  (l2+.22  +  32)+  .........  +  (i2  +  22  +  32+  .........  +x2). 

Let  yT  be  the  required  sum,  then 


and  all  the  higher  differences  are  zero. 
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Therefore  2A>=0,    4/o=l>    ^/0=4,     ^y0=5, 

Hence  formula  (A)  gives 


=  _1^ 

Example.     To  find  the  sura 

1-2-3  + 2-3-4  +  3-4-5  +  4-5-6  + 
Kesult : — The  sum  of  the  series  is 

^4 

The  sum  of  a  series  of  reciprocals  of  factorial  expression  can 
be  expressed  in  a  finite  number  of  terms. 

Example.      S=^2~  +  ~2^  +  ~&4T  + +  x(x+i\ 


Example.      T 


_          _- 
aj  +  1       ic  +  1* 


ir  i        i  i     i     i 


If      1 1  1 

4\x(x+2)       (x+2)(x+4)  J 
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4l-3 

JL_ 

4  ' 


Tokyo,  Aug.  1900. 


XI. 

Theory  of  Fly  Wheel  as  Applied  to 

Turbines  and  High  Speed 

Engines. 

[The  Journal  of  the  Society  of  Mechanical  Engineers,   Tokyo,  Japan, 
Vol.  IV,  No.  5,  June,  1901.] 

The  use  of  a  fly  wheel  as  applied  to  a  steam  or  gas  engine 
is  usually  stated  to  be  the  equalization  or  smoothing  up  of  the 
periodic  fluctuation  of  speed  due  to  periodic  excess  or  deficiency 
of  energy  given  to  and  received  from  the  prime  mover.  Many 
formulae  that  have  been  given  for  the  weight  and  size  of  a  fly 
wheel  are  based  upon  what  has  been  stated  above  and  can  there- 
fore be  derived  from 


in  which  the  left  hand  member  is  the  well  known  expression  for 
the  kinetic  energy  of  the  fly  wheel  with  reference  to  the  axis  of 
rotaion,  k  the  coefficient  of  periodic  fluctuation  of  energy,  q  the 
coefficient  of  fluctuation  of  speed,  and  E  the  mean  amount  of 
energy  exerted  during  one  period.  In  the  case  of  an  ordinary 
single  cylinder  engine,  E  is  the  work  done  per  stroke  by  the 
engine  at  its  normal  speed. 
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Now  the  function  of  the  governor  and  of  the  regulator  for  the 
supply  of  the  working  fluid  to  the  prime  mover  (such  as  a  throttle 
valve  or  an  expansion  gear  of  a  steam  engine,  a  cylindrical  sluice 
gate  or  a  set  of  movable  guide  vanes  of  a  turbine,  &c.)  is  to 
make  the  mean  supply  of  energy  during  any  time  equal  to  the 
mean  work  of  resistance  overcome  during  the  same  time. 

In  high  speed  steam  engines,  the  period  in  which  the  regular 
fluctuation  of  energy,  and  consequently  of  speed,  occurs  is  very 
small  indeed,  being  -|,  or  j^,  or  ^  of  a  second,  or  even  still 
less.  In  a  turbine  or  a  Pelton  wheel  working  against  a  uniform 
resistance,  there  is  no  such  periodic  fluctuation,  the  supply  of 
energy  being  practically  perfectly  constant.  Suppose  that  in  a 
high  speed  engine  or  a  turbine,  the  load  is  suddenly  withdrawn 
in  part  or  in  whole.  The  speed  then  increases  to  a  certain 
extent  usually  very  small ;  the  governor  then  moves  from  its 
normal  position  and  causes  the  working  fluid  regulator  to  act 
upon  the  steam  or  the  water,  either  directly  or  indirectly.  From 
the  instant  of  the  withdrawal  of  the  load  to  the  beginning  of 
action  of  the  working  fluid  regulator,  there  must  be  some  interval 
of  time,  though  it  may  be  a  second  or  two,  or  a  small  fraction 
of  a  second.  Let  this  time  be  tt.  Again  let  the  time  measured 
from  the  beginning  of  action  of  the  working  fluid  regulator  to 
the  end  of  its  action  be  t2.  In  high  speed  steam  engines  and 
gas  engines,  lz  is  very  small ;  but  in  turbines  it  is  usually  con- 
siderable. Thus  in  the  big  Fourneyron  turbines  at  Niagara,  t2 
from  full  power  to  no  power  is  12  seconds ;  in  Mr.  M.  A.  Replogle's 
mechanical  differential  relay  governor,  it  is  said  that  the  ratio  of 
gearing  is  such  as  to  make  t2  from  full  power  to  no  power  equal 
to  15  to  25  seconds. 
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Now  with  regard  to  engines  in  which  ti+tz  is  greater  than 
the  time  of  one  revolution,  if  we  have  a  proper  fly  wheel  to 
guard  against  the  variation  of  speed  due  to  sudden  removal  of 
load,  the  engine  will  certainly  take  better  care  of  itself  against 
the  periodic  variation  of  speed,  and  it  is  the  coefficient  of  this 
variation,  q,  which  the  formula  (A)  deals  with.  In  turbines 
there  does  not  exist  at  all  the  quantity  q ;  but  owing  to  the 
nature  of  the  machine  it  is  very  difficult  to  make  t2  and  there- 
fore ti  +  t2  so  small  as  in  high  speed  steam  engines.  The  use  of 
a  proper  fly  wheel  for  turbines  to  guard  against  a  sudden  varia- 
tion of  load  is  therefore  even  more  important  than  in  the  case 
of  steam  engines. 

To  apply  to  these  cases  the  formula  (A)  or  others  that  can 
be  derived  therefrom  is  evidently  wrong.  In  the  following  pages 
the  writer  has  investigated  the  matter  from  first  principles  and 
obtained  some  useful  formulae.  The  results  of  this  theory  of  fly 
wheel  are  applicable  directly  to  turbines  and  Pelton  wheels. 
These  can  be  applied  also  to  steam  engines  when  the  following 
statement  holds  good  : — 

Suppose  that  the  periodic  variation  of  speed  in  a  high  speed 
engine  has  been  made  sufficiently  small  to  be  of  no  practical 
consequence,  then  the  twisting  moment  on  the  crank  shaft  due 
to  the  steam  pressure,  though  varying  to  a  large  amount  during 
each  revolution,  is  in  reality  a  rapid  succession  of  equal  couples 
applied  during  equal  intervals;  and  so  far  as  the  effect  extending 
over  a  large  number  of  such  intervals  is  concerned,  the  twisting 
moment  may  be  regarded  as  uniform,  when  the  resistance 
overcome  is  uniform. 

Let 

/=the  moment  of  inertia  of  a  fly  wheel  and  all  other  masses 
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rotating  with   it  ;   for  shortness  we  will  hereafter  speak 
of  a  "  fly  wheel  "  simply, 

F0R=a  constant  twisting   moment   applied  to  the  fly  wheel 
shaft,  the  magnitude  of  the  force  being  F0,  acting  at  a 
radius  R  from  the  axis  of  the  shaft, 
w0=the    constant    angular    velocity   of   the  fly  wheel,  when 

the  moment  of  resistance  overcome  is  equal  to  F0R, 
«  =  the  variable  angular  velocity  at  any  time  t, 
0=the  angle  in  radians  over  which  the  fly  wheel  is  turned 
corresponding  to  time  t  ;  we  measure  0  from  the  instant 
at  which  the  time  t  is  zero. 

Suppose  that  a  certain  portion  of  the  entire  load  denoted  by 
cF0  where  c  is  a  fraction  less  than  unity,  has  been  suddenly 
withdrawn.  The  moment  of  unbalanced  force  acting  on  the  fly 
wheel  is  then  cF0R  and  from  Dynamics  we  have 


the  right  hand  side  of  which  is  constant  from  the  instant  of 
the  sudden  withdrawal  of  the  load  till  the  beginning  of  action 
of  the  working  fluid  regulator.  Hence  integrating  and  noting 
that  to  =  (o0  for  £=0,  we  have 

...  ......     (2) 


The  equation  (1)  can  also  be  integrated  in  the   form   of  kinetic 
energy,  thus  :  — 


(3) 


Denoting  by  H  the  horse  power  transmitted  by  the  shaft  of  the 
fly  wheel  at  the  normal  speed  a>a  and  taking  foot,  pound,  second, 
and  radian  as  our  units,  we  have 
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Eliminating  FQR  between  (2)  and  (4),  we  have 


from  which  we  obtain 

(»  —  CD    _  c     550  ZiT 
~^--^"^f'1 

Let  £0  be  the  time  in  which  the  fly  wheel  starting  from 
rest  can  attain  the  normal  speed  <*>0  under  the  action  of  the 
constant  twisting  moment  F0R,  there  being,  in  the  mean  time, 
no  external  resistance  during  that  interval.  This  quantity  t0  is 
perfectly  definite  for  all  existing  turbines,  steam  engines,  gas 
engines,  &c.,  and  can  be  calculated  approximately  or  else  can  be 
determined  by  experiments  without  much  difficulty.  The  dy- 
namical equation  of  motion  during  the  time  t0  is  the  same  as 
the  equation  (1),  except  that  c  is  now  unity,  thus  :  — 


Integrating  and  remembering  that  to=0  for  £=0   and    to  =  tao    for 
t=t0,  we  obtain 

Ico0=F0Et0. 

Combining  this  with  equation  (4),  we  obtain 


Hence    the   expression   for   the  coefficient  of  variation  of  angular 
velocity  in  a  time  t  becomes 
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If  in  this  result  we  put  c  equal  to  unity,  there  is  obtained  the 
case  of  a  sudden  removal  of  the  entire  load,  as  will  happen  with 
a  turbine  driving  an  electric  dynamo  machine,  which  is  in  turn 
driving  a  single  train  of  tramway  cars.  The  coefficient  of  speed 
variation  at  the  end  of  the  time  ^  (which  as  has  been  mentioned 
before,  is  the  time  measured  from  the  instant  of  the  removal  of 
the  load  to  the  beginning  of  action  of  the  working  fluid  regu- 
lator) is  expressed  by  ct^t0.  The  importance  of  making  t0  large 
and  h  small  is  thus  seen. 

From  the  end  of  the  time  tit  the  working  fluid  regulator 
comes  into  action  during  a  time  t2  and  in  consequence  the  twist- 
ing moment,  which  can  be  denoted  by  FR,  is  now  a  variable. 
But  the  dynamical  equation  of  motion  remains  in  the  same  form, 
namely, 

z^=m 

As  the  variation  of  F  is  not  known,  the  only  possible  way  to 
solve  the  above  equation  is  to  make  a  probable  assumption  as 
regards  the  action  of  the  working  fluid  regulator.  A  most  simple 
and  plausible  assumption  is  the  following  : — 


in  which  r  is  the  time  required  by  the  working  fluid  regulator 
to  complete  its  action  from  full  power  to  no  power.  When  the 
entire  load  has  been  withdrawn  suddenly,  c  is  unity  and  the 
time  at  the  end  of  which  the  force  entirely  ceases  to  act  is  r. 
When  any  fraction  c  of  the  entire  load  has  been  withdrawn,  the 
corresponding  time  of  action  is  cr,  which  has  been  denoted  by 
tz-  Substituting  the  assumed  value  of  F  in  the  dynamical  equa- 
tion, we  have 
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(8) 
Integrating  and  putting  (0=0^  for  t=0,  we  obtain 


(9) 


Observe  that  <ot  is  the  value  of  <o  obtained  from  equation  (6)  by 
putting  t=ti.  Eliminating  FQR  by  means  of  equations  (4)  and 
(5),  we  obtain 


This  expression  for  the  coefficient  of  variation  of  speed  becomes 
a  maximum  for  t=cr,  that  is,  it  becomes  a  maximum  at  the  end 
of  action  of  the  working  fluid  regulator.  Putting  «»3  for  the 
corresponding  maximum  value  of  %  we  have 


ff <n> 


Adding  the  equations  (6)  and  (11),  and  observing  that  c.r=£2, 
we  obtain  the  coefficient  of  the  greatest  variation  of  speed  due 
to  sudden  withdrawal  of  load  :  — 


(12) 


This  equation  enables  us  to  determine  the  ability  of  a  given  fly 
wheel  acting,  in  conjunction  with  the  governor  and  the  working 
fluid  regulator,  as  an  equalizer  of  speed.  However  excellent  the 
governor  and  other  regulators  may  be,  if  the  t0  of  the  fly  wheel 
be  not  large  enough,  it  would  be  impossible  to  attain  to  a  suf- 
ficient degree  of  uniformity  of  speed.  It  is  to  be  observed  that 
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in  no  case  can  the  quantity  c  be  absolutely  equal  to  unity; 
because  even  when  the  external  load  is  entirely  removed,  there 
still  remains  the  friction  of  the  mechanism  of  the  prime  mover 
acting  as  a  resisting  load,  so  that  when  the  supply  of  the  water 
to  a  turbine  or  of  the  steam  to  a  steam  engine  is  completely 
shut  off,  the  force  denoted  by  F  is  actually  negative. 

Let  us  now  try  to  find  the  value  of  t0  for  prime  movers 
used  in  actual  practice.  In  the  big  Fourneyron  turbines  at 
Niagara  the  total  weight  of  the  revolving  part  which  serves  as  a 
fly  wheel  is  152,000  Ibs.,  of  which  79,000  Ibs.  are  the  weight  of 
the  field  ring  of  the  alternator.  What  the  diameter  of  this  field 
ring  is,  we  do  not  know  ;  however,  if  9  ft.  be  asumed  as  the 
effective  diameter  of  gyration,  we  shall  probably  be  not  far  from 
truth.  The  turbine  shaft,  which  is  a  steel  tube,  is  38"  in  di- 
ameter and  for  this  we  assume  30"  as  the  effective  diameter  of 
gyration.  Each  turbine  works  under  an  average  head  of  136  ft., 
discharges  430  cub.  ft.  of  water  per  second,  runs  at  250  revolu- 
tions per  minute,  and  develops  5000  horse  power  at  about  75 
per  cent,  efficiency.  With  these  data  the  total  kinetic  energy  of 
the  fly  wheel  is  found  to  be  18,250,000  ft.  Ibs.  and  therefore 
from  equation  (5),  we  have 


This  estimate  is  probably  too  low  ;  the  true  value  is  perhaps  15 
seconds  or  more. 

From  practice  of  the  Westiughouse  single  acting  steam 
engines  used  for  electric  lighting,  Mr.  F.  M.  Kites  (Trans.  A.  S. 
M.  E.,  XIV,  100)  derived  the  following  rule  :—  The  energy  in 
ft.  Ibs.  of  fly  wheel  per  horse  power  should  not  be  less  than 
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850,000 
n 

in  which  n  is  the  number  of  revolutions  per  minute.  This  rule 
is  easily  obtained  from  the  equation  (A)  by  putting  k-t-q  equal 
to  a  particular  value  and  expressing  E  in  terms  of  horse  power 
and  the  number  of  revolutions  per  minute.  The  above  rule  of 
Mr.  Rites  may  be  written  in  the  form 

*0==2'  5!MH  =  ~^~~' 
If  we  assume  n=360  as  an  average  value,  we  obtain 

=8'6  seconds. 


We  take  another  example.  A  Pelton  wheel  31"  in  external 
diameter  works  under  a  head  430  ft.  at  a  speed  of  620  revolu- 
tions per  minute,  developing  from  200  to  250  horse  power.  The 
fly  wheel  on  the  shaft  is  4  ft.  in  diameter  and  weighs  4000  Ibs. 
Neglecting  the  inertia  of  the  Pelton  wheel,  but  taking  the  ex- 
ternal diameter  of  the  fly  wheel  as  the  diameter  of  gyration,  we 
find  by  calculation  that  £0=19  and  12*2  seconds  corresponding 
to  200  and  250  horse  power  respectively.  This  Pelton  wheel  is 
regulated  by  means  of  a  deflecting  nozzle  and  a  Replogle  electric 
relay  governor.  Supposing  that  the  action  of  this  governor  is 
instantaneous,  that  is,  taking  ^=0,  and  that  it  takes  3£  seconds 
to  deflect  the  nozzle  completely  and  also  if  we  assume  10  per 
cent,  frictionai  resistnnce,  the  variation  of  speed  upon  the  removal 
of  the  entire  load  as  expressed  by  equation  (12)  becomes 


that  is,  7i  per  cent. 
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In  the  case  of  the  big  Fourneyron  turbines  at  Niagara,  also 
neglecting  tlt  we  have 

(D.2—(t}0    _   1     2  T 

toa      =~2C  t0' 

in  which  r=12  seconds  and  t0  may  be  taken  at  15  seconds,  so 
that  allowing  5  per  cent,  as  the  greatest  permissible  variation  of 
speed,  we  obtain  c='37,  that  is  to  say,  with  our  assumed  data 
and  condition,  the  greatest  load  that  can  be  removed  suddenly 
with  safety  is  37  per  cent,  of  the  full  load.  This  is  about  1850 
horse  power. 

It  sometimes  happens  that  a  turbine  or  a  Pelton  wheel  has 
to  work  under  a  head  different  from  what  it  was  originally 
intended  to  work  under.  Let  us  see  what  change  of  the  value 
of  the  /  of  fly  wheel  is  necessary  under  such  a  circumstance. 
Let  h  be  the  head  of  water  in  ft.  and  Q  the  discharge  in  cubic 
ft.  per  second,  then  the  horse  power  of  the  motor  is 

H=  const.  Qh 
and  Q=Av, 

where  A  is  the  effective  sectional  area  of  the  passage  at  any 
part  of  the  hydraulic  motor  and  v  the  velocity  of  water  across 
that  section.  Now  this  v  and  the  velocity  of  the  wheel  itself  at 
any  particular  part  of  it  bear  a  constant  ratio  to  each  other  and 
both  can  be  expressed  by  const.  Vfyh-  Hence  for  one  and  the 
same  wheel  we  have 

H— const,  h* 
= const,  -y3 
=const.  CD* (13) 

Putting  this  value  of  horse  power  in  equation  (5),  we  obtain 
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,  _  const.  I  __  const.  I  /<  ^ 

^          T/T 

From  equation  (12)  we  see  that  in  order  that  the  turbine  may 
be  equally  steady  under  a  different  head,  t0  must  remain  the 
same  and  therefore  we  must  have 

1  =  const,  to  o  =  const.  -\/  h)     ..................     (15) 

which  amounts  to  saying  that  to  make  one  and  the  same  turbine 
equally  steady  when  worked  under  different  heads  of  water,  the 
fly  wheel  on  the  shaft  should  have  its  moment  of  inertia  propor- 
tioned to  the  square  root  of  the  head  or  to  the  number  of  revo- 
lutions per  minute.  If  for  example,  /0  be  the  value  of  /  for  a 
particular  turbine  suitable  when  working  under  a  head  of  180  ft., 
the  same  turbine,  if  employed  under  a  head  of  430ft.,  ought  to 
have  the  /  increased  to  7ol/430-v-  180=  1-557  in  order  that  it 
may  have  the  same  degree  of  steadiness  with  the  same  governing 
gear. 

It  may  be  here  remarked  that  a  steam  engine  is  often  run 
at  a  speed  different  from  that  originally  intended,  without  alter- 
ing the  pressure  and  other  conditions.  In  this  case  it  is  evident 
that 

H=consl.  (00     .................................     (13') 

And  then  reasoning  as  in  the  above  case  of  a  turbine,  we  obtain 


1=          '  ,  ......     (15') 

O) 

which  compare  with  equation  (15).  Hence  running  a  steam 
engine  at  an  increased  speed  without  any  other  change,  means 
increased  steadiness,  both  as  regards  sudden  variations  of  loads 
and  the  periodic  fluctuation  of  energy  during  successive  revo- 
lutions. The  last  clause  follows  from  the  fact  that  the  equation 
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(A)  leads  to  an  expression  for  the  /  equal  to  a  constant  divided 
by  the  square  of  the  angular  velocity. 

The  reasoning  and  the  results  that  have  been  given  thus 
far,  have  a  special  reference  to  sudden  removal  of  the  load  on 
the  prime  mover.  Change  the  signs  of  FQ  in  the  equations  (1), 
(2),  (3),  (7),  and  (8)  ;  and  also  change  the  signs  of  the  left  hand 
members  of  the  equations  (6),  (10),  (11),  and  (12).  We  have 
then  a  similar  theory  relating  to  the  case  of  sudden  application 
of  the  load  on  the  prime  mover. 

Let  us  conclude  these  pages  by  saying  that  complaints  of 
defective  speed  regulation  are  frequent  in  many  water  power 
plants  and  that  in  the  writer's  opinion  the  simplest  plan  that  can 
be  deviced  toward  the  attainment  of  a  uniform  speed  is  to  have 
fly  wheels  of  sufficiently  huge  moment  of  inertia. 
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Strength  of  Flat  Part  of  a  Steam  Boiler 
Fitted  with  a  Doubling  Plate. 
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Vol.  VI,  No.  9,  June,  1903.] 


Suppose  that  a  flat  part  of  a  steam  boiler,  of  thickness  ^ 
and  bearing  steam  pressure  of  p  Ibs.  per  sq.  inch,  is  fitted  with 
a  doubling  plate  of  thickness  t2  with  the  object  of  strengthening 
the  main  plate.  Lloyd's  Rule  for  flat  plates  places  a  limit  to 
the  smallest  value  of  the  thickness  t.2  of  the  doubling  plate  equal 

p  Ibs.  per  sq.  inch. 

11 1 1 1 1  n  i  n  1 1 1  in  i  in  i 
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to  i^i  and  estimates  the  strength  of  the  compound  plates  as 
equivalent  to  that  of  a  solid  plate  having  a  thickness  ^+i^2,  so 
that  the  formula  to  be  used  is 


(pitch)2 

in    which    C  is    a    constant  having  different  values  according  to 
circumstances. 

Now  if  the  riveting  of  the  two  plates  be  perfectly  tight  so 
that  the  two  plates  can  have  no  slipping  action  between  them, 
then  the  steam  pressure  can  be  increased  to 


the    intensity    of    bending    stress    allowed    remaining    the    same. 
Such  a  perfect  joint  cannot,  of  course,  be  expected  in  practice. 

If,  on  the  other  hand,  the  riveting  be  so  very  bad  that  the 
two  plates  behave  as  two  independent  plates  simply  bent  to  the 
same  curvature,  then  with  the  same  intensity  of  bending  stress, 
the  pressure  of  steam  can  be  increased  to 

p  =  Cx  .    *f.  ,.x(l  +  (AY\  .............     (3) 

(pitchf     \      \tiJl 

This    result    can    be   arrived    at   in    the    following  manner.     The 
amount  of  deflection  of  a  beam  is 

d=const.  x 


, 

where  W=  total  load  on  the  beam  =paL,  I=J%at3,  and  E=  the 
modulus  of  direct  elasticity  of  the  material.  The  above  may  be 
written  thus 

3=  const,  x  ~, 
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for  all  beams  of  the  same  material,  of  the  same  span  and  of  the 
same  mode  of  loading.  Now  since  the  two  plates  are  bent  to 
the  same  curvature,  the  deflections  are  of  course  the  same,  so 
that  if  we  suppose  pt  and  p2  to  be  the  two  parts  into  which  the 
steam  pressure  p  can  be  divided  as  being  borne  by  the  two 
plates  respectively,  we  have 


But  since 
we  have 


Hence  t±  being  supposed  to  be  greater  than  t2,  the  allowable 
steam  pressure  p  for  the  compound  plate  is  obtained  by  sub- 
stituting the  above  value  of  p^  in  the  formula 


the  result  being  the  formula  (3). 

Supposing  that  the  riveting  of  the  two  plates  is  perfectly 
tight  so  that  the  compound  plate  can  behave  as  one  solid  plate, 
let  us  consider  the  shearing  stress  produced  in  the  sections  of 
the  rivets.  This  stress  is  expressed  by 


where  q  is  the  intensity  of  the  said  shearing  stress  in  the  rivet 
sections  formed  by  the  touching  faces  of  the  two  plates  ;  i  the 
ratio  of  the  area  of  the  rivet  sections  to  the  area  of  the  touching 
faces;  and  the  other  letters  have  the  usual  meanings  attached  to 
them.  Referring  to  Fig.  1,  we  see  that  the  value  of  the  fraction 
i  is 
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where   A   is   the   sectional   area   of  each  rivet.     The  geometrical 
moment  of  the  area  of  the  section  of  the  doubling  plate  is 


G= 


the  geometerical  moment   of  inertia  of  the  whole  section   of  the 
compound  plate  is 


and  the  width  of  the  section  z  of  the  beam  is  constant  and  is 
equal  to  a.  The  above  general  formula  for  the  shearing  stress 
therefore  becomes 


For  a  beam  loaded  uniformly  all  over,  whether  it  be  supported 
at  the  ends  or  fixed  at  the  ends,  the  shearing  force  F  at  a  dis- 
tance x  from  either  end  is 


where  W  is  the  total  load  on  the  beam  and  is  equal  to  paL,  p 
being  the  intensity  of  uniform  pressure  on  the  beam  per  unit 
area.  We  can  therefore  write  F  thus  :  — 


Substituting  this  in  the  equation  (4),  we  obtain 
9 
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Now  for  a  given  pressure  p  and  a  given  thickness  ^  of  the 
main  plate,  the  expression  (4)  or  (4')  for  the  intensity  of  shear- 
ing stress  q  becomes  maximum  when 


Putting  this  value  of  t2  in  (4')  and  also  making  x=0,  we  obtain 


which  gives  the  greatest  possible  value  of  the  shearing  stress  q 
in  the  rivets,  supposing  that  the  doubling  plate  is  of  half  the 
thickness  of  the  main  plate  and  that  the  riveting  is  perfectly 
tight  so  that  there  cannot  be  any  slipping  action  between  the 
two  plates.  It  will  be  found  that  with  ordinary  proportions  of 
doubling  plate,  the  value  of  the  stress  q  calculated  by  the  above 
formula  (4')  is  rather  too  high,  showing  that  the  method  of 
fixing  a  doubling  plate  is  not  well  suited  to  the  purpose  in 
view,  that  is  to  say,  that  it  is  a  poor  method  to  adopt  for 
withstanding  a  bending  action.  Here  is  an  actual  example  of  a 
doubling  plate  in  the  boiler  of  Spanish  armoured  cruiser  "  In- 
fanta Maria  Teresa"  (ENGINEERING,  June  22,  1894.)  End  plate 
|"  thick,  doubling  plate  if"  thick,  space  between  two  nests  of 
tubes  measured  between  the  nearest  vertical  centre  lines  of  two 
sets  of  tubes  14",  diameter  of  rivets  1",  pitch  of  rivets  3i", 
steam  pressure  150  Ibs.  per  sq.  inch.  Here  we  have  the  ratio 
of  the  area  of  the  rivet  sections  to  the  area  of  the  touching 
faces  of  the  two  plates  equal  to 

,=1x^=0.0641,          ;.;/;.    . 

and  the  shearing  stress  produced  in  the  section  of  the  rivets 
equal  to 
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_  6j<  150x  \  x  14  x  |  x 


=  14,500  Ibs  per  sq.  inch. 

Now  if  the  riveted  joints  be  perfect,  the  shearing  stress  in  the 
rivets  is  thus  seen  to  be  very  high,  and  therfore  it  will  not  be 
safe  to  employ  the  formula  (2)  alone  ;  if  the  riveting  be  imper- 
fect, it  is  not  rational  to  employ  (2).  The  formula  (3)  is  true 
only  in  the  case  of  an  extremely  bad  riveted  joint;  it  is  useful 
only  in  finding  the  limit  of  pressure  p  to  which  we  are  quite 
safe  to  raise  it,  irrespective  of  the  size  and  number  of  rivets. 

The  distribution  of  normal  stresses  upon  a  transverse  section 
of  the  compound  plate  considerd  as  a  beam  is  shown  in  the  ac- 
companying Fig.  2.  It  is  here  assumed  that  the  two  plates  have 
a  slight  amount  of  slipping  action  along  the  touching  faces. 
The  stresses  in  each  plate  may  be  considered  to  consist  of  two 
parts,  one  being  the  bending  stress  and  the  other  longitudinal 
uniform  compressive  or  tensile  stress.  The  first  of  these  are  re- 
presented by  /!  and  /2,  and  the  second  by  fe  and  ft.  Putting 
M  for  the  bending  moment  at  any  section,  the  moment  of  stresses 
resisting  the  bending  action  becomes 


Since  the  total  com- 
pressive stress  in  the 
main  plate  must  be 
equal  to  the  total 
tensile  stress  in  the 
doubling  plate,  we 
have 


i-bH 


FIG.  2. 
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The   two   plates   are  supposed  to  touch  each  other  after  bending 
and  therefore  they  have  the  same  curvature  so  that 


Now  in  the  case  of  a  perfectly  tight  riveted  joint   in    which   no 
slipping  action  can  take  place 

ft=fi     and    /„=/,; 

while  in  the  case  of  a  perfectly  loose  joint, 
/=0     and    /e=0. 

The  actual  values  of  ft  and  fe  may    be   anything  between  these 
limits. 

1°  Suppose  we  take  /<  =  £/!  and  /c=i/2.     Eliminating  /,  by 

this  assumption  and  /2  by  (7),  from  equation  (5),  we  obtain 


(8) 


The  greatest  stress  at  the  top  of  the  main  plate  is 

/=/!+/. 


and  the  greatest  stress  at  the  bottom  of  the  doubling  plate  is 
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which  is  less  than  /  so  long  as  t2  is  less  than  tlm  When  t2  is 
equal  to  tv  both  expressions  for  the  stresses  become  the  same, 
agreeably  to  what  we  expect.  Eliminating  f±  from  (8)  by  means 
of  (9)  and  writing  ??^  for  -~  for  shortness,  we  obtain 


....... 

2°     Suppose  we  take  ft  =  zfi  and  fc=lf-2,  then  proceeding  in 
the  same  manner  as  in  the  last  case,  we  obtain 


(12) 


These  equations  can  be  written  in  a  form  suitable  for  calculating 
the  working  pressure  p  of  the  steam,  thus  :  — 


For  all  values  of  t2  less  than  0*626  times  tlt  the  working  pressure 
p  calculated  by  (12')  is  less  than  that  calculated  by  Lloyd's  rule 
(1).  For  greater  values  of  i2,  the  formula  (12')  gives  a  slightly 
greater  pressure. 


[TABLE. 
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Table  Showing  the  Values  of  the  Coefficient 
k  in  the  Formula : — 


Working  Pressure  =7;  x  (7  x  (^nessof  main  plate? 

(pitch  of  rivets  J- 


The  ratio  of 
the  thickness 

Coefficient  k  in  the  forranla  :  — 

(2) 

(11') 

(120 

(i) 

(3) 

of    doubling 

Perfect  joint 
in  which 

Joint  in  which 

Joint  in  which 

Most  imperfect 
joint  in  which 

plate  to  that 
of  main  plate, 

-A 

/,=/!, 
/,=/* 

/,-*/« 
/,=*/* 

/-i& 

/,=*/*. 

Lloyd's  Rule 

/=o, 
/.=o. 

*=(!+»? 

h  = 
(l  +  mXl+im+m2) 

t= 

(l  +  m)(l  +  mS) 

£  =  (l  +  Jm)2 

t»(l-H»? 

(1+3R 

(1  +  Jm) 

0 

1 

1 

1 

1 

1 

* 

1-56 

1-32 

1-18 

1-27 

1-016 

i 

2-25 

1-80 

1-50 

1-56 

1-125 

•626 

2-64 

2-11 

1-72 

1-72 

1-245 

1 

3-06 

2-47 

1-99 

1-89 

1-422 

1 

4-00 

3-33 

2-67 

2-25 

2-000 

Since  Lloyd's  rule  puts  a  condition  that  /2  should  not  be 
less  than  §^,  we  see  from  the  above  result  of  calculation  that 
using  the  formula  (1)  is  equivalent  to  assuming  ft  slightly  less 
than  iyi  and  f0  slightly  less  than  3/2-  The  writer  considers  that 
the  formula  (12')  can  be  safely  employed  for  all  thicknesses  t-2  of 
the  doubling  plate. 


XVI. 

Sudden  Stoppage  of  Water  in  a 
Pipe  of  Uniform  Section. 

[77(6  Journal  of  the  Society  of  Mechanical  Engineers,   Tokyo,  Japan, 
Vol.  VII,  No.  11,  September,  1904.] 

When  the  flow  of  water  in  a  pipe  of  uniform  section  is 
suddenly  arrested,  an  extra  pressure  above  the  normal  statical 
pressure  is  produced  and  the  intensity  of  this  extra  pressure 
depends  on  the  velocity  of  flow  and  also  on  the  elasticity  of  the 
pipe  and  of  water  itself.  In  the  following  pages,  a  process  of 
calculation  of  this  pressure  and  of  the  velocity  of  propagation  of 
a  pulsation  through  water  in  the  pipe  is  given.  The  problem 
may  be  conveniently  divided  into  two  cases,  namely,  first  the 
case  in  which  the  pipe  is  supposed  to  be  infinitely  rigid  and 
water  alone  elastic  and  secondly  the  case  in  which  both  the  pipe 
and  water  are  supposed  elastic. 

First  Case.  The  pipe  is  supposed  rigid  and  water  alone 
elastic. 

It  is.  the  pressure  p  above  the  normal  statical  pressure  that 
is  considered  in  this  problem  and  accordingly  the  effects  are 
independent  of  whether  the  pipe  is  vertical  or  horizontal. 
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pipe  line . 


Q'attimet. 
X 


Let    p=the  pressure  due  to  the  stoppage  of  flow,  being  that 

above  the  normal  statical  pressure, 
w=the  weight  of  water  per  cubic  unit, 
v=the  velocity  of  water  at  time  t, 
K=ihe  modulus  of  cubical  elasticity  of  water, 
x=ihe  distance  of  a  particle  Q  measured  along  the  pipe 
in  the  direction  of  motion,  from  a  fixed   section   0 
of  the  pipe,  at  time  0, 

JT=the  distance  travelled  by  the  particle  Q  in  the  time  t, 
#+a=the  distance  of  another  particle  Q'  measured  along 

the  pipe  from  the  same  section  0  at  time  0. 
The  distance  travelled  by   the    particle   Q'    in    the    time    t    may 
then  be  expressed  by 

dX 


X+a- 


dx 


and  the  distance  between  the  two  particles  Q  and   Q'  which  was 
a  at  time  0,  is  now 

dx 


at  time  t.     A  portion  of  water  lying  between  two  sections  Q  and 
Q'  and  which  occupied  Aa  cubic   feet   has   increased    by   ^a—,  — 


cubic  feet  at  time  t.     Hence  the  cubical  strain  is 
sequently 


—5  — 


and  con- 
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In  the  above,  A  is  the  sectional    area    of   the    pipe.      Now    the 
velocity  is  v=-^~   and   the   force   causing   the    acceleration 
in  the  mass  —  Adx  is  —  Adp  and  hence 


--  ............................    (2) 

Differentiating  (1),  we  have 

dp      ^d2X 
—  —  r-  =  **-•   79- 

ax  dxz 

Hence  by  (2)  we  have 


in  which 


J  TT 

Differentiating  (3)  with  regard  to   t   and  writing   v   for  —  4—  ,  we 
have 


which  is  an  equation  of  a  well  known  type  occurring  in  several 
physical  problems.     The  complete  solution  of  (5)  is 


(6) 


where  /  and  0  are  arbitrary  functions.  Consider  first  the  motion 
represented  by  the  first  term  alone,  on  the  right  hand  side  of 
this  equation.  Since  f\t~—\  is  unaltered  when  t  and  x  are  in- 
creased by  T  and  cr,  respectively,  it  is  plain  that  any  particular 
state  of  motion  which  existed  at  the  point  x  at  time  t  has  been 
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transferred  at  time  t+T  to  the  point  X+CT.  Hence  the  said  state 
of  motion  advances  unchanged  with  a  constant  velocity  c.  In 
other  words,  we  have  a  certain  state  of  motion  travelling  with  a 
constant  velocity  c  in  the  direction  of  x  positive.  In  the  same 
way  the  second  term  on  the  right  hand  side  of  (6)  represents  a 
certain  state  of  motion  travelling  with  velocity  c  in  the  direction 
of  x  negative. 

Now  let  our  problem  be  as  follows.  Suppose  that  water  is 
flowing  through  a  pipe  OX  from  X  toward  0  with  a  uniform 
velocity  VQ  and  that  a  rigid  diaphragm  having  no  thickness  is 
suddenly  introduced  at  the  section  x=Q,  that  is,  at  0.  Required 
to  find  the  ensuing  state  of  motion.  Consider  the  pipe  only  for 
positive  values  of  x. 

The  velocity  of  water  is  v=—v0  at  every  section  of  the  pipe 
at  time  2=0;  and  at  the  section  0  where  x=0,  v  must  be  such 
a  function  of  the  time  t  that  v  was  —  v0  till  t=Q,  and  ever  after- 
wards v  there  is  0.  The  equation  (6)  then  becomes 


(7) 


in  which  /  is  such  that  f(t)  is  0  till  t=0,  and  then  becomes  v0 
for  all  values  of  t.  The  state  of  motion  is  therefore  as  follows:  — 
Until  the  time  t=  —  ,  the  velocity  is  —  VQ  at  any  place;  and  after 

t=  —  ,  the  velocity  is  0.     Since  v=—jr-,  integrating   (7)    with  re- 

C  Civ 

spect  to  the  time  t,  we  have 


(8) 


where  F  is  such  that  -j-  F(y)  =/(?/)>  whatever  y  may  be.    Hence 
from  (1)  we  obtain 
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This    shows    that    at    any  section  the  pressure  p  is  zero  till  the 


time  t= —  and  then  becomes 
c 


p=v*,J~-       (9) 

and  remains  of  this  value.  This  is  the  state  of  pressure  produced 
at  every  section  of  the  pipe,  the  subsidence  of  the  motion  of 
water  and  the  generation  of  pressure  happenning  at  the  same 
time.  This  state  of  thing  is  propagated  through  the  water  in 
the  pipe  with  a  constant  velocity  c  given  by  the  equation  (4). 

Second  Case.     The  water  in  the  pipe  as  well  as  the  material 
of  the  pipe  itself  is  considered  elastic. 

Let         r=the  internal  radius  of  the  pipe, 

^=the  modulus  of  direct  elasticity    of  the    material 

of  the  pipe, 

T=ihe  thickness  of  the  pipe, 
/=the    circumferential   tensile  stress  in  the  pipe  due 

to  the  pressure  p. 

By  the  usual  formula  for  the  strength  of  a  pipe  under  an  inter- 
nal fluid  pressure,  we  have 


The  amount  of  elongation  of  the  circumference  due  to  this  tensile 
stress  is 
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»          2nr 


and  therefore  the  increase  of  the  radius  of  the  pipe  is 

-4- 

The  increase  of  the  sectional  area  of  the  pipe  is 


E 


_ 

ET    ' 

This  multiplied  by  the  distance  a  between  the  two  particles  Q 
and  Q'  gives  the  increase  of  the  contents  of  the  pipe  for  that 
length.  Dividing  this  increase  of  contents  by  the  original  area 
of  the  pipe,  we  obtain  the  amount  of  the  relative  motion  of  Q 
and  Q'  due  to  the  distentiou  of  the  pipe,  viz  :  — 


do) 


The  volume  of  water  Aa  between  the  two  sections  at  Q  and  Q' 
is  diminished  by  the  pressure  p  by  the  amount 

pAa 
~K~' 

This  divided  by  the  area  of  the  pipe  gives  the  amount  of  the 
relative  motion  of  Q  and  Q'  due  to  the  compression  of  water, 
viz  :  — 


Hence  the  total  relative  motion  of  the   two   particles  Q  .and  Q' 
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in   the   time    t   is   the  sum  of  (10)  and  (11).      But  it  is  evident 

j  -y 

that  this  motion  is  also  represented  by  a-^  —  . 


TT 

Hence 


pa 


from  which  we  have 

ET       \  dX 
P 


This  corresponds  to  the  equation  (1)  of  the  First  Case.  The 
remaining  part  of  the  investigation  will  be  exactly  the  same  as 
before.  Hence  the  uniform  velocity  with  which  the  subsidence 
of  motion  and  the  generation  of  pressure  are  propagated  through 
water  is  given  by 


_       gK  ET 

-- 


At  any  section  the  pressure  is  zero  till  the  time  t=—  and  then 
becomes 


wK          ET 

P  =  VO, 


and  remains  of  this  value.  If  we  assume  that  there  is  no  disten- 
tion  of  the  pipe,  the  velocity  with  which  the  state  of  motion  is 
propagated  is  given  by  (4),  being  the  velocity  of  sound  in  water. 
The  modulus  of  cubical  elasticity  of  water  is  JT=294,000  Ibs. 
per  sq.  inch  and 


32-1  5x144x294,000 
62-3 


=4674,  say,  4670  ft.  per  second, 
which  is  usually  taken  at  4700  ft.  per  sec. 
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Example.  Water  is  flowing  through  a  pipe  5  ft.  in  dia.,  i" 
thick,  12,800  ft.  long,  made  of  steel  plates,  supplying  water  to  a 
turbine  at  the  rate  of  6  ft.  per  second.  If  the  flow  of  water  is 
stopped  suddenly,  what  will  be  the  pressure  produced  and  what 
will  be  the  velocity  with  which  this  pressure  is  propagated  through 
the  water  in  the  pipe  ? 

The  E  for  steel  may  be  taken  at  30,000,000  Ibs.  per  sq.  inch 
and  K  for  water  at  294,000  Ibs.  per  sq.  inch.  The  velocity  of 
propagation  is  then 


ET 
'   2rK+ET 


=    1 32-15x144x294,000    1 44  x  30,000 ,000  x  jg 

V  62-3  '  2  x  2-5  x  144  x  294,000  + 144  x  30,000,000  x  Jg 

=  4674x0-5462=2553,  say,  2550  ft.  per  sec. 

• 

The  pressure  produced  above  the  normal  statical  pressure  is 


wK  ET 


g 

=  u0x  9058  x  0-5462= 4947 Qv0  Ibs.  per  sq.  ft. 
=34-36i-0  Ibs.  per  sq.  inch 
=34-36x6=206  Ibs.  per  sq.  inch. 

When  the  material  of  the  tube  containing  water  has  a  low 
value  of  elastic  constant,  such  as  india-rubber,  the  velocity  of 
propagation  c  through  water  becomes  very  low.  Thus  in  an 
india-rubber  tube  Ty  internal  dia,  and  i"  thick,  the  value  of 
c'  calculated  by  (13)  is  only  79  ft.  per  second.  The  E  for  india- 
rubber  is  here  assumed  to  be  155  Ibs.  per  sq.  inch,  being  the 
value  of  the  constant  found  by  Dr.  Winkler  for  low  tensile  stress 
up  to  about  half  kilogramme  per  sq.  centimetre  of  initial  section- 
al area. 
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Sizes  of  Ready  Made  Engineering 
Articles. 

[Tlie  Journal  of  the  Socieiy  of  Mechanical  Engineers,  Tokyo,  Japan, 
Vol.   VII,  No.  11,  September,  1904.] 


Engines  and  machines,  that  are  ready  made  and  kept  in 
stock  for  immediate  sale  at  any  time,  are  usually  made  in  a 
series  of  definite  sizes  and  numbered  1,  2,  3,  &c.  These  numbers 
are  sometimes  fractional  or  zero;  the  use  of  these  fractional 
numbers  or  zero  arises  from  the  fact  that  there  sometimes  occur 
frequent  demands  for  a  size  smaller  than  the  smallest  in  a  given 
series  of  sizes  or  for  a  size  intermediate  between  two  consecutive 
sizes. 

Fixing  the  sizes  of  a  machine  or  an  engine  for  ready  sale 
is  therefore  of  some  importance.  Looking  through  catalogues  of 
engineering  articles  by  different  manufacturers,  it  is  found  that 
in  many  cases  the  sizes  of  an  article  proceed  quite  irregularly 
and  in  other  cases  quite  regularly.  A  few  actual  examples  of 
the  sizes  of  ready  made  articles  are  given  below.  Horizontal 
seltcontained  short-stroke  engines  manufactured  by  Messrs.  Huston 
and  Proctor  as  given  in  the  makers'  list  are  as  follows : — 
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Table  I. 
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Engine  No. 

1 

2 

3 

4 

5 

6 

7 

8 

Average  IP 

7 

11 

13 

17 

20 

24 

30 

36 

Jfl> 

4 

2 

4 

3 

4 

6 

6 

*e 

-2 

+  2      -  1 

+  1 

+  2 

0 

The  numbers  in  the  third  line  of  Table  I  are  formed  by 
taking  the  differences  of  the  average  horse  powers  given  in  the 
second  line ;  and  the  numbers  in  the  fourth  line  of  the  table 
are  the  differences  of  the  numbers  in  the  third  line.  These 
second  differences  being  rather  irregular,  it  appears  that  in  the 
makers'  list  above  referred  to,  the  horse  power  of  the  No.  2 
engine  may  better  be  9  or  10  instead  of  11  and  the  following 
sizes  are  probably  slightly  better. 


Table  II. 


Engine  No. 

1 

2 

3 

4 

5 

6 

7 

8 

Average  W 

7 

9 

12 

16 

20 

25 

30 

36 

Jff 

2 

3 

4 

4 

5 

5 

6 

^ff 

1 

1 

0 

1 

0 

1 

From    a    list    of   particulars  of  vertical  short-stroke  engines 
manufacutured  by  Messrs.  Marshall  we  have  the  following : — 
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Engine  No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Average  IP 

5 

71 

101 

13| 

16 

20 

25 

30i 

36 

42 

Jff 

21 

3 

31 

21 

4 

5 

61 

5J 

6 

J»» 

i 

i 

-1 

If 

1 

1 

0 

i 

These  numbers  for  the  horse  power  proceed  quite  regularly 
except  those  for  No.  5  and  No.  6.  We  give  the  following  as  a 
slightly  better  series  of  horse  powers. 

Table  IV. 


Engine  No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Average  H1 

5 

71 

10 

131 

17 

21 

25J 

30J 

36 

42 

Jff 

21 

2f 

31 

3| 

4 

41 

5 

5J 

6 

£B 

I 

i 

I 

i 

* 

i 

i 

I 

The  horse  powers  of  tandem  compound  engines  manufactured 
by  E.  K.  and  F.  Turner  are  as  follows : — 

Table  V. 


Engine  No. 

1 

2 

3 

4 

5 

6 

7 

8 

Average  IP 

44 

55 

68 

82 

96 

110 

124 

140 

Jff 

11 

13 

14 

14 

14 

14 

16 

J2ff 

2 

1 

0 

0 

0 

2 

This  series  is  quite   regular,    but    the    following    is    perhaps 
slightly  better. 
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Table  VI. 
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Engine  No. 

1 

2 

3 

4 

5 

6 

7 

8 

Average  ff 

44 

55 

67 

80 

94 

109 

125 

142 

Jff 

11 

12 

13 

14 

15 

16 

17 

J*ff 

1 

1 

1 

1 

1 

1 

The  following  sizes  of  pipes  and  the  delivery  of  water  by 
centrifugal  pumps  are  quoted  from  the  1891  Catalogue  of  Steam 
Pumping  and  Hydraulic  Machinery  manufactured  by  Messrs. 
Tangyes  Limited  of  Birmingham. 

Table  VII. 


Dia.     of     pipe      in 
inches  d 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Delivery     in     gals, 
per  min.  G 

40 

100 

200 

350 

520 

750 

1000 

1300 

1600 

2300 

Velocity    of    water 
in  ft.  per  min.  v 

294 

327 

368 

412 

425 

450 

460 

472 

460 

470 

The  successive  differences  of  G    are   somewhat   irregular    as 


shown  below. 


Table  VIII. 


Dia.  d 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Deliv.  G 

40 

100 

200 

350 

520 

750 

1000 

1300 

1600 

JG 

60 

100 

150 

170 

230 

250 

300 

300 

J2G 

40 

50 

20 

60 

20 

50 

0 

tfG 

+  10 

-30 

+  40 

-40 

+  30 

-50 

The  following  values  of  the  deliveries   G  are  slightly  better, 
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Dia.  d 

2 

3 

4 

5 

6 

7 

8 

9 

10 

G 

40 

100 

200 

340 

520 

735 

1000 

1280 

1600 

4G     60 

I 

100 

140 

180 

215 

245 

280 

320 

4*G 

40 

40 

40 

35 

30 

35 

40 

fG 

0 

0 

—  5 

-5 

+  5 

+  5 

When  the  delivery  by  a  pump  is  given  it  is  the  velocity  of 
water  through  the  pipe  that  determines  the  proper  diameter  of 
the  pipe.  Hence  in  this  case  a  suitable  method  of  finding  the 
sizes  of  the  pumps  would  be  as  follows  :  First  obtain  a  good 
series  of  numbers  representing  the  deliveries  as  in  Table  IX 
and  secondly  let  the  velocities  of  water  corresponding  to  the 
several  deliveries  be  determined  in  accordance  with  some  rule, 
which  may  be  such  as  will  make  the  velocity  increase  slowly 
with  the  increase  of  delivery.  Simple  calculations  then  give  the 
required  diameters  of  the  pipes,  which  may  be  numbered  1,  2, 
&c. 

From  a  certain  catalogue  of  machines  we  find  the  following 
sizes  of  ratchet  screw  jacks  : — 

Table  X. 


Size  No. 

1 

2 

3 

4 

5 

6 

7 

8 

Test  capacity 
W  tons 

5 

6 

8 

10 

12 

16 

20 

30 

JW 

1 

2 

2 

2 

4 

4 

10 

&W 

1 

0 

0 

2 

0 

6 
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Here  the  difference  of  capacities  between  No.  4  and  No.  5 
is  rather  too  small  and  that  between  No.  7  and  No.  8  is  too 
large.  The  following  series  is,  we  think,  better  than  the  above. 

Table  XL 


No. 

1 

2 

3 

4 
10 

5 

6 

7 

8 

W 

5 

6 

8 

13 

17 

23 

30 

J  W 

1 

2 

2 

3 

4 

6 

7 

#w 

1 

0 

1 

1 

2 

1 

We  consider  that  the  following  series  of  sizes  of  screw  jacks 
up  to  30  tons  test  load  is  still  better. 

Table  XII. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

W 

3 

5 

7| 

11 

14J 

19 

24^ 

30 

J  W 

2 

2J 

3J 

3* 

4J 

5| 

5* 

J2W 

} 

1 

0 

1 

1 

0 

Or  else  the  next  series. 

Table  XIII. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

W 

3 

5 

8 

11 

15 

19 

24 

30 

J  W 

2 

3 

3 

4 

4 

5 

6 

A1W 

1 

0 

1 

0 

1 

1 

In  another  catalogue  we  find  the  following  sizes  of  hydraulic 
lifting  jacks,  in  which  W  is  the  test  load  in  tons. 
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No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

W 

3 

4 

6 

8 

10 

12 

15 

20 

30 

40 

50 

60 

J  W 

1 

2 

2 

2 

2 

3 

5 

10 

10 

10 

10 

A1W     1 

0 

0 

0 

1 

2 

5 

0 

0 

0 

The  following  series  of  sizes  is  better. 


Table  XV. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

W 

3 

5 

8 

12 

16 

21 

26 

32 

38 

45 

52 

60 

AW 

2 

3 

4 

4 

5 

5 

6 

6 

7 

7 

8 

JW 

1 

1 

0 

1 

0 

1 

0 

1 

0 

1 

In  choosing  suitable  sizes  and  numbers  for  an  article,  in 
the  first  place  it  is  necessary  to  settle  the  smallest  and  the 
largest  sizes  that  are  likely  to  be  within  the  range  of  ready  sale. 
Secondly  the  number  of  numbers  must  be  settled  ;  and  thirdly 
the  differences  of  sizes  of  successive  numbers  should  be  so  dis- 
tributed that  the  degree  of  inconvenience  sustained  by  purchasers 
in  selecting  nearest  sizes  for  their  requirements,  should  be  the 
least  possible.  Probably  no  exact  solutions  of  these  questions  are 
ever  possible,  judgment  and  experience  alone  enabling  us  to  settle 
the  question  only  approximately.  The  foregoing  actual  examples 
and  the  following  process  of  forming  the  successive  sizes  of  an 
article  may  however  be  of  assistance  to  engineers  and  merchants 
who  deal  with  realy  made  articles. 
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Suppose  that  it  is  required  to  manufacture  a  large  number 
of  steam  engines  of  a  certain  type  for  sale,  the  smallest  being  5 
horse  power  and  the  largest  47  horse  power.  It  is  assumed  that 
eight  sizes  are  sufficient  to  meet  all  requirements  within  the 
proposed  range  of  power.  Now  the  total  difference  between  the 
smallest  and  the  largest  size  is  47  —  5=42  horse  power  and  this 
42  must  be  distributed  among  (8—1)  differences.  The  average 
difference  is  therefore  6.  Now  for  the  successive  differences  we 
have 


in  which  0(#)  may  be  any  function  of  x,  and  x  represents  the 
order  of  sizes,  that  is,  the  number  ;  the  only  condition  which  0 
must  satisfy  is 


where  n  is  the  total  number  of  sizes. 

The  simplest  possible  form  which  the  function  0  can  assume 
is  zero.  In  this  case  the  horse  powers  of  the  engines  proceed 
by  equal  differences,  being  5,  11,  17,  23,  29,  35,  41,  47 

The  next  simplest  form  of  0  is 


where  c  is  a  constant.     If  we  make  c='7,  we  have 


and  the  successive  differences  are  3*9,  4'6,  5'3,  6'0,  6*7,  7'4,  8*1. 
Adding  to  5  these  differences  successively,  we  obtain  the  follow- 
ing series  of  horse  powers  ;  5,  8'9,  13'5,  18*8,  24'8,  31  -o,  38'9, 
47*0.  Another  series  of  sizes  is  obtained  by  making  the  constant 
c  equal  to  1  ;  thus  :  — 
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No. 

1 

2 

3 

4 

5 

6 

7 

8 

IP 

5 

8 

12 

17 

23 

30 

38 

47 

JIP 

3 

4 

5 

6 

7 

8 

9 

J'ff 

1 

1 

1 

1 

1 

1 

The  form  of  the  function  0  next  in  order  of  simplicity  is  a 
quadratic  expression  ;  thus 

0  (or)  =  Aa?  +  Bx  +  C, 

in  which  A,  B,  and  C  are  constants.     The  summation  of  a  series 
consisting  of  (n—1)  terms  of  a  quadratic  expression  is 


w-  \}A  +  %(n-l 

This  result  ought  to  be  zero  in  accordance  with  the  condition 
previously  given,  and  any  one  of  the  three  constants  A,  £,  and 
C  may  be  expressed  in  terms  of  the  other  two  ;  thus 

C=  -  £«(2?i  -I)  A-  %nB. 
This  being  substituted  in  the  expression  for  0(z),  we  obtain 

$(x)  =A{o^-in(2n  -  1)}  +  B(x-$n). 
In  the  example  now  being  considered, 


therefore 


=6  +  0(x+  1)  -  (6  +  00)} 


and 
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Let  Jff=2'5  and  J-jp=l*3  for  x=l,  then  ^1  =  -O04  and 
.Z?=1'42,  from  which  the  following  series  of  horse  powers  are 
obtained  :  — 

Table  XVII. 


No. 

1          , 

3 

4 

5 

6 

! 

7           8 

1 
IP 

5-00 

7-50 

11-30 

16-32  ; 

22-48 

29-70 

37-90    47-00 

Jff 

I    2-50 

3-80 

5-02 

6-16 

7-22 

!    8-20 

: 

9  10 
[ 

joe 

1-30 

1-22 

1-14 

1-06: 

•98 

•90 

J3ff 

-•08     --08 

-•08 

-•08 

-•08 

The  size  of  an  article  corresponding  to  any  number   x   may 
be  put  in  the  form  :  — 

Size  of  No.  1  +  ^!     {average  difference  +  0(o;)}. 

In  the  same  example  suppose  that  the  best  horse  power  of  No.  5 
engine  is  21.  Let  it  be  required  to  find  the  horse  powers  of 
other  numbers.  In  this  case  the  size  of  No.  1=5,  x=5,  the 
average  difference  =6,  and  0(x)  may  be  assumed  equal  to  c(x—  bn) 
=c(x-4).  Also  the  size  of  No.  5  is  required  to  be  21  horse 
power.  Hence  we  have 


from  which  the  constant  c  is  found  equal  to  f.  The  series  of 
horse  powers  required  then  becomes  5,  7,  10$,  15,  21,  28J,  37,  47. 
Although,  as  has  been  stated  before,  no  exact  solution  of 
the  question  in  hand  would  ever  be  possible,  it  is  thought  that 
the  process  of  forming  the  successive  differences  of  numbers  in  a 
series  of  sizes  and  of  adjusting  the  numbers  by  means  of  differ- 
ences, give  facilities  towards  the  solution  of  the  question. 


XVIII. 
Shearing  Test  of  Timbers. 

By 
A.  Ilioknty,  Kogakuhakushi,  Kogakushi 

and 
Fuji  Tanaka,  Kogakushi. 

\The   Journal   of  the    College   of  Engineering, 
Tokyo  Imperial   University,  Japan,  Vol.  II,  No.  3,  January,  1905.] 

Two  important  conditions  for  an  accurate  shearing  test  are, 
first,  that  the  direction  of  the  load  on  the  test  piece  be  in  or 
parallel  to  the  plane  over  which  the  shearing  takes  place  and, 
secondly,  that  there  should  be  no  possibility  of  bending  stress 
being  produced.  For  materials  like  wrought  iron  and  steel,  the 
second  of  the  above  conditions  can  be  attained  by  accurately 
shaping  the  test  piece  and  fitting  it  in  a  shackle  arranged  like 
a  knuckle  joint,  or  by  making  a  punching  test  as  in  an  ordinary 
punching  machine,  or  by  holding  the  test  piece  rigidly  by  means 
of  screw  bolts  at  a  short  distance  apart  and  applying  the  shear- 
ing force  between  the  bolts.  None  of  these  methods  being  well 
suited  for  the  case  of  a  shearing  test  of  timber  along  or  across 
the  grain  and  on  a  plane  parallel  to  the  direction  of  the  fibre, 
we  adopted  the  following  very  simple  and  ready  method  of  testing. 
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Each  test  piece  was  prepared  to  the  form  and  dimensions 
shown  in  Fig.  1,  the  fibres  of  the  wood  running  in  the  direction 
of  the  height  of  the  test  piece,  ab,  a'b'.  This  was  placed  between 
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FIG.     1 . 
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the  compression  plates  of  a  hydraulic  press  and  the  pressure 
was  gradually  applied  on  the  top  and  bottom  of  the  test  piece 
by  means  of  a  small  hand  pump,  till  the  piece  fractured.  The 
total  breaking  load  is  the  intensity  of  the  pressure  indicated  by 
the  attached  pressure  gauge  multiplied  by  the  sectional  area  of 
the  plunger  of  the  press. 

We  intended  to  shear  off  the  test  pieces  over  the  vertical 
sections  abc  and  a'b'c  .  Out  of  19  pieces  tested,  8  gave  way  by 
shearing  over  one  of  the  vertical  planes  as  had  been  expected, 
but  the  remaining  11  gave  way  by  a  kind  of  bending  action,  the 
fracture  always  taking  place  at  the  bottom  under  tension. 

Considering  the  middle  portion  of  each  test  piece  as  a  beam, 
the  width  is  1*76  times  the  span  and  the  depth  is  2*06  times 
the  span.  With  such  an  abnormally  large  depth,  the  bending 
action  is  still  great  enough  to  cause  actual  fracture  of  the  piece, 
owing  to  the  very  low  tensile  strength  of  timber  in  a  direction 
normal  to  the  fibre.  The  area  of  vertical  section  abc  or  a'b'c 
being  6  sq.  inches,  the  average  ultimate  shearing  strength  in  Ibs. 
per  sq.  inch  is 

fs=-^-.(Total  breaking  load  in  Ibs.). 
\2i 

This  is  given  in  the  sixth  column  of  the  annexed  tables. 

Considering  the  test  piece  as  a  beam  supported  at  both  ends 
and  loaded  uniformly  over  a  portion  of  the  span,  the  maximum 
bending  moment  occurring  at  the  centre  of  the  beam  is 


rrrrnrnnnnnrn 

;  .^J      where  W  is  the  total    load    on   the 


beam  in  Ibs.    Inserting  the  dimen- 

2  l~  sions  of  the  beam  given  in  Fig.  1, 

FIG.  2.  we  have 
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=0-253  W. 
But  the  usual  formula  for  the  strength  of  a  beam  is 

from  which  the  coefficient  of  bending  strength  is  obtained,  thus 
f  _  VM  __  '253  JF  _  6  x  -253  W 

=  •0413  W. 
This  is  given  in  the  fifth  column  of  the  annexed  tables. 
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Sketch  of  bottom  face  and 
of  fractured  surface. 
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Sketeh  of  bottom  face  and 
of  fractured  surface. 
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Sketch  of  bottom  face  and 
of  fractured  surface. 
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Strictly  speaking  eacli  test  piece  is  in  the  condition  of  a 
beam  supported  at  the  ends  by  distributed  reactions  and  loaded 
uniformly  over  a  portion  of  the  span.  Supposing  the  reactions 
to  be  uniform  over  the  portions  supported,  the  bending  moment 
at  any  transverse  section  may  be  found  as  follows  :  — 


w 


rr 

B  C 

10                    D 

tttttt         . 

—  0  —  H 

:*1 

» 

t    t    1     fit 
^7/47. 

Fie.    3. 


^•=Lw 


Between  A  and  B  the 
bending  moment  is 

Mx=(X^-XdX 

=  *Wx.2 (1) 

4a 

Between  B  and  C  the 
bending  moment  is 


=~W(2x-a). 


Between   C  and  D  the  bending  moment  is 

Cx          TJT 

M  =       J?-XdX- 


The  greatest  bending  moment  occurs  at  the    centre   of   the   span 
and  its  value  is 


(4) 
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Inserting  in  this  expression  the  values  of  the  dimensions  of  the 
beam  given  in  Fig.  1,  we  obtain  the  greatest  bending  moment  at 
the  centre  of  the  span  equal  to 

Ma+fr  ='4156  W, 

which  is  1*64  times  the  maximum  bending  moment  calculated  on 
the  supposition  that  the  reactions  are  concentrated  at  the  ends 
of  the  span.  The  coefficients  of  bending  strength,  /b,  given  in 
the  fifth  column  of  the  tables  may,  therefore,  be  increased  to 
1*64  times  the  values  there  given. 

As  there  exists  bending  action  in  the  test  piece,  the  greatest 
shearing  stress  occurring  at  the  neutral  surface  may  reach  II 
times  the  average  intensity  of  that  stress  distributed  over  each  of 
vertical  sections  bac  and  b'a'c.  Though  this  may  be  true  for  a 
beam  of  uniform  section  and  for  a  bending  stress  within  the 
elastic  limit,  in  the  actual  breaking  test  the  f,  must  necessarily 
be  more  nearly  uniform  and  we  think  that  the  values  of  f,  given 
in  the  sixth  column  of  the  tables  are  safer  numbers  to  employ  in 
practice  than  those  that  would  have  been  obtained  from  tests  in 
which  there  is  absolutely  no  bending  action. 

From  a  glance  of  the  sketches  of  the  bottom  faces  of  the 
test  pieces  shown  on  the  right  hand  column  of  the  tables,  it  will 
be  seen  that  the  fracture  occurs  always  either  along  the  grain  or 
at  right  angles  to  the  grain,  but  not  in  any  other  direction. 

All  over  the  surface  fractured  by  shearing  we  could  observe 
fine  powdery  dust  of  abraded  wood-particles.  This  was  especially 
noticeable  in  the  case  of  keyaki. 

Further  and  more  accurate  tests  are  being  made  with  test 
pieces  in  which  the  ratio  of  depth  to  the  span  is  still  greater 
than  in  this  set  of  tests. 

Tokyo,  September,  1901. 
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Strain  Energy  of  a  Beam  beyond 
the  Elastic  Limit. 

By 

A.  Inokllty,  Kogakuhakushi,  Kogakushi 

and 
Fuji  Tanaka,  Kogakushi. 

\Tlie  Journal  of  the   College  of  Engineering, 
Tokyo  Imperial   University,  Japan,  Vol.  II,  No.  3,  January,  1905.] 

Iii  an  ordinary  commercial  tension  test  of  wrought  iron,  steel 
and  other  ductile  metals,  the  object  being  to  judge  of  the  quality 
of  the  material  for  use  in  a  particular  construction,  it  is  usual  to 
determine  two  constants,  namely,  the  breaking  tensile  strength 
obtained  by  dividing  the  greatest  load  by  the  original  sectional 
area  of  the  test  bar  and  the  total  elongation  of  the  bar  of  a 
given  length  expressed  in  percentage.  If,  in  addition  to  these 
two  numbers,  another  number  representing  the  amount  of  work 
required  to  strain  the  test  bar  to  the  greatest  total  load,  or  to 
tear  it  asunder,  is  obtained  from  a  diagram  of  load  and  elonga- 
tion, it  can  be  said  that  we  are  in  possession  of  important  prac- 
tical knowledge  of  the  quality  of  the  material.  In  the  case  of 


174 


Strain  Energy  of  a  Beam  beyond  the  Elastic  Limit. 


[xn. 


wrought  iron  and  mild  steel  the  amount  of  work  required  to  tear 
a  test  bar  asunder,  greatly  surpasses  the  elastic  resilience,  being 
sometimes  five  hundred  times  as  large.  Now  two  kinds  of  dif- 
ferent materials  or  two  specimens  of  the  same  material  may  have 
the  same  values  of  the  strength  constant  and  of  elasticity  constant 
so  that  their  resiliences  are  equal ;  but  one  of  them  may  require 
a  larger  amount  of  energy  per  cubic  unit  in  order  to  destroy  it 
than  the  other.  As  a  material  of  construction  the  first  is  evi- 
dently more  reliable  than  the  second. 

ID'  c 


Load . 
FIG.  2. 

Let  Figs.  1  and  2  represent  load-deflection  diagrams  of  simple 
rectangular  beams  of  timber  supported  at  the  ends  and  loaded  at 
the  centre.  In  the  two  figures,  up  to  the  elastic  limit  P,  the 
two  beams  are  supposed  to  behave  in  exactly  the  same  manner 
and  also  to  have  the  same  breaking  load  OA  ;  but  from  P  to  C 
or  C",  which  is  the  point  of  breakage,  the  two  curves  are  differ- 
ent. The  shaded  area  OPC'D'  in  Fig.  2  representing  the  total 
amount  of  work  required  to  break  the  beam  is  much  greater 
than  the  corresponding  area  OPCD  in  Fig.  1. 

For  a  beam  supported  at  the  ends  and  loaded  at  the  centre, 
the  amount  of  resilience  is 


1     f~ 
R  =  ~—+— (volume  of  the  learn), 


(1) 
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in  which  /=the  maximum  bending  stress  at  the   centre   of  the 

beam, 
jEWthe    modulus   of  direct  elasticity  of  the  material  of 

the  beam. 

Expressions  for  the  resilience  of  a  beam  supported  and  loaded  in 
any  other  way,  or  of  a  torsion  bar  or  in  fact  of  any  other  piece 
of  material  strained  within  the  elastic  limit  are  similar  to  the 
above  with  different  numerical  coefficients.  Now  in  bending  test 
of  timber  it  is  comparatively  easy  to  obtain  a  load-deflection 
diagram  in  which  the  angle  AOP  is  not  very  small,  and  to  take 
good  measurements  even  by  means  of  ordinary  measuring  instru- 
ments of  no  great  precision.  Thus  referring  to  Fig.  1  or  2,  the 
value  of  /  corresponding  to  the  elastic  limit  can  be  scaled  off 
with  a  fair  accuracy  from  the  diagram  and  the  measured  deflec- 
tion OF  or  OF'  corresponding  to  /  enables  us  to  calculate  the 
value  of  E.  The  area  of  the  triangle  OFF  or  OFF'  represents 
the  elastic  resilience  R  above  given.  If  we  put  in  (1)  /  equal 
to  the  so-called  bending  strength  calculated  by 

,._  ZWl 
>'  ~ 


the  result  will  be  the  resilience  of  the  beam  under  the  assump- 
tion that  it  is  perfectly  elastic  up  to  the  breaking  point.  In  the 
figures  this  is  represented  by  the  area  QBE  or  OBE'.  Let  this 
be  "hypothetical  breaking  resilience"  of  the  beam.  The  "actual 
breaking  resilience"  taking  the  propriety  of  the  term  for  granted, 
is  the  area  of  the  shaded  portion  OFCD  or  OPC'D',  and  since 
the  area  OPC'D'  is  greater  than  the  area  OPCD,  we  can  say 
that  the  beam  of  which  Fig.  2  is  the  diagram  is  more  reliable 
than  the  beam  of  which  Fig.  1  is  the  diagram  as  mentioned 
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before.    In  order  to  express  the  numerical  value  of  this  reliabili- 
ty, we  take  the  ratio : — 

Actual  breaking  resilience 


Hypothetical  breaking  resilience 

and  call  it  the  "  coefficient  of  reliability."  Some  specimens  of 
timbers  and  a  few  pieces  of  cast  iron  were  tested  by  bending 
and  the  results  are  given  in  the  accompanying  tables. 

In  the  fourth  column  the  value  (1)  of  elastic  resilience  in 
inch  Ibs.  per  cub.  inch  of  the  beam  at  elastic  limit  is  given. 
The  point  of  elastic  limit  can  not  be  definitely  located  on  ac- 
count of  the  vagueness  of  the  point  at  which  the  stress-strain 
curve  begins  to  deviate  from  a  strainght  line. 

In  the  fifth  column  the  value  (2)  of  hypothetical  breaking 
resilience  in  inch  Ibs.  per  cub.  inch  of  the  beam  is  given,  and 
it  is  very  easy  to  determine  this  value. 

The  value  (3)  of  actual  breaking  resilience  in  inch  Ibs.  per 
cub.  inch  is  measured  and  calculated  from  the  stress-strain  dia- 
grams and  given  in  the  sixth  column  of  the  tables.  Strictly 
speaking,  speed  of  loading  is  not  without  influence  on  the  elonga- 
tion or  deformation  of  the  test  pieces,  especially  for  timber  test 
pieces.  Hence  the  stress-strain  diagrams  of  two  test  pieces  of 
the  same  form  and  quality  may  differ  to  some  extent  according 
to  the  speed  of  applying  the  load  upon  it,  and  the  area,  by  the 
same  reason.  But  in  the  present  experiments,  practical  value  of 
the  resilience  is  aimed  at  rather  than  refined  accuracy,  and  the 
diagrams  taken  at  ordinary  speed  will  suffice  here. 

The  ratio  j*|  is  shown  in  seventh  column  of  the  tables. 
This  ratio  represents  the  degree  of  reliability  in  some  sense;  for, 
machines  or  structures  are  strained  always  within  elastic  limit  in 


Bending  Test  of  Timbers. 

Stress-Strain  Diagrams. 

I. 


o.  1. 


BOO  000  700  801 


O  1OO  ZOO  3OO  4OO  fiOO 

Load;  ifv  l&s. 

Nora,,  No.  2. 
h=l"  6=J'/  b=13'938" 


No.  3. 


yaJtis.     No.  4. 
b=J','  b=13 


ATarOs,    JVo.  4. 
,=l ','  b=l"  1=14'. 


JVarcu    JVo.  5. 


Bending  Test  of  Timbers. 

Stress-Strain  Diagrams. 

II. 


No.J. 


o  200  zoo  aoo 

Load'  ins   £A«. 


No.  2. 
,"  b=J"  L=14'.' 


-=v5,"  *  =v5,"    l  =  6-36S'.' 


Load,  in>  Ibs. 

Ke-ya,fU<,   JVo.  2. 
^  =  •5','  b  =\5,"  1=6-939'. 


Surva/,    JVb.  3. 
=J'/  b=J','  1=14 


Wo.  3. 
-5','  1  =  7'.' 


JVo.  4. 
b=-5"  1=7? 


JVb.  5. 


Key  ate,,   Wo.  5. 
hj=-5"  *=•«?,"  1=7" 


Bending  Test  of  Timbers. 

Strees-Strain  Diagrams. 

III. 


Nora*,    No.  1. 


Load  in,  U>s. 


Buna,   No.  J. 
v=-5','  b  =  -5','  b=7': 


Mara,    No.  2. 
=-5" b  =  -5','  1=7'.' 


Buna,   JVo.  2. 
h,=-5','  b=-5','  1= 


Burva>,  JVb.  3. 


No.  4. 
-5','  1=7'. 


Bunas,  No.  4. 


S\ 


J3urv<v,  No.  5. 
=-5,"  b=-5','  1=7'.' 


Bending  Test  of  Cast-iron. 

Strees-Strain  Diagrams. 

IV. 


JVo.  2.    7v=J-605','   b=l-538 


ZTo.  3.  fo=l-6i;'   b=1569','  1  =  30'.' 
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an  ordinary  working  condition,  and  consequently  the  higher  the 
elastic  limit  for  a  given  breaking  strength,  the  more  reliable  is 
the  material  with  reference  to  its  resistance  to  permanent  injury, 
the  ratio  tL  being  greater  in  this  case  than  when  otherwise. 

The  ratio  — fj|-  is  given  in  the  last  column  of  the  tables, 
and  this  is  the  coefficient  of  reliability  as  already  described.  The 
greater  this  ratio,  the  more  resistant  against  blows  and  shocks. 

From  the  tables  we  may  say  that  nara  is  more  reliable 
than  keyaki,  and  buna  is  very  poor  as  in  the  case  of  cast  iron 
and  can  not  stand  much  against  shocks  and  vibrations. 

It  may  be  remarked  that  the  three  values  (1),  (2),  and  (3) 
of  resilience  in  inch  Ibs.  per  cub.  inch  of  •5//x-5"x7//  sizes  are 
greater  than  those  of  greater  sizes,  namely,  1"  x  1"  x  14".  Such 
will  always  be  the  case  for  timber ;  because  as  is  fairly  well 
known  the  coefficient  of  bending  strength  fb  is  greater  for  smaller 
sizes  of  test  pieces  than  for  larger  ones. 

April,  1902. 


[TABLE. 
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BENDING  TEST  OF  TIMBERS. 

Supported  at  both  ends,  and  loaded  at  the  centre. 


Name 
of 
timber. 

No. 

marked 
on  test 
piece. 

Size. 

ll  X  I  X  I 

in  inches. 

Resilience  in  inch'lbs. 
per  cub.  in.  =  — 

(i) 

(2) 

Coefficient 
of 
reliability. 

ja 
PJ 

at  elastic 
limit. 

(1) 

hypothet-         actual 
bre^U   i  breaking 
resilience.  ;  resilience. 

(2)              (3) 

Keyaki 

1 

2 

1  x  1  x  13-875             -965 
1  x  1  x  13-906             -979 

8-96        30-5 
8-79        20-6 

•108 
•111 

3-40 
2-35 

3 

1  x  1  x  13-938 

1-110 

9-33        26-3        -119 

2-82 

4 

1  x  1  x  13-906 

2-41        10-4          28-0        -231 

2-68 

5 

1x1x13-813 

1-14 

9-46        32-0  j  .    -120 

3-38 

Mean                1-3 

9.4     ;      27-          -14          2-9 

Nara       1       1x1x13-938             -723 

5-94 

27-4 

•122 

4-62 

9 

1  x  1  x  13-938 

•681 

6-05 

25-6 

•113 

4-24 

3       1x1x14 

•587 

5-00 

25-2 

•117 

5-03 

4       1  x  1  x  14                    -328 

4-81 

30-7 

•068 

6-38 

5        1  x  1  x  14                    -419 

4-84 

24-1 

•087 

4-97 

Mean                   -55 

5-3 

27-          -10          5-0 

Buna       1        1  x  1  x  14                    -356 

2-97        4-74        -120        1-59 

2       1  x  1  x  14                    -438 
3       1  x  1  x  14                    -203 
4       1  x  1  x  14                    -488 

3-63 
4-86 
5-61 

5-31        -121        1-46 
7-54        -042        1-55 
9-55        -087         1-70 

5        1  x  1  x  14                     -543 

2-73 

3-63        -199 

1-33 

Mean                  -41          4'0          6-2          -115        1-5 
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BENDING  TEST  OF  TIMBERS  (Continued.) 


1    Name 
of 
timber. 

No. 

marked 
ou  test 
piece. 

Size. 

It  x  J>  x  1 
in  inches. 

Resilience  in  inch  Ibs. 
per  cub.  in.  =  -^- 

(1) 

(2) 

Coefficient 
of 
reliability. 

[§) 

(*) 

at  elastic 
limit. 

(1) 

hypothet- 
ical 
breaking 
resiliencl. 

(2) 

actual 
breaking 
resilience. 

(3) 

Keyaki 

1 

•5  x  -ox  6-969 

2-97 

12-8 

47-7 

•231  j      3-71 

2 

•5  x  -5  x  6-938 

2-01 

11-8 

47-4 

•170  .      4-01 

0 

•5x  -ox  7 

218 

10-8 

35-9 

•202  ;      3-33 

4 

•5  x  -5  x  7 

1-56 

12-0 

43-2 

•130  i     3-59 

5 

•5  x  -5  x  7 

1-69 

11-1 

39-6 

•153 

3-57 

Mean 

2-1     !      11-5 

43- 

•175 

3-6 

Nara 

1       '5  x  *5  x  7 

•446 

6-71 

34-3 

•066 

5-10 

2     !  -5  x  -5  x  7 

•599 

5-93 

21-4 

•101 

3-61 

3 

•5  x  -5  x  7 

•616 

6-61 

.35-3 

•093 

5-35 

4       '5  x  '5  x  7 

1-10 

5-93 

15-3 

•185 

2-58 

5     |  -5  x  -5x7 

1-54 

6-80 

29-9 

•226 

4-40 

Mean 

•86 

6-4 

27- 

•135 

4-2     l 

Buna       1 

•5  x  -5  x  7 

•731 

6-14 

12-7          -119 

2-06 

2 

•5  x  -5  x  7 

•546 

6-42 

12-7          -085 

1-99 

3 

•5  x  '5  x  7 

1-17 

6-63 

14-7          -177 

2-21 

4 

•5  x  -5  x  7 

1-115 

4-82 

8-86 

•291 

1-84 

5 

•5  x  -5  x  7 

1-23 

3-54 

4-53 

•347 

1-28 

Mean 

•96 

5-5 

10-5 

•20 

1-90 

BENDING  TEST  OF  CAST  IRON. 

Supported  at  both  ends,  and  loaded  at  the  centre. 


Cast 

1 

1-62x1-559x30 

•231 

4-84 

6-96 

•048 

1-44 

iron 

2 

1-605x1-538x30 

•224 

3-84 

5-52 

•058 

1-43 

I 

3 

1-61x1-569x30         -282 

4-72 

6-62 

•060  !      1-40 

, 

*4 

1-605x1-518x30 

•608 

5-21 

6-01 

•117 

1-15 

Mean 

•34 

4-7 

6-3 

•071 

1-35 

(Mean  of  upper  three)                '25 

4-5 

6-4          -055 

1-40 

Strained  twice  beyond  the  elastic  limit,  and  then  broken. 


XX. 

Universal  Repetitive  Bending  Test. 

By 
A.  Inokuty,  Kogakuhakushi,  Kogakushi 

and 
Fuji  Taunkii.  Kogakushi. 

[The  Journal  of  the  College  oj  Engineering, 
Tokyo  Imperial  University,  Japan,  Vol.  II,  No.  3,  January,  1905.] 


XXI. 

Results  of  Tests  of  Pressure  Gauges. 

By 

A.  Inokuty,  Kogakuhakushi,  Kogakushi 
and 

Fuji  Tanaka,  Kogakushi. 

[The  Jouranl  of  the   College  of  Engineering, 
Tokyo  Imperial  University,  Japan,  Vol.  II,  No.  3,  January,  1905.] 


XXII. 

Theory  of  Ordinary  Centrifugal  Pumps  and  of  a 

New  Centrifugal  Pump  having  Divergent 

Vortex  Chamber  provided  with 

Guide  Vanes  for  producing 

Forced  Vortex. 

\Tlie  Journal  of  the  College  of  Engineering,   Tokyo  Imperial  University,  Japan, 

Vol.  II,  No.  4,  March  1905.     The  Journal  of  the  Society  of  Mechanical 

Engineers,  Tokyo,  Japan,   Vol.  VIII,  No.  12,  May  1905.] 

A  few  hydraulic  principles  relating  to  centrifugal  pumps 
will  be  considered  first. 

Radiating  Current.  In  Fig.  1  let  AABB  represent  a  space 
bounded  by  two  horizontal  walls  and  lying  between  two  cylin- 
drical surfaces  with  a  common  vertical  axis  ZOZ  and  of  radii 
i\  and  r3.  A  current  of  water  moving  toward  or  away  from  the 
axis  ZOZ  in  radial  directions  in  the  space  AABB  constitutes  a 
radiating  current.  It  is  supposed  that  there  is  no  external  force 
acting  on  the  current  except  the  gravity  and  a  uniform  fluid 
pressure  on  each  of  the  cylindrical  surfaces.  Let  u^,  u,  us  be  the 
radial  velocities  of  particles  of  water  at  radii  n,  r,  rs  respectively. 
From  the  principle  of  continuity,  we  have 
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in  which  Q  is  the  quantity  of  the  flow  across  any  co-axial  cyl- 
indrical surface  of  radius  r,  in  units  of  volume  per  unit  time. 
The  motion  of  water  being  supposed  steady,  this  flow  Q  is  con- 
stant with  reference  to  the  radius  r  as  well  as  with  reference  to 
time. 

!z 


FIG.  1. 


Hence 


=  >'3«3 = 


(1) 


that  is,  the  radial  velocity  is  inversely  as  the  distance   from    the 
axis. 

Free  Circular  Vortex.  Referring  to  Fig.  1  let  the  particles 
of  water  in  the  space  AABB  revolve  in  circular  current  round 
the  vertical  axis  ZOZ.  There  being  supposed  to  exist  a  very 
slow  radial  movement,  a  particle  of  water  in  passing  from  one 
circular  current  to  the  next  circular  current  will  assume  the 
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velocity  proper  to  the  current  entered  by  the  particle.  As  in 
the  case  of  radiating  current  considered  above,  the  only  forces 
acting  on  the  water  in  the  space  AABB  are  the  gravity  and  a 
uniform  fluid  pressure  on  each  of  the  cylindrical  surfaces  of 
radii  r2  and  r3.  It  is  this  condition  which  constitutes  a  free 
circular  vortex.  Putting  «2,  s,  «3f  for  the  tangential  velocities  at 
radii  rz,  r,  rs  respectively  and  p  for  the  weight  of  water  per 
cubic  unit,  we  have  by  Bernoulli's  theorem 


=  =  =.  (2) 

2g       (>        2g       p       2g 

The  centrifugal  force  of  a  particle  of  water  at  radius  r,  of 
radial  thickness  dr,  of  axial  depth  b,  and  of  circumferential 
width  rdff  is 

P-r  dd  b  dr£. 

g  r 

This  is  equal  and  opposite  to  the  difference  of  pressures  on  the 
cylindrical  faces,  namely, 

r  dd  b  dp. 
Hence  £  =f  |  .........................    (3)        ,u. 

Differentiating  equation  (2),  we  have 

±4L  +  ±*?  .-=0. 
ft    dr       g   dr 

Eliminating  -/-  between  this  and    (3),    and    removing    irrelevant 
factors,  we  have 


TT  • 

Hence  ~r      IT 
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Integrating  we  obtain 

rs=comt  ............................     (4) 

Thus    in    a    free    circular    vortex  the  velocity  of  revolution  of  a 
particle  of  water  is  inversely  as  the  radius. 

Free  Spiral  Vortex.  Eeferring  to  Fig.  1  let  there  be  a  free 
spiral  vortex  in  the  space  AABB,  that  is,  a  current  along  a 
spiral  path  CPD,  the  acting  forces  being  the  gravity  and  a  uni- 
form fluid  pressure  on  the  cylindrical  surfaces  of  radii  r2  and  rz. 
Such  a  current  is  evidently  the  resultant  of  a  radiating  current 
and  a  free  circular  current.  Hence  if  w  be  the  velocity  of  a 
particle  of  water  at  radius  r  in  a  free  spiral  vortex,  we  have 


which  by  (1)  and  (4)  becomes 

const* 


or  wr=const (5) 

Hence  the  velocity  of  a  particle  of  water  in  a  free  spiral  vortex 
is  inversely  as  the  radius.  The  inclination  of  the  path  of  a 
particle  to  the  radius  vector  from  0  is  4 — «  and  its  value  is 
given  by 

tana= — =const (6) 

s 

The  path  of  the  particle,  therefore,  makes  a  constant  angle  with 
the  radius  vector  and  is  an  equiangular  or  logarithmic  spiral. 
The  equation  of  the  path  can  be  found  as  follows : — 

dr  dd 

u=~    and     s=r—, 
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^         L.  s          dd       dr         dd 

therefore  cot  a  =  —  =  r—-  ^•-jr  =  r—-, 

u         dt       dt         dr 

dO  =  —coia. 

r 

Integratiog,  we  have 

0  =  cot  a  log  v  +  const. 

When  0=0,        r=r, 

and  therefore  0=cotalog»-2  +  coMs£. 

Hence  «'=»*2e6tana     ........................    (7) 

The  gain  of  pressure  head  in  passing  from  the  inner  cylindrical 
surface  to  the  outer  of  a  free  spiral  vortex  between  two  horizontal 
planes  is  found  as  follows.  By  Bernoulli's  theorem, 

l>i  +  w£  _  ps  +  tt/y 

p      ^9      p      *g' 
Hence 


But  tv2r2=iv5r3 


We  shall  now  consider  another  kind  of  vortex.  In  Fig. 
2,  let  ZOZ  represent  a  vertical  axis  and  let  AABB  be  a  space 
formed  by  the  revolution  of  two  plane  curves  AB,  AB  about  the 
vertical  axis  ZOZ,  the  two  curves  being  symmetrical  about  a 
horizontal  axis  XOX,  so  that  the  space  AABB  diverges  out- 
wards symmetrically  about  the  vertical  axis  ZOZ.  The  space 
AABB  lies  between  two  cylindrical  surfaces  of  radii  r2  and  rs, 
with  ZOZ  for  their  common  axis. 
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Divergent  Radiating  Current.  A  radiating  current  in  the  space 
AABB,  Fig.  2,  gives,  by  the  principle  of  continuity,  the  follow- 
ing equations, 

rbu  =  rJb.M.2 = r3bsus 


=-~=  const. 


(9) 


FIG.     2. 

Divergent  Free  Circular  Vortex.  Keferring  to  Fig.  2  let 
particles  of  water  in  the  space  AABB  revolve  in  circular  cur- 
rent round  the  axis  ZOZ,  with  a  very  slow  radial  movement  so 
that  a  particle  of  water  in  passing  from  one  circular  current  to 
the  next  circular  current  will  assume  the  velocity  proper  to  the 
current  entered  by  the  particle.  This  will  happen  if  the  only 
acting  forces  be  the  gravity  and  a  uniform  fluid  pressure  on  each 
of  the  cylindrical  surfaces  of  radii  rz  and  rs.  It  is  this  condition 
which  constitutes  a  free  circular  vortex.  Consider  a  thin  circular 
current  of  radius  r,  of  radial  thickness  dr,  and  of  axial  depth  b, 
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the  velocity  of  revolution  of  a  particle   of  water  in   the   current 

being   s.      The   centrifugal    force   of  an  element,  having  circum- 
ferential width  rdd,  of  this  current  is 


g  r 

This  is  equal  and  opposite  to  the  difference  of   pressures  on  the 
two  cylindrical  faces  of  the  element,  which  is 

r  dd  b  dp. 

Hence  %-=*--'  (10) 

dr       g   r 

Now  by  Bernoulli's  theorem 


P        ?       p         g 
which  by  differentiation  becomes 

L^  +  ±^=.o. 
p   dr       g   dr 

Eliminating  -—  between  this  and  (10),  and   removing   irrelevant 
factors,  we  obtain 

*L  +  -rfl=0 
r         s 

Integrating  we  obtain 

rs  =  const  ...............................     (11) 

Divergent  Free  Spiral  Vortex.     Keferring  to  Fig.  2,  let  there 

be  a  free  spiral  vortex  in  the  space  A  ABB.  The  motion  is  evi- 

dently the  combination  of  a  radiating  current  and  a  free  circular 

vortex    as    above    given  ;    we    have    therefore  the  velocity  of  the 
current  equal  to 
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which  by  (9)  and  (11)  becomes 


therefore  ic3=Jj-jJ  (^Jus+s/,    (13) 


j  U  O.2      U» 

and  tau«=— =— 1_ 

s        b      s2 

=Atan«2       (14) 

therefore  tan  o3=-T^-tau  a, (15) 

03 

Forced  Vortex.  A  forced  vortex  is  one  in  which  the  velocity 
of  revolution  of  the  particles  follows  any  law  different  from  that 
of  a  free  vortex.  Referring  again  to  Fig.  2  we  consider  a  forced 
or  constrained  spiral  vortex  in  which  the  velocity  of  revolution 
follows  a  law  expressed  by 

rbs=canst (16) 

Combining  this  with  the  equation  (9),  we  have 

tana="-=canst (17) 

S 

Hence  in  the  divergent  space,  the  forced  spiral  vortex  above  as- 
sumed is  obtained  by  constraining  the  particles  of  water  to  move 
along  equiangular  spirals  by  means  of  a  number  of  guide  vanes. 
Since  the  resultant  velocity  is  w=Vu?+s2,  we  have  by  (9)  and 

(16) 

rbw=comt (18) 
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Referring  once  more  to  Fig.  2,  in  any  spiral  vortex  whether 
free  or  forced, 


and  since 

H  =  icsina,     ..............................     (19) 

we  have 

l>rw  sin  a  =  b.2r.M\2  sin  a.2 

=bsrsto3  sin  a, 

=comt  ............................     (20) 

Hence  by  giving  suitable  values   to   b   and    «,    it    is    possible    to 
obtain  any  desired  radial  velocity  u  and  resultant  velocity  w. 

Gain  of  Pressure  Head  in  Vortex.  In  any  spiral  vortex 
whether  free  or  forced  existing  within  the  space  AABB,  Fig.  2, 
if  there  be  no  external  force  exerted  within  the  space  A  ABB, 
except  that  of  gravity,  the  theorem  of  Bernoulli  holds  good  ; 
thus 

p.2  ,w/_  p3  .  w32 
>"*"  2g~      ^>       2<7* 

The  gain  of  pressure  head  in  passing  from  the  inner  cylindrical 
surface  of  the  vortex  to  the  outer  is  therefore 


which  by  (20)  becomes 
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Loss  of  Head  due  to  Sudden  Enlargement  of  Section.      At  'a 

sadden  enlargement  of  the  sectional  area  of  a  steady  stream 
flowing  along  a  straight  pipe  there  is  a  certain  -amount  of  loss  of 
head  owing  to  the  creation  of  eddies  at  and  beyond  the  enlarged 
section.  This  loss  of  head  is  equal  to  the  head  due  to  the  change 
of  velocity.  The  proof  of  this  is,  however,  not  very  satisfactory 
and  must  be  taken  partly  experimental.  (See  Prof.  Merriman's 
Treatise  on  Hydraulics,  Eighth  Edition,  Art.  74.) 


FIG.     3. 


Thus  supposing  the  pipe  to  be  horizontal,  if  the  velocity  t\  of 
the  water  changes  to  a  smaller  velocity  vz  as  shown  in  longi- 
tudinal section  in  Fig.  3,  the  loss  of  pressure  head  at  a  section 
where  the  velocity  is  sensibly  uniform  and  equal  to  #2  is 


Let  pi  and  p2  be  the  pressures  at  the  sections  where  the  veloci- 
ties are  Vi  and  vz  respectively,  then  by  Bernoulli's  theorem  we 
have 


Jill 
2? 


Hence  the  gain  of  pressure  head  in  passing  from   the   region 
velocity  Vi  to  the  region  of  velocity  v*  is 


of 
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Supposing  the  higher  velocity    Vi    to    be    constant,    the    gain    of 
pressure  head  will  be  maximum  when  v2=\Vi  and 


1  1   v ' 

max.  value  of — (^—p^)  =  _.__!_, 


(22) 


that   is,    one   half  the  head  due  to  the  higher  velocity.     In  this 
case  the  loss  of  pressure  head  is 

te-ta)* 


TT&- 

It  is  thus  seen  that  by  making  the  sectional  area  of  the  enlarged 
part  equal  to  twice  that  of  the  smaller  part,  one  half  of  the  head 
due  to  the  higher  velocity  is  restored  as  pressure,  one  fourth  is 
wasted  in  creating  eddies  and  the  remaining  one  fourth  is  still 
in  the  form  of  velocity. 

Sudden  Change  of  Velocity  both  in  Magnitude  and   Direction. 

We   now   consider   another   case  of  sudden  change  of  velocity  in 
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a  steady  flow.  In  Fig.  4,  AO  represents  one  of  a  very  large 
number  of  small  streams  flowing  with  a  given  velocity  w  and 
making  a  given  angle  0  with  the  direction  of  a  main  stream 
BOG,  in  which  the  velocity  is  less  than  w  and  is  denoted  by  v. 
The  stream  AO  meeting  with  the  stream  BOG,  there  is  a  sudden 
change  of  velocity,  first  in  the  direction  perpendicular  to  BOG, 
of  magnitude  wsin0,  and  secondly  in  the  direction  BOG,  of 
magnitude  wcos0— v.  The  loss  of  head  due  to  the  sudden 
change  of  velocity  is  therefore 

—I  (w  sin  0)2  +  (w  cos  0  —  vf  \, 
i.e .,  — —  (lo1  +  v-  —  2  wv  cos  0). 

£q 

Let  p  be  the  pressure  in  the  stream  AO  and  p'  that  in  the 
stream  BOG',  then  by  Bernoulli's  theorem 

p       10"  __  p'        v~       (w  sin  0)2      (w  cos  0  — v)2 
p      vg       ^T  '  2g  2g  2g 

and  therefore  the  gain  of  pressure  head  in  passing   from  AO   to 


—  (p'—p)  =  -~  —  \  iv"  ~  v°~  (w  sin0)'2—  (iv  cos  0  —  i')2  i 
-v)  ................     (23) 


Suppose  that  the  velocity  w  and  the  angle  0  are  both  given 
but  that  the  sectional  area  of  the  channel  BOG  can  be  varied 
at  will  so  that  v  may  be  regarded  as  variable.  In  this  case  the 
gain  of  pressure  head  is  maximum  when 

...........................     (24) 
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and  the  corresponding  maximun  gain  of  pressure  is 


(25) 


Now  assuming  that  the  velocity  v  in  the  canal  BOC  cannot  be 
restored  as  pressure,  the  total  loss  of  pressure  head  consists  of 
three  parts  and  is  expressed  by 


(26) 


which  will  be  the  least  when  v=^~wcos0  and  the  corresponding 
minimum  value  of  h0  is 


min.  h0=-^—  \(iv  sin  0)2  + — (w  cos  0)4. 
2g  {  '2i  } 


(26') 


General  Theory  of  Centrifugal  Pumps.  A  general  theory  of 
centrifugal  pumps  will  now  be  considered,  neglecting  for  the 
present  the  effect  of  hydraulic  friction.  In  order  to  simplify  our 
reasoning  it  is  assumed  in  all  the  following  pages  that  the  pres- 
sure of  water  is  uniform  round  the  inner  and  the  outer  circum- 
ference of  the  pump. 


FIG.    o. 
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In  Fig.  5  AB  represents  one  blade  of  revolving  disk 
or  impeller,  revolving  in  the  direction  of  the  arrow  R  round  the 
axis  XOX  of  the  pump  shaft.  It  is  usually  assumed  that  the 
direction  of  flow  of  water  before  entering  the  revolving  disk  is 
radial ;  this  assumption  is,  however,  slightly  inaccurate,  because 
owing  to  the  friction  of  the  pump  shaft  and  of  the  wheel  boss, 
the  mass  of  water  surrounding  these  parts  will  be  dragged  round 
them  bodily  in  the  direction  of  revolution  of  the  pump  disk. 
Although  the  exact  amount  of  this  circumfluent  motion  cannot 
be  found,  it  is  certain  that  it  will  be  greater  the  higher  the 
speed  of  rotation  of  the  parts  round  the  pump  shaft  and  the 
lower  the  axial  velocity  of  the  water  before  entering  the  pump 
disk.  In  the  following  theory  the  slight  inaccuracy  above  men- 
tioned is  neglected  so  that  the  direction  of  the  absolute  velocity 
of  water  before  entering  the  revolving  disk  is  regarded  as 
radial. 

Let     Wi  and  w2  be  the   absolute   velocities   of   water   at   the 
inlet    and    outlet    surfaces   of  the   revolving  disk  or 
impeller  respectively, 
<?!  and  c2  the  corresponding   velocities  relatively  to  the 

moving  blades, 

HI  and  U-L  the  corresponding  radial  velocities, 
Vi  and  v2  the  velocities  of  the  inner  and  outer  circum- 
ferences of  the  impeller  respectively, 
&  the  angle  between  Ci  and  the  negative  direction  of  vlt 
02  the  angle  between  c2  and  the  negative  direction  of  v2, 
«2  the  angle  between  wz  and  v.2. 

In  order  that  a  direct  impact  of  water  on  the  blades  of  the 
impeller  may  be  prevented  at  the  inlet  surface,  the  direction  of 
the  relative  inflow  velocity  d  must  be  tangential  to  the  first  ele- 
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ment  of  the  blade  at  A,  Fig.  o.  With  the  assumption  above 
made,  this  condition  is  expressed  by 

Ci8=M12+t?12,      (27) 

or  by  U1=c1sm0l     and     vl=c1cos^1 (27') 

We  may  here  add  that  the  velocity  wt  is  equal  to  u±  and  the 
angle  a^  between  Wj.  and  v±  is  equal  to  90°.  The  absolute  velocity 
of  water  with  which  it  leaves  the  impeller  at  B,  Fig.  5,  is  ex- 
pressed by 

M7,2=c.22  +  v,2-2c.,v2co302 (28) 

Now  let  ha  be  the  height  of  water  barometer,  h^  the  height 
of  the  suction  estimated  from  the  lower  water-level  to  the  mean 
level  of  the  inlet  surface  of  the  impeller  and  Fl  the  head  due 
to  frictional  and  other  hydraulic  resistances  in  the  suction  pipe 
and  the  passages  in  the  pump  up  to  the  inlet  surface  of  the 
impeller.  The  absolute  pressure  of  water  just  after  entering  the 
impeller  at  A  is  less  than  the  atmospheric  pressure  and  is  ex- 
pressed by 

JJL^-h-K-lJL,       (29) 

where  p  is  the  weight  of  water  per  cubic  unit.  Employing  cor- 
responding notations  with  suffix  2,  the  absolute  pressure  of  water 
just  before  leaving  the  impeller  at  B  is  expressed  by 

-PL=ha+h.+F.-^L,    (30) 

P  2<7 

in  which  h2  is  the  height  of  delivery  estimated  from  the  mean 
level  of  the  outlet  surface  of  the  impeller  to  the  level  of  delivery 
water  and  F2  represents  the  head  lost  in  the  outflow  velocity  w2 
and  also  in  the  frictional  and  other  hydraulic  resistances  in 
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the  delivery  pipe,  the  volute  or  spiral  casing,  and  the  vortex 
chamber,  if  there  is  one.  The  water  in  passing  through  the 
impeller  from  A  to  E  has  its  velocity  head  increased  by  the 
centrifugal  force  by  the  amount 

v£__vt_ 

2?       2g' 

The  general  equation  for  the  action  of  the  impeller   on    the 
water  is 

,*  .,  (31) 

' 


,     ., 
2g       2gr  ' 

in  which  Fw  represents  the  head  lost  in  friction  of  water  in 
passing  through  the  passages  of  the  wheel.  Substituting  the 
values  of  plt  p2,  clt  and  c2  given  by  equations  (27)  to  (30),  we 
obtain 

7>  ,  +  h,  +  Fl  +  Fa+  Fv  =  —vfa  -  c2  cos  02). 

Let  the  total  actual  lift  be  h=kl  +  h2  and  put  F=F1  +  F2+FW.  It 
is  easy  to  see  that  vz~  c2cos02  is  the  tangential  component  of 
the  absolute  outflow  velocity  w.2  and 

iv2cosa.2=v2—  c.2  cos  0o      .....................     (32) 

also  ti'2sina2=«2  ..................................     (33) 

The  above  equation  for  the  gross  lift  of  the  pump  may  be  written 
as  follows  :  — 

*  This  equation  is  easily  obtained  from  the  following  general  principle:  — 

If  a  steady  motion  of  water  takes  place  through  a  pipe  of  any  form  attached   to  a 
rotating  shaft,  a  modified  form  of  Bernoulli's  theorem  can  be  found.     Thus  :  — 


where  c  is  the  velocity  of  water  at  a  section  of  the  pipe  under  consideration,  relatively  to 
the  moving  pipe,  t>  the  velocity  of  rotation  of  the  section,  and  the  rest  of  the  notation  the 
same  as  those  hitherto  employed.  The  quantity  i2-+-2y  is  sometimes  called  the  "head  due 
to  centrifugal  force." 
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(34) 
(34') 


Now  the  efficiency  of  the  centrifugal  pump  is  given  by 


h 


2v.2(v.2—  c2  cos  02) 

(35) 


,(V2—C2  COS  02) 

If  the  loss  of  head  due  to  friction  in  the  pipes  and  passages 
of  the  pump  be  neglected,  the  remaining  part  of  F  will  be 
almost  solely  the  loss  of  velocity  head,  (w^1g\  in  part  or  in 
whole.  This  loss  of  velocity  head  and  the  corresponding  efficiency 
for  various  forms  of  centrifugal  pumps  that  are  likely  to  occur 
in  practice  and  also  for  a  new  form  of  pumps  constructed  by 
the  author  after  a  principle  of  forced  vortex  motion  will  now  be 
considered,  neglecting  for  the  present  the  effect  of  hydraulic 
friction. 

Case  1.  A  centrifugal  pump  without  a  vortex  or  whirlpool 
chamber,  the  spiral  or  white  casing  being  not  well  designed. 

Ready-made  centrifugal  pumps  placed  on  the  market  at  very 
cheap  prices  may  be  regarded  to  belong  to  Case  1  almost  with- 
out exception.  The  radial  component  of  absolute  velocity  w2  with 
which  the  water  leaves  the  impeller  is  necessarily  wasted.  This 
is  equal  to  ivz  sin  az  and  also  equal  to  c2  sin  02.  Let  the  velocity 
of  water  in  the  spiral  casing  be  denoted  by  w4  whose  direction  is 
very  nearly  tangential  to  the  outer  circumference  of  the  impeller 
and  which  is  in  the  same  sense  as  the  velocity  of  that  circum- 
ference. This  velocity  w4  in  the  spiral  casing  is  almost  wholly 
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wasted  in  agitation  of  water.  Then  by  equation  (26),  the  loss  of 
head  is 

-ft—  I  (wz  sin  a2)2  +  (^2  cos  «2—  1<;4)2  +  «Y  }• 

But  iv4  is  generally  very  small  compared  with  w-2  cos  «2  and  may 
be  neglected.  Thus  the  whole  of  the  absolute  outflow  velocity  iv-2 
may  be  regarded  as  wasted,  so  that 

F-$  ........................................     (36) 

The  efficiency  of  the  centrifugal  pump  then  becomes,  by  (35), 


V2(V2—  C2COS02) 

which  by  (28)  becomes 

£  _  1  _  c.2~  +  v<?—  2c2v2  cos  02 
2v2(v2-c2cos02) 

l-z- 


2(1-2  COS  02)' 

where    z    is    put   for    (cz-^v2).     Differentiating  this  equation  with 
respect  to  z,  we  obtain 

c?e  _  z~  cos  0.2—  2z  +  cos  02 
~dz  2(1  -z  cos  02)2 

Equating  to  zero  and  solving  for  z,  there  is   obtained,   after   re- 
duction, the  relation  between  v2  and  c2, 


(37) 
Substituting  this  in  the  expression  for  the  efficiency,  we  obtain 

Maximum  e=  -  ;  —  —  ...................     (38) 

1  +  sin  0, 

Eliminating  F  and  c2  from  the  equation  (34)  by  means  of  (36), 
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(28),  and  (37),  we  obtain  the  velocity  of  the  outer  circumference 
of  the  impeller  corresponding  to  the  maximum  efficiency, 


cosec 


Other  velocities  corresponding  to  the  maximum  efficiency  are 

........................     (40) 


c3=i/l  (cosec  02-l)  -/2pT      ............     (41) 

w2  =  w;2  sin  «2  =  c2  sin  02 
=-/|  sin  02(l-sin  02)  T/2^7     .........     (42) 

which  is  the  radial  component  of  the  outflow  velocity. 
w.2  cos  02  =  ^2—02  cos  02=?;2  sin  02 


=/|  sin  02(1  +  sin  02)  i/2^7     .........     (43) 

which  is  the  tangential  component  of  the  absolute  outflow  velocity. 
The  direction  of  the  absolute  outflow  velocity  is  given   by 


iv  sn  «., 
tanct.,= 


W2  COS  0.2 


therefore  «2=1_  02  .........................    (44) 


The  accompanying  Table  I  gives  the  maximum  efficiency,  the 
corresponding  best  velocity  of  the  outer  circumference  of  the 
impeller  and  two  other  velocities  for  several  values  of  the  dis- 
charge angle  02  from  10°  to  90°.  The  increase  of  efficiency 
gained  by  diminishing  the  discharge  angle  02  is  quite  consider- 
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able.  It  may  be  noticed,  however,  that  for  maximum  efficiency 
the  radial  velocity  of  water  ought  to  be  very  high  for  moderately 
small  angle  of  discharge  ;  in  fact  u2  becomes  greatest  and  equal 
for  02=30°. 


to    0*354  V^gh  for  02=30°.     It  is,   therefore,   not   convenient   to 
employ  the  speed  of  maximum  efficiency  except  for  very  low  lifts. 

Table  I.     Showing  Maximum  Efficiency  and  the  Corresponding 
Best  Speeds  for  Case  1. 


Discharge 
angle 

02 

Maximum 
efficiency 

e 

Velocity  of 
impeller, 

t'2=l/2(7Ax 

Radial  velocity, 
t/2=V2<7/»x 

Tangential 
velocity, 
tr2  cos  «2 
=V%Ax 

90° 

(-500) 

1-000 

•000 

1-000 

65° 

•525 

1-026 

•206 

•986 

45° 

•586 

1-098 

•322 

•776 

30° 

•667 

1-225 

•354 

•612 

20° 

•745 

1-401 

•335 

•479 

15° 

•794 

1-560 

•319 

•404 

10° 

•852 

1-839 

•268 

•319 

Case  2.  A  centrifugal  pump  without  a  vortex  chamber,  the 
spiral  casing  being  well-designed. 

In  Case  2,  the  spiral  casing  is  so  designed  that  the  loss  of 
pressure  head  due  to  the  sudden  change  of  velocity  of  water  in 
passing  from  the  impeller  to  the  spiral  casing  shall  be  a  mini- 
mum. Referring  to  (26'),  it  is  seen  that  this  condition  is  satis- 
fied when  the  velocity  of  water  in  the  spiral  casing  is  made 
equal  to  one  half  of  the  tangential  component  of  the  absolute 
outflow  velocity,  that  is,  when 
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..............................     (45) 

and  then  the  loss  of  head  is 

-F=-^-{K  sin  «2)2+  y(tt>8  cos  «2)2j 

..   (46) 


By  (35),  the  efficiency  then  becomes 

sin  &)2+  IQ'2-  C2  cos  02)2 


£  =    _ 

vt7—  c  cos 


2(1  -2  COS  02  ) 

Differentiating  this  with  respect  to  z  and  equating*  the  result   to 
zero,  we  obtain  the  condition  for  maximum  efficiency, 

1  —  z  cos02=  sin0/,      ........................     (48) 

ill  which 


and  the  value  of  the  maximum  efficiency  is 


(49) 


Maximum  e=*  ................     (50) 

1  +  sin  0/ 

Eliminating  F  and  c2  from  the  equation  (34)  by  means  of  (46), 
(28),  (48),  and  (49),  we  obtain  the  velocity  of  the  outer  circum- 
ference of  the  impeller  corresponding  to  the  maximum  efficiency, 


Other  velocities  corresponding  to  the  maximum  efficiency  are 
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1  —  sin' 


/(l-sm02Q(2-sin202')    /—  , 

V      2m'2     sin'       Vz- 


sin  a2  =  c2  sn 


cos  a2=v2—  c2  cos  02= 


The  direction  of  the  absolute  outflow  velocity  is  given  by 
tan  CL 


IVZ  COS  Og          2f?2  COS  Oo 

/Kfiv 

- 


/ 

V 


Notice  that  the  equation  (49)  can  be  written  in  the  following 
simple  form  :  — 

tan02/=y/lTtan02  .........................     (49') 

The  accompanying  Table  II  gives  the  maximum  efficiency  and 
the  corresponding  best  velocities  for  several  values  of  the  dis- 
charge angle  &  from  15°  to  90°.  In  this  case  also  the  efficiency 
increases  with  the  diminution  of  the  angle  02.  The  radial  velocity 
is  not  so  high  as  in  Case  1  ;  its  value  becomes  greatest  when 
sm02'  =  /6-2  and  tan202=(3+-/24)-1,  that  is,  when  02=19°35'. 
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Table  II.     Showing  the  Maximum  Efficiency  and  the 
Corresponding  Best  Speeds  far  Case  2. 


Discharge 
angle 

02 

Maximum 
efficiency 

£ 

Velocity  of 
impeller, 

Vz^VZghx 

Radial  velocity, 
tt2=sV2grAx 

Tangential 
velocity, 

V>z  COS  02 

=V2ghx 

90° 

(•750) 

•816 

•000 

•816 

65° 

•756 

•834 

•090 

•792 

45° 

•775 

•889 

•163 

•726 

30° 

•806 

•990 

•210 

•626 

20° 

•843 

1-139 

•225 

•521 

15° 

•869 

1-275 

•221                   -451 

Case  3.  A  centrifugal  pump  with  a  vortex  chamber,  the  spiral 
casing  being  not  well-designed. 

In  Case  3,  the  centrifugal  pump  is  supposed  to  be  provided 
with  a  vortex  chamber  extending  from  the  outer  surface  of  the 
impeller  to  another  coaxial  cylindrical  surface  of  radius  r3  and 
bounded  by  two  parallel  plates,  which  are  simply  a  continuation 
of  the  fixed  casing  for  the  impeller.  The  space  thus  formed  for 
the  vortex  chamber  is  a  plain  disk-like  space  without  any  vanes 
in  it;  it  is  exactly  the  space  AABB  shown  in  Fig.  1.  The 
motion  of  water  in  this  space  is  then  a  free  spiral  vortex. 

Let     w3= the   absolute   outflow    velocity    of   water    from    the 

vortex  chamber, 

y'3=the  outer  radius  of  the  vortex  chamber, 
m=r.2-t-r3=the  ratio  of  the  inner  radius  of  the  vortex 

chamber  to  the  outer. 
In  this  case  a  part  of  the  absolute   outflow   velocity  iv2  from  the 
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impeller  is  converted  into  statical  pressure  in  passing  through  the 
vortex  chamber.      By  equation  (8),  this  gain  of  pressure  head  is 


(57) 


Since  the  motion  is  a  free  spiral  vortex,  the  direction  of  the 
outflow  of  water  from  the  vortex  chamber  makes  the  same  angle 
a,  with  the  tangent  to  the  circumference,  but  the  magnitude  of 
the  outflow  velocity  is  reduced  ;  by  equation  (5),  we  have 

ic3=mw.2  .....................................     (58) 

The  spiral  casing  being  not  well  designed,  the  whole   of  w3 
will  be  very  nearly  wasted  as  in  Case  1,  and  therefore 

F=^  .....................................     (59) 

Substituting  this  in  (35)  and  replacing  iv2~  by  c->  and  t-2,  we  obtain 


-2 
2(l-zcos02)       '       ............ 

in  which 


Differentiating  e  with  respect  to  z  and  equating  the  result  to 
zero,  there  is  obtained  a  condition  for  inaxrnimum  efficiency  in 
the  form  of  a  relation  between  r2  and  c2,  thus  :  — 


1  —  2  cos  0.2  =  sin  02>        ........................     (61) 

•i.e.,  t'o—  t'ocos  02=t'2sin  0*  ......................     (61') 

The  corresponding  maximum  efficiency  is  easily  found  from  (60): 
Maximum  e=l-  w'sm^  ..................      (62) 


The  velocity  of  the  outer  circumference  of  the  impeller  for  max- 
imum efficiency  is  found  to  be 
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Vn_=/j    — ± y2^ (63) 

Other  velocities  corresponding  to  the  maximum  efficiency  are 
wa  =  J^-_ .      . .  i/Sgh,       (64) 


n.2=w.2  sia  a2 =c2  sin  02 =tan  02  ( 1  —  sin  02)v2 

(66) 

u'2  cos  «2  =  v2—  r,  cos  02 = v2  sin  02 


The  direction  of  the  absolute  velocity  of  outflow  from  the  impeller 
is  given  by 


u. 


w.2  cos  «2        z^2  cos  «2 
l-siu, 


cos02 
therefore  «2=-—  02  ...............................    (68) 


The  accompanying  Table  III  gives  the  maximum  efficiency  and 
the  corresponding  best  velocities  for  several  values  of  the  dis- 
charge angle  02  from  15°  to  90°  and  for  values  of  ra=0'9,  0*8, 
and  0'7.  It  is  seen  from  the  table  that  by  having  a  vortex 
chamber  of  large  size  a  high  efficiency  can  be  obtained  without 
much  reducing  the  discharge  angle  02.  Thus  when  the  diameter 
of  the  vortex  chamber  is  1'25  times  the  diameter  of  the  impeller 
and  the  discharge  angle  02  is  30°,  the  maximum  efficiency  is  79 
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per  cent.,  which  is  greater  by  12  per  cent,  than  the  efficiency  of 
the  otherwise  same  pump  without  a  vortex  chamber.  For  max- 
imum efficiency,  the  radial  velocity  uz  with  which  the  water 
leaves  the  impeller  ought  to  be  rather  high,  unless  the  vortex 
chamber  be  very  large.  But  a  very  high  velocity  of  water 
through  the  pump  means  a  large  amount  of  the  loss  of  head  due 
to  friction.  Hence  it  may  not  be  wise  to  run  the  pump  at  the 
speed  of  maximum  efficiency,  or  in  other  words  it  is  probably 
better  to  make  the  radial  outflow  velocity  u2  somewhat  less  than 
that  corresponding  to  the  maximum  efficiency.  The  radial  velocity 
u2  for  maximum  efficiency  varies  with  the  discharge  angle  02  and 
becomes  greatest  when 

sin02=          J         , (69) 

1  +  1/2— ml 

For  ra=O9,  u2  is  maximum  when  02=28°34';  for  m=Q'&,  u2  is 
maximum  when  02=27°30';  and  for  m=0'7,  u2  is  maximum  when 

02=26°39'. 
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Table  III.     Showing  Maximum  Efficiency  and  the 
Corresponding  Best   Velocities  for  Case  3. 


Discharge 
angle 

Maximum 
efficiency 

£ 

Velocity  of 
impeller,           Radial  velocity> 

Tangential 
velocity, 

M^COSOg 

For     m=?-2-^-?3=0-9 

90° 

(•595)                   -917 

•000 

•917 

65° 

•615                  1-016 

•182 

•819 

45° 

•664                  1-031 

•302 

•730 

30° 

•730 

1-170 

•338 

•585 

20° 

•794 

1-357 

•325 

•464 

15° 

•834 

1-523 

•302 

•394 

For     »/z=»-2-=-r3=0-8 

90° 

(-680) 

•857 

•000 

•857 

65° 
45° 

•696 
•735 

•891 
•981 

•179 

•287 

•807 
•694 

30° 

•787 

1-127 

•325 

•564 

20° 

•837 

1-321 

•317 

•452 

15° 

•869 

1-491                  -296 

•386 

For    ™=,s-3=0.7 

90° 
65° 

.(755)                  -814                  -000 
•767                    -848                  -170 

•814 
•769 

45° 

•798                    '941                   -276 

•666 

30° 

•837                  1-093                  '316 

•547 

20° 

•875                  1-293                  -310 

•442 

15° 

•899                  1-466                  '291                   '379 
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Case  4.  A  centrifugal  pump  ivith  a  vortex  chamber,  the  spiral 
casing  being  well  designed. 

In  Case  4,  the  centrifugal  pump  is  supposed  to  be  provided 
with  a  vortex  chamber  as  in  Case  3  and  the  spiral  casing  to  be 
so  proportioned  as  to  make  the  loss  of  head  due  to  sudden  change 
of  velocity  the  least  as  in  Case  2.  The  gain  of  pressure  head  in 
passing  through  the  vortex  chamber  is  exactly  the  same  as  in 
the  last  case,  namely, 


(70) 


The  radial  component  of  the  absolute  outflow  velocity  from 
the  vortex  chamber  is  necessarily  wasted.  The  spiral  casing 
being  so  proportioned  that  the  velocity  of  water  in  it  is  equal 
to  one  half  of  the  tangential  outflow  velocity,  that  is, 


=_—  t(73COS  flo 


—mw2c,osa2,        ........................     (71) 


the  loss  of  head  is,  by  (26'), 

F=~(u'5  sin  "tf+ 


...   (72) 

In  these  expressions  «3  is  the  acute  angle  between  the  direction 
of  ws  and  the  tangent  to  the  outer  circumference  of  the  vortex 
chamber.  Since  the  motion  in  the  vortex  chamber  is  a  free 
spiral  vortex,  the  path  of  a  particle  of  water  makes  a  constant 
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angle    with    the   radius  vector  and  hence  a3=«2.     Substituting  F 
in  (35),  the  efficiency  becomes 

s=l-  m*{(c*  sin  02)2+K^2-c2  cos  02)2} 
2  v.2(v2—c,  cos  02  ) 


_1      ^2{(2  sin  &)2  +  i(l  -s  cos  02)->  , 

2(1-800800 

in  which  z=c2+v2.  Differentiating  this  equation  with  respect  to 
z  and  equating  the  result  to  zero,  there  is  obtained  the  condition 
for  maximum  efficiency  in  the  form  of  a  relation  between  c2  and 
v2  ;  thus  : 

l-scos0o=sin02/>      ........................     (74) 

i.e.,  v2—  c2cos  02:=r2  sin  02',    .....................     (74') 

i  .  -i  1  1  sin  0o  /r-z\ 

m  which  sin0./=    /  .  ,.      ,       8  .  .............     ('5) 

T/Sin-  02  +  J  GOB*  po 

The  value  of  the  maximum  efficiency  then  becomes 

•n/r       •  I11?  sin  02r  mc\ 

Maximum  e  =  l  —  -—  -  -  .  r2,  ..  ......................     (76) 

2(1  +  sin  0/) 

The  velocity  of  the  outer  circumference  of  the  impeller  for 
maximum  efficiencv  then  becomes 


Other  velocities  corresponding  to  maximum  efficiency  are 

............  (78) 


/(l-sia020(2-8in2020  (79) 

2V  2(1  +  sin  0/) 

=  iv.2  sin  «2=c,  sin  02 

/8in202/(l-sin0./)  (80^ 

-t2V        2(1  +  sin  M 


?t'2  cos  a.2  =  vs—  c2  cos    o  =  t/'g 
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The  direction  of  the  absolute   velocity   of  outflow   from   the   im- 
peller is  given  by 


wt  cos  Og        iv  2  cos  a.2 


Notice  that  the  equation  (75)  can  be  written  in  the  form 
tan02'=-/2~tau02  .........................     (75') 

The  accompanying  Table  IV  gives  the  maximum  efficiency  and 
the  corresponding  best  velocities  for  several  values  of  the  discharge 
angle  02  from  15°  to  90°  and  for  values  of  w&=0'9,  0'8,  and  0'7. 
The  discharge  angle  02  can  be  made  very  large  without  much 
loss  of  efficiency.  It  is  a  decided  advantage  to  employ  a  large 
discharge  angle  02,  because  the  speed  of  rotation  of  the  impeller 
as  well  as  the  radial  velocity  of  water  through  the  impeller  will 
then  become  considerably  reduced  and  in  consequence  the  hy- 
draulic friction  and  also  the  mechanical  work  wasted  in  shaft 
friction  will  become  reduced.  In  Case  4  the  radial  velocity  of 
water  for  maximum  efficiency  has  a  good  practical  value  when 
the  ratio  m  is  0*9  to  0'7  for  all  values  of  the  discharge  angle 
02,  say,  from  60°  to  15°.  The  radial  outflow  velocity  U2=w2sina2 
=c.2  sin  02  becomes  greatest  when 

2-4  sin  0'2  -  (2  -  m2)  sin2  0'2  =  0, 
that  is,  when 

tan20,=  -  —.  -  =       =  ..........     (83) 

(4_w,2j  +  1/8(4-m:!) 

Thus  for  ra=:0*9,  u*  is  maximum  when  02  =  19°  12', 

„    m=0-8,  u,  „  „      02=18°  53', 

and       ,,    m=0'7,  u2  „  ,,      02=18°37/. 
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Table  IV.     Showing  Maximum  Efficiency  and  the 
Corresponding  Best  Velocities  for  Case  4. 


Discharge 
angle 

02 

Sin  0,' 

Maximum 
efficiency 

£ 

Velocity  of 
impeller 

t>2=V/2#Ax 

Kadial 
velocity 

u.2=Sfyhx 

Tangential 
velocity 

tfg  COS  <X2 

-V/20AX 

For     m=r2-~r3=Q-Q 

90° 

1-000 

(•798) 

•792 

•000 

•792 

65° 

•950 

•803 

•810 

•087 

•769 

45° 

•816 

•818 

•865 

•157 

•707 

30° 

•633 

•843 

•968 

•206 

•613 

20° 

•458 

•873 

1-119              -221 

•512 

15° 

•354 

•894 

1-256 

•217 

•445 

1 

For     w=r2-7-r3=0-8 

90° 

1-000 

(•840) 

•772 

•000 

•772 

65° 

•950 

•844 

•790 

•085 

•750 

60° 

•926 

•846               -804 

•110 

•744 

45° 

•816 

•856 

•846 

•155 

•691 

30° 

•633 

•876 

•950 

•202 

•601 

20° 

•458 

•900 

1-102              -218 

•504 

15° 

•354 

•916 

1-241              -212 

•440 

For    w=r2-7-r3=0-7 

90° 

1-000 

(•878) 

•755 

•000 

•755 

65° 

•950 

•881 

•773 

•083 

•734 

45° 

•817 

•890 

•829 

•152 

•677 

30° 

•633 

•905 

•935 

•198 

•591 

20° 

•458 

•923 

1-087 

•215 

•498 

15° 

•354 

•936 

1-227              -212 

•456 
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In  centrifugal  pumps  with  vortex  chambers  whose  sides  are 
parallel,  the  water  before  entering  the  spiral  casing  forms  a 
free  vortex  and  the  velocity  of  whirl  is  inversely  as  the  radius 
measured  from  the  axis  of  the  shaft.  In  order  to  avoid  the 
waste  of  the  kinetic  energy  of  this  velocity  of  whirl,  the  impel- 
ler must  revolve  in  a  large  vortex  chamber.  Thus  to  obtain  a 
theoretical  efficiency  of  f,  with  a  pump  constructed  with  radial 
vanes,  the  diameter  of  the  vortex  chamber  must  be  double  the 
diameter  of  the  impeller.  To  obtain  the  same  efficiency  with  a 
pump  having  the  discharge  angle  02  equal  to  30°,  the  diameter 
of  the  vortex  chamber  must  be  1*63  times  the  diameter  of  the 
impeller.  The  higher  is  the  efficiency  of  a  centrifugal  pump,  the 
more  cumbrous  is  the  machine.  A  pump  of  high  efficiency  and 
of  a  moderate  size,  however,  can  be  obtained  by  a  special  construc- 
tion given  in  the  following  Case  5. 

Case  5.  A  centrifugal  pump  provided  with  a  vortex  chamber, 
which  gradually  diverges  outwards,  and  in  which  there  is  a  number 
of  properly  arranged  guide  vanes,  the  motion  of  water  in  the  vortex 
chamber  being  forced  vortex. 

The  pump  is  here  provided  with  a  vortex  chamber  extending 
from  the  outer  surface  of  the  impeller  to  another  co-axial  cylin- 
drical surface  of  radius  rs  and  bounded  by  curved  side  plates 
diverging  outwards,  which  are  a  continuation  of  the  fixed  casing 
for  the  pump,  Fig.  6.  The  form  of  the  vortex  chamber  is  that 
given  in  Fig.  2.  The  radial  velocity  u  and  the  resultant  velocity 
w  at  any  point  P,  Fig.  2,  in  the  vortex  chamber  have  the 
following  relation  :  — 


(19) 
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b  r  iv  sin  a  =  b2r2iv2  sin  a2=b3r3w.i  sin  «3 (20) 

Hence  by  making  b3  greater  than  b2  and  «3  greater  than  «2,  it  is 
possible  to  reduce  to  a  large  extent  the  velocity  of  outflow  from 


FIG.  6. 

the  vortex  chamber,  of  which  the  diameter  is  only  moderately 
large.  Both  the  radial  and  the  resultant  velocity  can  be  made 
to  decrease  gradually  by  giving  suitable  values  to  a  and  b,  the 
angle  «  being  determined  by  the  directions  of  fixed  guide  vanes, 
a  number  of  which  is  placed  in  the  vortex  chamber.  The  mo- 
tion of  water  through  such  a  vortex  chamber  is  then  a  con- 
strained or  forced  vortex. 


0   ... 
Putting 


6*  9'.  sin  a* 
-   2     —  2- 


(84) 


the  equation  (20)  gives 


which  is  exactly  of  the  same  form  as  the  equation  (58).    Hence 
in  a  centrifugal  pump  belonging  to  Case  5,  if  no   special  atten- 


214 


Theory  of  Centrifugal  Pumps. 


[xxn. 


tion  is  paid  to  the  proportions  and  construction  of  the  spiral 
casing,  it  follows  at  once  that  all  the  reasoning  in  Case  3  and 
the  formula?  from  (57)  to  (69)  are  applicable  to  Case  5  without 
any  alteration. 

The  accompanying  Table  V  gives  the  maximum  efficiency 
and  the  corresponding  best  velocities  for  several  values  of  dis- 
charge angle  02  and  for  small  values  of  m='Q,  '5,  '4,  "3,  and  *2 
suitable  for  pumps  belonging  to  Case  o.  Excepting  that  the 
quantity  m  has  now  an  extended  meaning  given  by  (84),  Table 
V  is  simply  a  continuation  of  Table  III  for  low  values  of  m. 

Table  V.     Showing  Maximum  Efficiency  and  the 
Corresponding  Best  Velocities  for  Case  o. 


Discharge                Maximum 
angle                     efficiency 

Velocity  of 
impeller 

Kadial 
velocity 

Tangential 
velocity 

Wo  COS  «2 

02 

£ 

_,  \X2oAx 

u»=i/2<;Ax 

i/2/jA  v 

" 

I 

For       m      6«rssin«*      0-6 

63  r3  sin  0.3 

90° 

(-820) 

•781 

•000                   -781 

65° 

•833                   -814 

•167 

•738 

45° 

•851                    -912 

•267 

•645 

30° 

•880 

1-066 

•308 

•533 

20° 

•908 

1-269 

•304                    -434 

15° 

•926 

1-444 

•280                   -374 

r3  bs  sin  «3 

90° 

(•875) 

•756                  -000 

•756 

65° 

•881                    -791                   -159 

•717 

45° 

•896                   -888                  -260 

•628 

30°                     -917 

1-044                 -302 

•522 
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Discharge 
angle 

02 

Maximum 
efficiency 

£ 

Velocity  of 
impeller 

D2  =  \/2gh  X 

Eadial 

velocity 

«2=V2jjAx 

Tangential 
velocity 

W2  COS  «2 

=V2ghx 

For 

m  _  n-  &2  sin  a 

1=0-4 

rs  &3  sin  « 

90°                  (-920) 
65°                    -924 

•737                   -000 
•773                  -155 

•737 
•700 

45° 

•934 

•870                 -255 

•615 

30° 

•947 

1-038                 -300 

•519 

For 

m      *2&asina2      ().3 

rs  bs  sin  «3 

90° 

(-955) 

•724 

•000 

•724 

65° 

•957                   -759 

•153 

•688 

45° 

•963                   -857 

•251 

•606 

30° 

•970                 1-015 

•293 

•508 

For 

m_r.2b2sina,  __Q.O 

7  3  63  Sill  «3 

90° 

(-980) 

•714 

•000 

•714 

65° 

•980 

•750 

•151 

•725 

45° 
30° 

•983 
•987 

•848 
1-007 

•248 
•291 

•600 
•503 

In  a  centrifugal  pump  having  a  vortex  chamber  of  an  or- 
dinary form  consisting  of  simple  disk-like  space  bounded  by 
parallel  walls  without  guide  vanes,  it  would  require  an  unmanage- 
ably large  vortex  chamber  to  reduce  the  ratio  m=r^rs  to  so  low 
a  value  as  0'3  or  0*2.  In  a  free  vortex  pump,  therefore,  the  only 
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practical  way  of  obtaining  a  high  efficiency  is  by  making  the 
discharge  angle  02  small.  But  a  very  small  value  of  this  angle 
02  necessitates  a  high  peripheral  speed  of  the  impeller,  causing  a 
large  amount  of  loss  of  work  in  friction.  For  example  in  a  free 
vortex  pump  of  Case  3,  let  m=r2+r3=Q'7o  and  02=25°,  then 
the  theoretical  maximum  efficiency  is  0'83  and  the  corresponding 
peripheral  velocity  of  the  impeller  is  1  '21y/2gh.  Now  in  a 
forced  vortex  pump  it  is  quite  easy  to  reduce  the  ratio  m  to  0'2 
or  to  a  still  smaller  value,  thereby  securing  a  very  high  efficiency ; 
and  at  the  same  time  the  discharge  angle  02  can  be  made  very 
large  without  an  appreciable  loss  of  efficiency.  A  very  important 
practical  advantage  of  making  02  large  is  the  lowness  of  the 
peripheral  speed  of  the  impeller.  In  a  forced  vortex  pump  made 
at  Shibaura  Engineering  Works,  Tokyo,  according  to  the  design 
of  the  author,  and  tested  against  lifts  up  to  130  ft.,  the  principal 
dimensions  were  as  follows  : — 

Lift  for  which  designed       120ft. 

Delivery  per  minute      112  cub.  ft. 

Dia.  of  suction  and  delivery        7" 

Outer  dia.  of  impeller,  2r2 141" 

Inner  dia.  of  impeller,  2  rx 7|" 

Dia.  of  vortex  chamber,  2  r3        20" 

Axial  width  of  impeller  at  outlet,  b2 I" 

Axial  width  of  vortex  chamber  at  outlet,  bs...   1J" 
Discharge  angle  of  impeller  vanes,  02        •••  75° 

Entrance  angle  of  guide  vanes,  «2      7°31' 

Discharge  angle  of  guide  vanes,  «3     31°48' 

In  this  pump,  the  ratio  m  has  the  following  value  : — 
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.2         |x7ixrin7031'    _ 


&3  »•,  sin  «3       1£  x  10  x  sin  31°48' 

and  neglecting  friction  altogether,  the  maximum  efficiency  is  0'99, 
the  corresponding  peripheral  speed  of  the  impeller  being  only 
Q'72y2ffh  and  the  radial  velocity  of  outflow  from  the  impeller 
0'092-i/2grA.  The  results  of  tests  of  this  pump  carried  out  at 
Shibaura  Engineering  Works  will  be  given  in  another  Paper  en 
suite. 

Speed  at  which  Delivery  Commences.  When  a  centrifugal 
pump  is  started,  the  water  filling  the  space  between  the  outer 
and  inner  surfaces  of  the  impeller  will,  in  the  first  instance, 
rotate  as  a  solid  mass  with  the  impeller  and  the  discharge  will 
not  commence  till  the  speed  of  the  outer  circumference  of  the 
impeller  reaches  the  value  given  by 


(85) 


Hence  it  is  often  difficult  to  start  a  centrifugal  pump  in  which 
the  outer  radius  is  not  much  greater  than  the  inner.  If,  for 
example,  the  outer  radius  of  the  impeller  is  twice  that  of  the 
inner  and  if  the  suction  and  delivery  pipes  are  both  filed  with 
water  up  to  the  working  lift  h  before  starting,  there  will  be  no 
delivery  until  the  speed  of  the  outer  periphery  reaches  the  value 


=  1-15 


When  the  pump  is  once  started,  this  initial  speed  may  be  gradu- 
ally reduced  without  stopping  the  delivery.      Supposing  that  the 
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pump  is  provided  with  a  vortex  chamber  whose  dia.  is  1J  times 
that  of  the  impeller  and  that  the  discharge  angle  02  is  65°,  the 
speed  would  have  to  be  reduced  to  *89i/%A  for  maximum  effi- 
ciency. The  delivery  would  cease  entirely  when  the  speed  is  still 
more  reduced,  down  to  '86-)/2gh.  For  the  coefficients  of  these 
two  velocities  see  Table  III.  The  equation  (85)  given  above  may 
be  obtained  as  follows  : — When  there  is  no  delivery  of  water, 
the  equations  (29)  and  (30)  evidently  become 

-^=^-7*!  (29'j 

P 

and  -^=lia+U, (30') 

Now  neglecting  the  disk  friction,  the  equation  (31)  becomes 

P2  Pi  V/  Vj*  ,0-,/x 

7~7-=^-^r- 

Since  — ?-=— -r,  the  elimination  of  p^  and  p.2  from  (31')  by  means 
of  (29')  and  (30')  gives  a  resulting  equation  which  is  (85). 

Efficiency  and  Delivery  at  a  Speed  Differing  from  That  of 
Maximum  Efficiency.  It  has  been  clearly  shown  that  in  any 
centrifugal  pump  working  against  a  given  lift,  there  exists  some 
definite  speed  of  the  impeller  for  which  the  efficiency  is  max- 
imum. The  speed  of  the  impeller  for  the  maximum  efficiency 
and  the  corresponding  principal  velocities  of  the  water  passing 
through  the  pump  have  also  been  fully  considered.  Now  sup- 
posing that  a  pump  is  run  at  a  speed  differing  from  that  of  the 
maximum  efficiency,  questions  arise  how  far  will  the  efficiency 
fall  short  of  that  maximum  value  and  in  what  proportion  will 
the  delivery  of  water  vary  in  consequence  ?  These  two  points 
and  also  another  point  of  importance,  namely,  the  effect  of  the 
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variation  of  the  discharge  angle  02  °n  the  efficiency  and  delivery, 
will  now  be  considered. 

For  this  purpose  a  general  expression  for  the   total   loss   of 
head  F  can  be  obtained  in  the  following  form  :  — 


(86) 
(86') 


Making  m  and  i  in  this  equation  both  equal  to  unity,  the  result 
is  the  equation  (36)  of  Case  1  ;  making  m  equal  to  unity  and  i 
equal  to  i,  the  result  is  the  equation  (46)  of  Case  2  ;  making  i 
equal  to  unity,  the  result  is  the  equation  (59)  of  Case  3  and 
Case  o  ;  and  making  i  equal  to  i,  the  result  is  the  equation  (72) 
of  Case  4.  The  above  expression  for  F  is,  therefore,  applicable 
to  any  of  the  cases  previously  considered,  by  assigning  proper 
values  to  m  and  i.  The  quantity  i  has  been  stated  to  be  either 
a  unity  or  else  a  half.  Strictly  speaking,  however,  it  may  be 
any  number  greater  than  a  half  up  to  a  unity  in  Cases  1,  3,  and 
o.  For,  taking  Case  1  and  referring  to  the  equation  (26),  the 
loss  of  head  is  more  accuratel 


ws  sn 


in  which  w>4  is  the  velocity  of  water  in  the  spiral  casing.  Wri- 
ting Wi=j  (w2  cos  «2)  where  j  is  supposed  to  have  any  value  from 
zero  to  unity  except  one  half,  we  have 

F=  --(w-2  sin  «*)3  +  K1  - 
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which  is  the  equation  (86)  and  in  which  i  stands  for  (l—j)2+j2. 
Hence  the  quantity  i  is  always  greater  than  a  half  and  may 
reach  a  unity.  Substituting  the  general  value  of  F  above  given 
in  the  equation  (34),  we  have 

h+     Llu./+t(v.2-u.  cot  02) 


=  —  v2(v.2—n.2  cot  02), 

J 


.e.,  m  w2l  +  i  cot 

=(2~im2)v.^-2gh  .......     (87) 

Let  cot02=—  L=cot$/. 

V* 

Then 

m"  u.-,~+  2u2  Vo(\  —  i  m2)  —  7=sin  0./  cos  0.>' 
yi 

siu2  0/  .......     (87-') 

This  equation  shows  that  in  a  centrifugal  pump,  whatever 
may  be  the  discharge  angle  02>  the  delivery  of  water  will  cease 
entirely  when  the  speed  of  the  impeller  is  reduced  down  to 


(88) 


Solving  the  equation  (87')  for  u2,  we  obtain 


(89A) 

in  which  (J==^ {l  —  (1  —  i m*)* am*  fa'\a?  —  im' 

(~\        !  vn*\Y  r»   «  fA  '  (^90^ 
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tan  0/  =  -i==taii  02 (91) 

and  v»=x-\/'2gh.       (92) 

Now  by  equation  (35),  the  efficiency  of  the  pump  is 

2yA 

2  Vi(v.,—u,  cot  0o ) 

2grA 


iW    / 

This  equation  enables  us  to  calculate  the  efficiency  of  a  centrifu- 
gal pump  when  it  is  driven  at  any  speed  against  a  given  lift ; 
and  since  the  delivery  of  water  is  Q=u2A2  where  A2  is  a  con- 
stant for  a  given  pump  and  equal  to  2?rr252=  the  area  of  the 
cylindrical  outlet  surface  of  the  impeller,  the  radial  velocity  u2 
may  be  taken  as  a  measure  of  the  delivery  of  water  and  there- 
fore the  equation  (89)  enables  us  to  make  an  estimate  of  the 
delivery  by  a  given  pump  when  it  is  driven  at  a  given  speed 
against  a  given  lift.  Consider  the  several  cases  separately  and 
more  in  detail. 

Case  1.     In  this  case   m  =  l   and   i  =  l,    so    that    0/=02    and 


q=Vr-l.     Hence  (89)  and  (93)  take  the  following  forms  : 

u,=sm  ^x^^lVW1        ..................     (89/) 

and 


2x(x—  cos  pji/ar—  1) 
In  the  accompanying  Table  VI  are  given  the  values  of  u2  and  £ 
calculated  by  these  formula?  for  several  values  of  x  and  for  a 
few  values  of  02-  The  speed  of  no  delivery  of  water  is,  in  this 
case,  equal  to  the  velocity  due  to  the  lift,  as  is  shown  by  (88). 
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Table  VI.     Showing  the  Efficiency  and  the  Radial  Velocity 
for  a  Given  Speed  of  the  Impeller  for  Case  1. 


Discharge  angle 

Value  of  x  in                     Efficiency 

Value  of  k  in 

6 

r2=x\/2glt 

£ 

**=*"** 

1-00 

(•500) 

•000 

1-05 

•454 

•320 

90° 

1-10 

•413 

•458 

1-15 

•378 

•568 

1-20 

•347 

•663 

1-00 

(-500) 

•000 

1-05 

•535 

•277 

60° 

1-10 

•522 

•397 

1-15 

•501 

•470 

1-20 

•480 

•574 

1-00 

(•500) 

•000 

1-05 

•616 

•160 

1-10 

•646 

•229 

30° 

1-15 

•661 

•284 

1-20 

•666 

•332 

1-3 

•663 

•415 

1-4 

•648 

•490 

Case    2.       In    this    case    m=l    and    i=%,    so    that    tan  02' 
1/2  tan       and 


Hence 


(892) 
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In  the  accompanying  Table  VII  are  given  the  values  of  u2  and 
e  calculated  by  these  formulas  for  several  values  of  x  and  for  a 
few  values  of  02.  The  speed  of  the  impeller  at  which  the  de- 
livery of  water  ceases  entirely  is  found  by  (88)  and  is  equal  to 
the  velocity  due  to  f  of  the  lift,  that  is, 


Table  VII.     Showing  the  Efficiency  and  the  Radial  Velocity 
for  a  Given  Speed  of  the  Impeller  for  Case  2. 


Discharge  angle 

Value  of  x  in 

Efficiency 

Value  of  k  in 

A 

vz=xVW 

£ 

«2=&VlpT 

•816 

(•750) 

•000 

•85 

•692 

•289 

90° 

•90 

•560 

•592 

1-00 

•500 

•707 

•816 

(•750) 

•000 

•85 

•759 

•130 

60° 

•90 

•741 

•365 

1-00 

•677 

•428 

•816 

(-750) 

•000 

•90 

•780. 

•116 

•95 

•806 

•171 

1-0 

•806 

•219 

30° 

1-05 

•802 

•264 

1-1 

•796 

•305 

1-15 

•796 

•349 

1-2 

•775 

•381 

1-3                              "747 

•453 
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Case  3.     In  this  case  i=l,  so  that  02'=02  and 

-w2-(l-m2)a;cos0,.    ...    (903) 


Hence  u,=^h       ..............................    (88.} 

•° 


By  equation  (88),  the  velocity  of  the  outer  periphery  of  the  im- 
peller for  no  delivery  of  water  is 


for  any  value  of  the  discharge  angle  $>•  Now  if  the  diameter  of 
the  vortex  chamber  be  so  large  that  the  quantity  m  can  be 
neglected  without  sensible  error,  the  velocity  of  the  impeller  for 
no  delivery  becomes 


Thus  by  driving  the  impeller  at  a  speed  equal  to  the  velocity 
due  to  one  half  of  the  lift  it  is  possible  to  keep  the  level  of 
water  in  the  delivery  pipe  at  a  constant  height  equal  to  the  lift, 
without  discharging  any  water.  The  accompanying  three  Tables 
VIIIA,  VIIIB,  VIIIC  give  the  values  of  u,  and  £  calculated  by 
the  formulae  (893)  and  (933)  for  several  values  of  x  and  for  a 
few  values  of  02«  when  m=O9,  0'8,  and  0*7. 
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Table  VIII  A.     Showing  the  Efficiency  and  the  Radial  Velocity 
for  a  Given  Speed  of  the  Impeller  for  Case  3,  ra=O9. 


Discharge  angle 

02 

Value  of  x  in 
v.2=xVfyh, 

Efficiency 

£ 

Value  of  k  in 
u^kVZgh 

90° 

•917 
•95 
1-00 

(-595) 
•554 
•500 

•000 
•302 
•482 

1-05 

•454 

•621 

60° 

•917 
•95 
1-00 

(•595) 
•610 
•618 

•000 

•182 
•330 

1-05 

•599 

•442 

•917 
•95 

(-595) 
•651 

•000 
•082 

1-00 

•683 

•161 

30° 

1-05 

•713 

•221 

1-10 

•724 

•273 

1-15 

•729 

•319 

1-20 

•729 

•363 
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Table  VIII  B.     Showing  the  Efficiency  and  the  Radial  Velocity 
for  a  Given  /Speed  of  the  Impeller  for  Case  3,  m=0'8. 


Discharge  angle 

Value  of  x  in 

Efficiency 

Value  of  k  in 

02 

v.2=x\/2gh 

£ 

u2=kl/2gh 

•858 

(•680) 

•000 

•90 

•617 

•398 

90° 

•95 

•554 

•423 

1-00 

•500 

•750 

•858 

(•680) 

•000 

•90 

•703 

•190 

60° 

•95 

•695 

•334 

1-00 

•681 

•450 

•858 

(•680) 

•000 

•90 

•724 

•077 

•95 

•754 

•146 

30° 

1-00 

•772 

•228 

1-05 

•782 

•255 

MO 

•785 

•301 

1-20 

•766 

•351 
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Table  VIII  C.     Showing  the  Efficiency  and  the  Radial  Velocity 
for  a  Given  Speed  of  the  Impeller  for  Case  3,  m=0'7. 


Discharge  angle 

Value  of  x  in 

Efficiency 

Value  of  k  in 

02 

v2=x\/2gh 

£ 

*»H^P 

•814 

(•755) 

•000 

•85 

•692 

•430 

90° 

•90 

•617 

•675 

•95 

•554 

•860 

•814 

(•755) 

•000 

•85 

•772 

•152 

60° 

•90 

•768 

•306 

•95 

•765 

•454 

•814 

(•755) 

•000 

•85 

•782 

•056 

•90 

•807 

•122 

•95 

•822 

•179 

30° 

1-00 

•831 

•230 

1-05 

•835 

•277 

1-10 

•838 

•322 

1-20 

•832 

•404 
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Case  4.     In   this  case  i=\  so  that  tan  02'=-/2~tan02  and 


Hence  ^=q*?  ..................    (89<} 

'"  ...............  (93<) 


By  equation  (88),  the  velocity  of  the  outer  periphery  of  the  im 
peller  for  no  delivery  of  water  is 


The  accompanying  three  Tables  IXA,  IXB,  IXC  give  the  values 
of  ^  and  e  calculated  by  (894)  and  (934)  for  several  values  of  x 
and  for  a  few  values  of  02  when  m=0'9,  0*8,  and  0*7. 
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Table  IX  A.     Showing  the  Efficiency  and  the  Radial  Velocity 
for  a  Given  Speed  of  the  Impeller  for  Case  4,  m=0'9. 


Discharge  angle 

Value  of  x  in 

Efficiency                   Value  of  k  in 

& 

v.,  =  xVZgh 

e 

u.,  =  kV2gh 

•792 

(•798) 

•000 

90°                         -85 

•692 

•434 

•90 

•617 

•600 

•792 

(•798) 

•000 

•85 

•799 

•198 

60° 

•90 

•775 

•318 

•95 

•743 

•419 

•792 

(•798) 

•000 

•85 

•830 

•081 

•90 

•838 

•137 

30° 

•95 

•843 

•188 

1-0 

•842 

•234 

1-1 

•831 

319 

1-2 

•810 

•396 
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Table  IX  B.     Showing  the  Efficiency  and  the  Radial  Velocity 
for  a  Given  Speed  of  the  Impeller  for  Case  4,  m=0'8. 


Discharge  angle 

0-2 

Value  of  x  in 

Efficiency 

£ 

Value  of  k  in 

90° 

•772 
•80 

(•840) 
•781 

•000 
•342 

•85 

•692 

•578 

60° 

•772 
•80 
•85 

(-840) 
•858 
•832 

•000 
•124 

•248 

•90 

•807 

•368 

•772 
•80 

(•840) 
•853 

•0000 
•0385 

•85 

•868 

•0992 

30° 

•90 
•95 

•875 
•876 

•153 
•202 

1-00 

•875 

•248 

1-10 

•864 

•331 

1-20 

•845 

•408 
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Table  IX  C.     Showing  the  Efficiency  and  the  Radial  Velocity 
for  a  Given  Speed  of  the  Impeller  for  Case  4,  m=O7. 


Discharge  angle 

02 

Value  of  x  in 
v2=x\/2gh 

Efficiency 

£ 

Value  of  k  in 

•u2=£v/jp 

90° 

•755 

•80 

(-878) 
•781 

•000 
•501 

•85 

•692 

•740 

60° 

•755 
•80 
•85 

(•878) 
•881 
•865 

•000 
•157 
•295 

•90 

•838 

•410 

•755 

•80 

(•878) 
•891 

•0000 
•0569 

•85 

•900 

•113 

30° 

•90 
•95 

•904 
•905 

•165 
•213 

1-00 

•903 

•257 

1-10 

•892 

•341 

1-20 

•876 

•418 
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Comparison  and  Discussion.  Numerical  values  of  efficiency 
and  two  other  quantities  given  in  the  foregoing  eight  Tables  from 
VI  to  IX  C  have  been  re-arranged  and  formed  into  six  other 
Tables  from  X  to  XV  so  as  to  facilitate  comparison.  Going  over 
these  six  tables,  the  exact  dependence  upon  each  other  of  the 
three  quantities  therein  given  can  be  very  clearly  traced  out. 

1°.  Let  us  first  confine  our  attention  to  pumps  having  the 
discharge  angle  02  equal  to  30°.  Referring  to  Table  X  it  is  seen 
that  the  velocity  of  the  impeller  for  maximum  efficiency  ranges 
from  l"2V2gh  to  O9o-/2#A,  being  highest  in  Case  1  and  lowest 
in  Case  4.  A  deviation  of  the  velocity  of  the  impeller  by 
0'Wv/2gh  from  the  best  velocity  has  the  effect  of  lowering  the 
efficiency  by  about  two  per  cent,  in  Case  1  and  by  a  much  smaller 
percentage  in  most  other  cases ;  a  greater  deviation  from  the  best 
velocity  causes  the  loss  of  efficiency  in  a  somewhat  faster  propor- 
tion especially  in  Case  1.  As  has  been  stated  before,  the  radial 
velocity  u-2  may  be  taken  as  a  measure  of  the  delivery  of  water 
by  a  given  pump  when  working  against  a  given  lift.  Referring 
to  Table  XI  it  is  seen  that  in  Cases  1  and  3,  this  radial  velocity 
Uo  for  maximum  efficiency  is  rather  high,  being  0*3Ch/2^A  to 
G'331/2^.  High  radial  velocities  such  as  these  would  cause  a 
great  deal  of  loss  of  head  due  to  hydraulic  friction,  unless  the 
lift  h  be  very  small,  say,  up  to  8  ft.  or  9  ft.  only.  In  Cases 
2  and  4,  the  radial  velocity  uz  for  maximum  efficiency  is  from 
O'llH/ 2gh  to  0'22i/2^A,  which  may  be  regarded  as  moderate  for 
moderate  lifts,  but  probably  not  low  enough  for  lifts  higher  than 
about  18  ft.  or  20  ft. 

2°.  Secondly  consider  pumps  having  the  discharge  angle  0L> 
equal  to  60°.  Referring  to  Table  XII  it  is  seen  that  the  speed 
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of  the  impeller  for  maximum  efficiency  ranges  from  O'SOi/S^A  to 
l'OoT/2ffh,  being  highest  in  Case  1  and  lowest  in  Case  4.  If  a 
pump  belonging  to  any  of  the  cases  and  having  the  discharge 
angle  02=30°  is  compared  with  one  belonging  to  the  same  case 
and  having  02=60°,  the  velocity  v2  of  the  maximum  efficiency  of 
the  first  pump  is  higher  than  that  of  the  second  by  0'15v/2^A 
or  more.  If  a  pump  belonging  to  Case  1  and  having  02=30°  is 
compared  with  one  belonging  to  Case  4  and  having  02=60°,  the 
velocity  v2  of  the  first  pump  is  1J  times  that  of  the  second,  and 
therefore  if  these  two  pumps  are  driven  at  the  same  peripheral 
velocity  and  both  developed  their  power  at  their  maximum  effi- 
ciency, the  lift  of  water  by  the  second  pump  will  be  2i  times 
that  by  the  first,  the  efficiency  being  O88  and  0*67  respectively. 
Thus  there  is  a  gain  in  lift  of  125  per  cent,  and  a  gain  in  efficiency 
of  21  per  cent,  both  in  favour  of  the  second  pump.  These  results 
will  of  course  be  modified  by  hydraulic  friction  to  a  greater  or 
less  extent  according  to  the  velocity  of  water  through  the  pump. 
The  effect  of  hydraulic  friction  will  be  dealt  with  further  on. 

3°.  Thirdly  consider  pumps  having  the  discharge  angle  02 
equal  to  90°.  When  the  vanes  are  radial,  whatever  may  be  the 
forms  of  the  pump  in  other  repects,  the  efficiency  is  the  same 
for  the  same  velocity  of  the  impeller  and  increases  continuously 
as  the  velocity  of  impeller  decreases  down  to  the  limiting  velocity 
at  which  the  discharge  of  water  ceases  entirely,  so  that  there 
does  not  exist  a  velocity  of  maximum  efficiency.  The  velocity  of 
the  impeller  for  no  delivery  of  water  for  the  eight  forms  of  the 
pump  given  in  the  foregoing  tables  ranges  from  0*76  Vlgh  to 
I'OO  Vlgh  and  a  small  rise  of  the  velocity  above  these  values 
produces  a  considerable  radial  velocity  v»  and  consequently  the 
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delivery.  In  general,  when  the  discharge  angle  02  is  equal  to  or 
slightly  less  than  90°,  a  small  variation  of  the  velocity  of  the 
pump  causes  a  comparatively  large  variation  of  the  delivery,  so 
that  pumps  of  this  type  will  be  somewhat  more  liable  to  become 
unsteady  as  regards  the  quantity  of  delivery  than  pumps  having 
smaller  discharge  angle.  The  larger  is  the  discharge  angle  02, 
the  greater  becomes  the  loss  of  efficiency  of  the  pump  ;  but  on 
the  other  hand  in  vortex  chamber  pumps  there  is  a  practical 
advantage  in  making  02  moderately  large  especially  for  high  lifts, 
because  then  the  speed  of  the  impeller  and  therefore  of  the  pump 
shaft  can  be  reduced  to  a  very  large  extent  and  the  loss  due  to 
mechanical  friction  accordingly  diminished. 


Table  X.     Showing  the  Efficiency  for  Successive  Velocities 
of  the  Impellw  when  02=30°. 


Value  of 
x  in 

l'2  = 

x\/2gh 

Casel 

Case  3 

Case  2 

Case  4 

m=0'9 

m  =  0-8 

m=07 

m=0-9 

771  =  0-8 

7/i=0-7 

0-80 

•853 

•891 

0-85 

•782 

•830 

•868 

•900 

0-90 

•724 

•807 

•780 

•838 

•875 

•904 

0-95 

•651 

•754 

•822 

•806 

•843 

•876 

•905 

1-00 

•683 

•772 

•831 

•806 

•842 

•875 

•903 

1-05 

•616 

•713 

•782 

•835 

•802 

HO 

•646 

•724 

•785 

.000 
000 

•796 

•831 

•864 

•892 

1-15 

•661 

•729 

•796 

1-2 

•666 

•729 

•766 

•832 

•775 

•810 

•845 

•876 

1-3 

•663 

•747 

1-4 

•648 
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Table  XI.     Showing  the  Coefficient  k  in  the  Expression  for  the 

Radial  Velocity  u2=kV2gh,  for  Successive  Velocities 

of  the  Impeller,  when  02=30°. 


Value  of 
x  in 

V2- 

xV2gh 

Casel 

CaseS 

Case  2 

Case  4 

m=0-9 

m=0'8 

7tt=0-7 

m=0'9 

m=0'8 

m=0'7 

0-80 

•039 

•057 

0-85 

•056 

•081 

•099 

•113 

0-90 

•077 

•122 

•116 

•137 

•153 

•165 

0-95 

•082 

•146 

•179 

•171 

•188 

•202 

•213 

1-00 

•161 

•228 

230 

•219 

•234 

•248 

•257 

1-05 

•160 

•221 

•255 

•277 

•264 

1-10 

•229 

•273 

•301 

•322 

•306 

•319 

•331 

•341 

1-15 

•284 

•319 

•349 

1-20 

•332 

•363 

•351 

•404 

•381 

•396 

•408 

•418 

1-3 

•415 

•453 

1-4 

•490 

[TABLE. 
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Table  XII.     Showing  the  Efficiency  e  for  Successive  Velocities 
of  the  Impeller,  when  02=60°. 


Value  of 

x  in 

t>2  = 

xVIgh 

Casel 

Case  3 

Case  2 

Case  4 

m=0'9 

m=0-8 

m=0'7 

m=0'9 

w=0-8 

m=07 

0-80 

•858 

•881 

0-85 

•772 

•759 

•799 

•832 

•865 

0-90 

•610 

•703 

•768 

•741 

•775 

•807 

•838 

0-95 

•618 

•695 

•765 

•743 

1-00 

(•500) 

•599 

•681 

•677 

1-05 

•535 

MO 

•522 

1-16 

•501 

Table  XIII.     Showing  the  Coefficient  k  in  the  Expression  for  the 

Radial  Velocity  uz=kV'2.gh,  for  Successive  Velocities 

of  the  Impeller,  when  02— 60°. 


Value  of 
x  in 
*>2- 
xVZgh 

Casel 

CaseS 

Case  2 

Case  4 

m=0'9 

m=0'8 

m=07 

m=0'9 

m  =  0'8 

«»  =  07 

0-80 

•124 

•157 

0-85 

•152 

•130 

•198 

•248 

•295 

0-90 

•190 

•306 

•365 

•318 

•368 

•410 

0-95 

•182 

•334 

•454 

•419 

1-00 

•000 

•330 

•450 

•428 

1-05 

•277 

•442 

1-10 

•397 

1-15 

•470 
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Table  XIV.     Showing  the  Efficiency  e  for  Successive  Velocities 
of  the  Impeller,  when  02=90°. 


Value  of 

x  in 
z>2  — 
xV2gti 

Casel 

CaseS 

Case  2 

Case  4 

m=0'9 

m=0'8 

m=0'7 

m  =  0'9 

m=0'8 

m=0'7 

0-80 

•781 

•781 

0-85 

•692 

•692 

•692 

•692 

•692 

0-90 

•617 

•617 

•617 

•617 

•617 

0-95 

•554 

•554 

•554 

•554 

1-00 
1-05 

(•500) 
•454 

•500 
•454 

•500 

•500 

1-10 

•413 

1-15 

•378 

Table  XV.     Showing  the  Coefficient  k  in  the  Expression  for  the 

Radial  Velocity  u2=/c  V%gh,  for  Successive  Velocities 

of  the  Impeller,  when  02=90°. 


Value  of 
zin 

l'2=     _ 

xVZgh 

Casel 

Case3 

Case  2 

Case  4 

m=0-9 

m  =0-8 

m=0'7 

m=0'9 

m  =0-8 

m=0'7 

0-80 

•342 

•501 

0-85 

•430 

•289 

•434 

•578 

•740 

0-90 

•398 

•675 

•592 

•600 

0-95 

•302 

•423 

•860 

1-00 

•000 

•482 

•750 

•707 

1-05 

•320 

•621 

1-10 

•458 

1-15 

•568 
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Efficiency  and  Velocity  of  Forced  Vortex  Pump.  Numerical 
values  of  theoretical  efficiency  and  of  radial  velocity  of  water  for 
forced  vortex  pump  of  Case  5  have  been  calculated  by  means  of 
equations  (903),  (893j,  and  (933),  and  given  in  Tables  XVI  and 
XVII.  It  is  seen  from  these  tables  that  for  small  values  of 
the  ratio, 


sin  a3 


( 


say,  not  greater  than  about  J,  the  efficiency  of  the  pump  remains 
practically  the  same  for  all  discharge  angle  02  from  about  45°  to 
75°  and  that  for  any  given  angle  02  the  efficiency  does  not  much 
vary  with  the  velocity  of  the  impeller.  But  an  increased  velocity 
of  the  impeller  causes  a  corresponding  increase  of  the  radial 
velocity,  which  increase  is  greater  the  larger  is  the  angle  02>  as 
can  be  seen  from  Table  XVII.  Thus  a  pump  having  the  dis- 
charge angle  02  equal  to  or  slightly  less  than  90°  is  unsteady  as 
regards  the  quantity  of  delivery  per  unit  time,  or  in  other  words, 
a  small  variation  of  the  velocity  of  impeller  produces  a  compara- 
tively large  variation  of  the  delivery.  Again  a  forced  vortex 
pump,  in  which  m  is  less  than  '6  and  02  is  20°  to  30°,  requires 
a  peripheral  velocity  of  the  impeller  of  about  \\V2gti  to  V'2gh  ; 
while  a  similar  pump  having  02  equal  to  from  45°  to  75°  requires 
a  peripheral  velocity  of  about  '90  v/(lgh  to  *73  V*2gh.  Now  by 
properly  arranging  a  number  of  guide  vanes  in  the  vortex 
chamber,  it  is  quite  easy  to  make  the  ratio  m  less  than  '3  and 
to  keep  the  angle  02  large,  say,  from  45°  to  75°.  Theoretical 
efficiency  higher  than  95  per  cent,  can  then  be  obtained  at  a 
velocity  of  the  impeller  lower  than  that  due  to  the  lift  against 
which  the  pump  works.  These  conclusions  will  of  course  be 
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modified  in  practice  to  a  considerable  extent  by  the  effect  of 
hydraulic  friction  and  of  the  slip  of  water  over  the  surfaces  of 
the  impeller  and  pump  casing. 

The  peripheral  velocity  of  impeller  for  no  delivery  of  water, 
in  pumps  of  Cases  3  and  5  has  the  following  value 


in 

•6 

•5 

•4 

•3 

•2 

•1 

•0 

I 

•781 

•756 

•738 

•724 

•714 

•709 

•707 

yz-m* 

[TABLE. 
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Table  XVI.     Showing  the  Efficiency  e  for  Successive  Velocities 
of  Impeller  in  Forced  Vortex  Pump,  Case  5. 


Discharge 
angle 

& 

Valne  of 

a;  in 
r2 
=x\/*jh 

Efficiency  e  for 

m  =  '6 

TO  =  '5 

»i=-4 

m='3 

tn=-2 

•725 

•951 

•951 

•75 

•889 

•889 

90° 

•775 

•833 

•833 

•80 

•781 

•871 

•85 

•692 

•725 

•955 

•981 

•75 

•921 

•955 

•980 

75° 

•775 

•877 

•917 

•950 

•976 

•80 

•822 

•868 

•906 

•941 

•971 

•85 

•795 

•835 

•75 

•923 

•957 

•981 

60° 

•80 
•85 

•828 
•832 

•884 
•880 

•929 
•920 

•958 
•954 

•981 
•979 

•90 

•821 

•867 

•909 

•80 

•830 

•888 

•930 

•961 

•983 

45° 

•85 
•90 

•845 
•851 

•895 
•896 

•934 
•933 

•963 
•962 

•983 
•983 

•95 

•846 

•893 

•930 

•960 

•982 
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Table  XVII.     Showing  the  Coefficient  k  in  the  Expression  for  the 

Radial  Velocity  u^kVlgh  for  Successive  Velocities 

of  Impeller  in  Forced  Vortex  Pump,   Case  5. 


Discharge 
angle 

02 

Value  of 

x  in 

V2 

=xV2gh 

Coefficient  k  for 

m  =  '6 

m='5 

m  =  '4 

m='3 

m=-2 

•725 

•209 

•866 

•75 

•468 

•907 

90° 

•775 

•452 

•840 

•80 

•371 

•693 

•85 

•717 

•725 

•012 

•081 

•75 

•099 

•193 

•259 

75° 

•775 

•146 

•266 

•357 

•426 

•80 

•150 

•299 

•412 

•507 

•583 

•85 

•411 

•543 

•75 

•047 

•093 

•122 

60° 

•80 
•85 

•079 
•242 

•161 
•314 

•221 
•365 

•255 
•404 

•282 
•431 

•90 

•386 

•449 

•501 

•80 

•047 

•096 

•128 

•150 

•164 

45° 

•85 
•90 

•154 
•247 

•193 
•280 

•220 
•305 

•239 
•323 

•252 
•335 

•95 

•328 

•361 

•384 

•402 

•414 
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Centrifugal  Pumps  having  Divergent  Vortex  Chamber  without 
Guide  Vanes.  An  ordinary  free  vortex  pump  can  be  improved 
to  some  extent  by  making  the  vortex  chamber  diverge  outwards. 
But  it  is  evident  that  a  high  degree  of  divergence  will  not  be 
of  much  practical  value,  because  reversed  currents  and  eddies 
may  set  in  along  the  diverging  side  walls  forming  the  boundary 
of  vortex  motion.  By  how  much  a  free  vortex  pump  is  improved 
by  having  a  divergent  vortex  chamber  can  be  seen  from  the  follow- 
ing theory. 

The  absolute  outflow  velocity  of  water  from  the  vortex 
chamber  is  given  by  equation  (13),  namely, 


in  which  s2  is  the  tangential  component  of  the   absolute  outflow 
velocity  from  the  impeller  and  is  equal  to 

S2  =W2  COS  Oj 
=  V2-C2COS02, 

and  it?,  the  radial  velocity  of  outflow  from  the  impeller,  is 


=c2sin02. 

As  in  Case  3  it  is  supposed  that  no  special  attention  is  paid  to 
the  form  and  proportion  of  the  spiral  casing,  so  that  the  whole 
of  the  outflow  velocity  ws  is  very  nearly  wasted  and  we  have 


,    ...    (94) 


in  which  m=~~    and 
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Substituting  this  value  of  F  in  (35)  the  efficiency  of  the  pump 
becomes 

._!_  m>2(ssm02)2+(l--scos02)2} 
2(1  -z  cos  02) 

in  which  «=-^-. 

^2 

Differentiating  this  and  equating  the  result  to  zero,  we  obtain    a 
relation  between  vz  and  cz  for  maximum  efficiency, 

1  —  zco802=sin02',       ........................     (96) 

in  which 


sin02'=_  2  (97) 

•/w2  sin2  02+  cos2  02  ' 

which  may  be  written 

tan0/=%tan02  ............................     (97') 

The  value  of  the  maximum  efficiency  then  becomes 


sn 


,  (9g) 

l+sm02' 


Now  since 

2gh 


2  v2  v2  sin  0/  ' 
we  have 


(99) 


Other  velocities    corresponding    to    the    maximum    efficiency    are 
found  to  be 
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u.2=w2  sin  a2=c2  sin  02 

=  tan02(l-sin02>2,      (101) 

iv '2  cos  a2=v2— c2  cos  02 

=v2sin02/ (102) 

The  direction  of  the  absolute  velocity  of  inflow   into   the    vortex 
chamber  is  given  by 


M72  COS  «2 


sin  02' 


Now  the  equation  (13)  can  be  written  in  the  form 


ws  =-w2ri*  sin2  02+  cos2  02  . 

But  by  (20)  we  have 

sin  a%  =r2  62  ty2  sin  a2. 


Hence  sm«3=  2          ,     ............    (104) 

y  tr  sin  «2  +  cos2  «2 

which  can  be  written  in  the  form 

(104r) 


This  angle  «g  gives  the  direction  of  the  outflow  velocity  of  water 
from  the  vortex  chamber.  Since  <%  is  smaller  than  «2  a  particle 
of  water  in  passing  through  the  vortex  chamber  from  the  inner 
circumference  to  the  outer  takes  a  course  which  gradually  be- 
comes more  nearly  tangential  to  the  circumference.  From  equa- 
tions (98)  and  (99)  it  follows  at  once  that  so  far  as  the  maximum 
efficiency  and  the  corresponding  velocity  of  the  impeller  are  con- 
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cerned,  the  effect  of  making  the  vortex  chamber  diverge  outwards 
is  exactly  equivalent  to  reducing  the  discharge  angle  from  02  to 
02'  as  given  by  the  equation  (97').  To  take  an  example.  A 
free  vortex  pump  having  a  divergent  vortex  chamber  without 
guide  vanes  suitable  for  suction  and  discharge  pipes  of  8"  dia- 
meter may  have  the  following  dimensions : — 

Inner  dia.  of  impeller  2^       9" 

Outer  dia.  of  impeller  2r2       20" 

Outer  dia.  of  vortex  chamber  2r3 27" 

Discharge  angle  of  impeller  02         30° 

Axial  width  of  vortex  chamber, 

at  inflow  circumference  b2 I" 

at  outflow  circumference  bs 1  iV 

Here  tan  02' = n  tan  02 = ~r~ 


= tan  21°  3'. 
The  maximum  efficiency  is 

£-l_   ra2sin02' 
1  +  sin  0./ 


l  +  sm21°  3' 


=  -855. 
^u«. 


The  velocity  of  the  impeller  for  the  maximum  efficiency  is  found 
by  (99)  to  be 


If  in  this  pump  the  vortex  chamber  did  not  diverge,  the  maximum 


246  Theory  of  Centrifugal  Pumps.  [xxn. 

efficiency  would  be  *817  and  the  corresponding  velocity  of  the 
impeller  1*106  Vfyh.  Thus  though  there  is  a  gain  in  efficiency 
of  3'8  per  cent.,  the  velocity  of  the  impeller  has  to  be  increased 
by  15i  per  cent.  It  may  be  noticed  that  in  a  vortex  chamber 
without  guide  vanes,  whether  divergent  or  non-divergent,  the 
effect  of  hydraulic  friction  in  the  chamber  is  to  cause  a  particle 
of  water  to  take  a  somewhat  shorter  and  more  radial  course, 
tending  to  diminish  the  loss  due  to  friction.  Guide  vanes  in  the 
form  of  equiangular  spirals  arranged  in  a  non-divergent  chamber 
are  worse  than  without  them,  first  because  they  are  more  curved 
than  the  real  paths  which  water  particles  naturally  take  in 
moving  in  a  space  where  there  exists  friction,  and  secondly  be- 
cause they  introduce  more  friction  surface. 

General  Equations  for  Centrifugal  Pumps,  Friction  being  taken 
into  Account.  In  pumps  belonging  to  any  of  the  five  cases 
previously  discussed,  the  loss  of  head  due  to  hydraulic  friction 
may  be  taken  into  account  and  included  in  the  expression  for 
F.  The  total  loss  of  head  F  then  consists  of  five  parts  as 
follows : — 

1°  The  head  due  to  the  radial  velocity  of  outflow  from  the 
vortex  chamber  into  the  spiral  casing.  This  is 

(m  c2  sin  02)2 
~fy~ 

in  which  m  is  either  the  ratio  of  r2  to  r3,  or  the  ratio  given  by 
equation  (84).  If  there  is  no  vortex  chamber,  m  is  unity  and 
the  said  head  is  then  the  head  due  to  radial  velocity  of  outflow 
from  the  impeller  into  the  spiral  casing. 
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2°  A  part  or  the  whole  of  the  head  due  to  the  tangential 
velocity  of  outflow  from  the  vortex  chamber  into  the  spiral 
casing.  This  is 

.  1 


In  Cases  1  and  3,  i  is  unity  ;  in  Case  5,  i  may  be  taken  equal  to 
unity  ;  in  Cases  2  and  4,  i  is  1.     In  Cases  1  and  2,  m  is  unity. 

3°  The  loss  of  head  due  to  frictional  and  other  hydraulic 
resistances  of  water  in  the  vortex  chamber.  This  can  be  express- 
ed in  terms  of  the  head  due  to  the  absolute  velocity  of  inflow 
into  the  vortex  chamber  ;  thus 


4°  The  loss  of  head  due  to  frictional  and  other  hydraulic 
resistances  of  water  moving  over  the  inner  surfaces  of  the  pump 
casing  next  the  vanes  of  the  impeller.  For  a  pump  having  an 
uncased  impeller,  this  loss  of  head  can  be  expressed  by 


In  a  pump  having  a  cased  impeller,  there  exists  a  certain 
amount  of  dead  water  between  the  fixed  casing  of  the  pump  and 
the  impeller  casing.  This  loss  of  work  is  of  more  mechanical 
nature  than  hydraulic  and  the  amount  of  the  loss  depends 
among  other  things  on  the  linear  velocity  of  the  impeller.  In 
what  follows  the  impeller  is  supposed  to  be  uncased. 

5°  The  loss  of  head  due  to  frictional  and  other  hydraulic 
resistances  of  water  moving  over  the  surface  of  the  impeller. 
This  is  expressed  by 
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In  a  cased  impeller  having  a  small  number  of  vanes,  the  coef- 
ficient /2  will  be  approximately  double  that  of  an  uncased  im- 
peller of  the  same  size  and  proportion. 

The  total  loss  of  head  is  then  the  sum  of  these   five   losses 
and  is  equal  to 


*  m\v,-c,  cos  02)2} 


Ar(*m2+/i+/1')K-2  t;2c2cos02) 


(105) 

"y  \  > 

in  which 

and  o=t »»«+/,+// (107) 

The  above  equation  (105)  is  obtained  by  eliminating  w2  by  means 
of  (28).     The  efficiency  of  the  pump  is,  by  (35), 

2  V2(v2—c2  cos  02) 
_  I  _  A  c22 + a(v£— 2  v2  c2  cos  02) 


2(1  -z  cos  02) 
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where  z  =c2-r-v2.      The  condition  of  maximum  efficiency  gives  the 
following  relation  between  c2  and  vz  :  — 

1  —  2  cos  02=  sin  0g',     ........................     (109) 

in  which 


-  ......................     (110) 

The  maximum  efficiency  is  then 


g=  ............ 

]  +  sin  0/ 

and  the  corresponding  best  velocity  of  the  circumference  of  the 
impeller  is 

Vt=J      ¥,,.       ........................     (112) 

7   2  e  sm  02 

Other  velocities  corresponding  to  the  maximum  efficiency  are 
exactly  of  the  same  form  as  those  given  by  (100),  (101),  and 
(102),  in  which  the  angle  02  has  now  the  value  given  by  (110). 
The  equation  (103)  for  the  direction  of  the  absolute  velocity  of 
inflow  into  the  vortex  chamber  also  remains  of  the  same  form. 

It  has  been  shown  by  Tables  XVI  and  XVII  that  when 
the  ratio  m  is  small  and  the  discharge  angle  02  is  large,  the 
velocity  of  impeller  may  deviate  to  a  certain  extent  from  the 
best  velocity  without  sensible  loss  of  efficiency.  Also  in  practice 
the  velocity  of  maximum  efficiency  may  not  be  convenient  on 
account  of  too  high  or  too  low  a  value  of  the  radial  velocity  of 
water,  which  the  equation  (101)  gives.  For  these  reasons  it  is 
convenient  to  have  two  other  sets  of  formulae  giving  the  efficiency 
and  other  quantities,  (I)  one  set  corresponding  to  a  given  speed 
of  the  impeller  and  (II)  the  other  corresponding  to  a  given 
radial  velocity  of  water. 
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(I)     Given  v2,  to  find  £  ancT  other  Quantities.     Suppose  that 
a  pump  is  driven  at  a  given  velocity  expressed  by 


.................................     (92) 

Substituting  the  general  value  of  F  expressed  by    (105)    in    the 
equation  (34),  we  have 


22  —  2  v2  c2  cos  02) 
=2172(^-02  cos  &),    ............     (113) 

which  by  W2=c2sin02  and  equation   (110)  can  be  transformed  into 

JLzfLsin  02  cos  02  +  y22  ^""f^sin2  02  cos2  02 


Solving  this  equation  for  the  radial  velocity  -z^,  we  obtain 


—  (1—  a)x  cos  0.2' U  2gh (114) 

Writing  this  equation  in  the  form 

~  (114') 


the  efficiency  of  the  pump  becomes,  by  (35), 


Equations    for    other    quantities    are    given    in    the    next   set   of 
formula  (H). 

(II)     Given  u&  to  find  s  and  other  Quantities.    From  equation 
(113)  eliminate  <?2  by  means  of  w2=<?2sin02  and  then  write  u^  in 
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the  form  given  by  (114').     Solve   the   resulting   equation    for    v2 
and  we  have 


\  +  Atf  cosec2  02      f  (l-a)k  cot  02  \2 
2-a  -  ) 


......   (U6) 


which  is  of  the  form  of  the  equation  (92).      The  expression  for 
the  efficiency  is  just  the  same  as  (115).     Other  quantities  are 


w2  cos  o.2  =  v2—c.2  cos  02 

=  V2  —  U2COt  02,          .................. 

(119) 


_ 
w;2  cos  Og       #2—  ^2  cot  02 

Neglecting  the  thickness  of  guide  vanes,  we  have 

m      fearing,  (84) 

63  y3  sin  a, 

and  ws=mw.2)      ....................................     (58) 

or  bzrz  wz  smaz  =b3rsw3  sin  0%  ................     (20) 


In  a  forced  vortex  pump  the  tangential  component  of  outflow 
velocity  from  the  vortex  chamber,  WB  cos  «3,  can  easily  be  made 
low  enough  so  that  it  may  be  equal  to  the  velocity  of  water  in 
the  spiral  casing.  This  condition  enables  us  to  fix  one  quantity 
in  the  expression  for  m.  As  an  approximate  value  of  «2  to  be 
used  in  the  expression  for  m,  we  may  use 

approximate  az=—(~—  02j  .............     (68) 

More  exact  value  of  «2  should  afterwards  be  calculated  by  (119). 
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Taking  the  thickness  of  impeller  vanes  and  of  guide  vanes  into 
account,  we  have 

Q  =  &j(2  it  r^  —  Ui  ti  cosec  fa^  \ 

=Z>2(2  TT  n-  n,  t,  cosec  02)w2  V       ......     (120) 

=  63(2  is  r3—  %  ts  cosec  a^)ivz  sin  «3,  ) 

in  which  tt  and  tz  are  the  thicknesses  of  impeller  vanes  and  ts 
the  thickness  of  guide  vanes,  at  radii  7*1,  r2,  and  r3  respectively  ; 
and  nl}  n2,  and  n3  are  their  respective  numbers.  Since  guide 
vanes  are  conveniently  made  thicker  and  more  numerous  than 
impeller  vanes,  another  slight  correction  should  be  made  on  the 
value  of  the  angle  <%.  The  direction  of  the  relative  inflow  velocity 
of  water  into  the  impeller  at  the  inner  periphery  is  given  by 


(121) 


The  radial  velocity  of  water  through  the  impeller  is  advantage- 
ously made  constant,  in  which  case  uv  is  of  course  equal  to  «2. 
The  angle  fa  thus  calculated  should  be  slightly  increased  in  order 
to  allow  for  the  frictional  drag  of  the  influent  water  round  the 
boss  of  the  impeller  in  the  direction  of  rotation.  It  is  better  to 
have  a  small  amount  of  impulsive  action  on  the  influent  water 
by  the  acting  faces  of  the  impeller  vanes  rather  than  have  a 
tendency  to  the  formation  of  a  vacuous  space  on  the  back  faces 
of  the  impeller  vanes. 

Friction  in  Non-divergent  Vortex  Chamber.  The  loss  of  head 
due  to  hydraulic  friction  in  a  non-divergent  vortex  chamber  may 
be  estimated  in  the  following  manner.  Suppose  that  the  vortex 
chamber  is  an  annular  space  extending  from  radius  r2  to  radius 
r3  and  of  constant  axial  width  blt  Fig.  7.  The  motion  being 


1905] 


Theory  of  Centrifugal  Pumps. 


253 


free  vortex,  any  particle  of  water  in  the  vortex  chamber  traces 
out  an  equiangular  spiral  APB  which  makes  a  constant  angle 
a  with  the  perpendicular  to  the  radius  vector.  An  element  of 
an  arc  of  any  plane  curve  may  be  expressed  thus  ds=cosec  a  dr. 
Consider  a  tube  of  stream  of  water  along  the  equiangular  spiral, 
of  a  rectangular  cross  section,  the  sides  of  which  are  a  and  b,  a 


FIG.     7. 

being  a  very  small  variable  width  of  the  tube  measured  parallel 
to  the  bounding  planes  of  the  annular  space  and  b  the  finite 
thickness  of  the  tube  measured  parallel  to  the  axis  of  the  pump. 
The  area  of  a  cross  of  the  tube  is  ab  and  the  friction  perimeter 
is  2a  and  therefore  the  hydraulic  mean  depth  is  J  b.  Now  the 
velocity  of  a  water  particle  along^  an  equiangular  spiral  in  the 
vortex  chamber,  at  radius  r,  is 


IV  = — —IV.2. 
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The  loss  of  head  due  to  friction  is 
P*   ds  w- 


_         , 


(122) 


in  which  ft  is  the  usual  coefficient  of  hydraulic  friction  for  the 
wetted  surfaces  of  pipes,  conduits,  &c.  The  coefficient  flt  pre- 
viously given,  of  hydraulic  resistances  acting  against  the  entrance 
and  passage  of  water  into  and  through  the  vortex  chamber  can 
now  be  estimated  by  the  following  formula  :  — 

(123) 

in  which  f^  is  the  coefficient  of  resistance  at  the  entrance  of  the 
vortex  chamber. 

Friction  in  Divergent  Vortex  Chamber.  The  loss  of  head 
due  to  hydraulic  friction  in  a  divergent  vortex  chamber  without 
guide  vanes  may  be  treated  in  substantially  the  same  manner  as 
in  the  case  above  considered.  When  there  is  a  number  of  guide 
vanes  in  the  vortex  chamber,  the  expression  for  the  hydraulic 
mean  depth  of  a  tube  of  stt-eam  in  the  vortex  is  a  little  less 
than  $5,  being 
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in  which  I  is  the  shortest  distance  between  two  consecutive  guide 
vanes.  The  quantity  I  varies  with  the  radius  r  and  would  be 
very  much  greater  than  b  in  actual  pumps.  The  bracketed  factor 
may  therefore  be  neglected  with  but  a  small  amount  of  error, 
for  which  an  allowance  may  be  made  afterwards  by  increasing 
the  coefficient  of  hydraulic  friction  ^  in  the  proportion  of  1  to 
(l  +  -r)»  using  a  mean  value  of  /.  This  correction  of  the  value 
of  pi  being  understood,  the  following  formula?  for  hydraulic  fric- 
tion in  divergent  vortex  chamber  are  applicable  to  pumps  with 
guide  vanes  as  well  as  to  those  without  guide  vanes. 

Neglecting  the  thickness  of  guide  vanes,  let  the  whole  areas 
of  the  cross  sections  of  the  entire  current  of  water  forming  the 
vortex  motion,  at  radii  r2,  r,  and  r3,  be  denoted  by 

A2=2xrzb2sm  a.2,  \ 

A=2xrbsina,    >      (125) 

Now  it  is  a  good  plan  so  to  design  a  vortex  chamber  that  the 
area  A  increases  uniformly  with  the  radius  r  from  r2  to  r3  and 
it  is  assumed  that  this  is  done  at  least  approximately.  The 
variable  area  A  can  then  be  written  in  the  form 

A  =A0+Br,      (126) 

in  which  4»=''^rl'4'» 


and 


By  equation  (20)  the  resultant  velocity  w  of  a  particle  of  water 
in  the  vortex  chamber  at  any  radius  r  is 
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As  in  the  case  of  a  non-divergent  vortex  chamber,  the  loss  of 
head  due  to  hydraulic  friction  is  expressed  by  the  following 
integral 

ds   w2 


rdr 


'? 


2  T  4  «  <  G4- 
2 


2? 
_      r      r- 


sn  03 

The  coefficient  /15  previously  given,  of  hydraulic  resistances  in  a 
divergent  vortex  chamber  with  or  without  guide  vanes  therefore 
becomes 

/l»A  +  ftJi.^IL(l+^-^.)>     ............     (128) 

r3    bs  sin  «3  \        63  an  03  / 

in  which  //o  has  the  same  meaning  as  in  (123).  One  good  effect 
of  providing  with  guide  vanes  and  making  #3  and  03  larger  than 
b2  and  «2  is,  besides  a  theoretically  calculable  gain  in  efficiency, 
a  considerable  diminution  of  friction  head  in  the  vortex  chamber. 
This  can  be  seen  by  comparing  together  two  formulae  (122)  and 
(127).  Suppose  for  example  that  a  forced  vortex  pump  has  the 
following  dimensions  :  — 

Inner  dia.  of  vortex  chamber  2r2    .........  14" 

Outer     „             „             „          2r3   .........  20" 

Axial  width  at  inner  periphery  b2  .........  1" 

Axial         „         outer          „          b3  .........  1£" 
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Guide  vane  angle  at  inner  periphery  a^  ......  14°29' 

outer          „          «3  ......  30° 

By  formula  (127)  the  loss  of  head  due  to  friction  in  the  vortex 
chamber  is  then 


.  . 

If  this  pump  be  turned  into  a  free  vortex  pump  of  the  same  size, 
but  without  divergence  of  the  vortex  chamber  and  without  guide 
vanes,  the  loss  of  head  due  to  friction  becomes,  by  (122), 


which  is  4*50  times  the  value  above  obtained  for  the  forced 
vortex  pump. 

Friction  over  the  Fixed  Surfaces  of  the  Pump  Casing  next 
the  Vanes  of  the  Impeller.  The  loss  of  head  due  to  this  cause 
can  be  estimated  in  an  exactly  similar  manner  to  that  in  the 
case  of  a  divergent  vortex  chamber.  The  resulting  equation  is 

r,     r.-r,   (        MinasW  (2 

"  T!   6X  sin  «!  V        &!  sin  ^  )  2g  ' 

in  which  the  angle  av  for  the  absolute  direction  of  inflow  at  the 
inner  periphery  of  the  impeller  is  90°  or  very  nearly  so.  The 
loss  of  head  due  to  frictional  and  other  hydraulic  resistances 
over  the  fixed  surfaces  of  the  pump  casing  next  the  vanes  of  the 
impeller  is 

/V~-^+  the  expression  (129), 
2g 


(m 
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Hence  the  coefficient  //  previously  given  becomes 

...  (130) 

in  which  ^  is  a  combined  coefficient  of  resistance  of  curvature, 
entrance,  change  of  sectional  area,  &c.  at  and  near  the  inner 
circumference  of  the  pump  casing. 

Frictional    and    other    Hydraulic   Resistances    offered    to   the 
Entrance  and  Passage  of  Water   into   and    through    the    Impeller. 

The  losses  of  head  due  to  these  causes  may  be  summed  in  the 
following  form  :  — 


t 


in  which  0/  is  the  calculated  value,  by  equation  (121),  of  the 
vane  angle  at  the  inner  periphery  of  the  impeller  and  &  the 
actual  value  of  that  angle  which  ought  to  be  a  little  greater 
than  0/  as  has  been  discussed  before.  The  first  term  on  the 
right  hand  side  of  the  above  equation  represents  the  loss  of  head 
due  to  sudden  change  of  direction  of  the  flow  at  the  entrance 
edge  of  the  impeller  vanes  ;  the  second  and  third  terms  have  the 
same  meanings  as  in  previous  cases.  The  above  equation  can  be 
transformed  to 


By  calculating  the  quantity  within   the   square  brackets    on    the 
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right  hand  side  of  this  equation  an  estimated  value  of  the  coef- 
ficient /2  previously  given  can  be  obtained. 

Frictional  and  Other  Hydraulic  Resistances  in  the  Spiral 
Casing.  The  loss  of  head  due  to  friction  of  water  in  the  spiral 
casing  may  be  calculated  in  the  following  manner.  The  area  of 
a  cross  section  of  the  spiral  casing  surrounding  the  impeller,  or 
the  vortex  chamber,  if  there  is  one,  should  increase  uniformly 
with  the  angular  distance  of  the  section  from  the  beginning  of 
the  spiral  casing,  so  that  the  velocity  of  water  through  the  casing 
may  be  constant.  Referring  to  Fig.  8,  let 


FIG.  8. 


p=ihe  radius  of   a    cross    section    of   the    spiral    casing    by 

a  radial  plane   OP  at  an  angular  distance, 
0=AOP  measured  from  ihe  beginning  of  the  casing  At  A, 
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R=  the  radius  OP  measured  from  the  centre  0  of  the  pump 

to  the  centre  of  the  section  of  the  spiral  casing, 
/=the  length  APBCDE  of  the  centre  line  of  the   spiral 
casing,  and  let  other  notations 

be  as  shown  in  Fig.  8.     Then  we  have 


therefore  />=/>o  ..............  .  ..................    (133) 

and  R=R0+P=R,+pj-        ...............    (134) 


Now  the  loss  of  head  due  to  friction  of  water  in  the  spiral  casing 
can  be  expressed  thus  :  — 

ds  w* 


where  ds,  an  elementary  arc  of  the  centre  line  APBCDE  of  the 
spiral  casing,  is  equal  to 


=(mean  value  of  R)  dO,    approximately, 


The  above  integral  for  the  loss  of  head,  therefore,  becomes 

1 


Mir/ 
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=  2x4«i-?-^L.  (135) 

2/>0  20r 

i        • 

But  since  I  is  the  length  of  the  centre  line  APBCDE  of  the 
spiral  casing,  it  is  seen  that  the  friction  head  in  the  spiral 
casing  is  the  same  as  if  the  casing  were  of  twice  the  actual 
length  /  and  of  a  constant  diameter  2/>0,  the  velocity  w4  in  the 
casing  remaining  the  same. 

The  loss  of  head  caused  by  bends  in  a  pipe,  according  to  a 
formula  given  in  Hydraulic  Machinery  by  Mr.  R.G.  Blain,  M.E., 
page  60,  may  be  expressed  by 


in  which  /  is  the  length  of  the  bend  or  curve  measured  along 
the  centre  line  of  the  pipe,  in  ft.,  and  R  the  radius  of  the  bend 
or  curve  measured  to  the  centre  line  in  ft.  Hence  the  loss  of 
head  due  to  the  combined  causes  of  the  friction  and  curve  may 
be  expressed  as  follows : — 


---,    ......     (136) 


in  which  the  mean  value  of  the  radius  (JK0+—  r^P<n  may  be  used 
for  R. 

The  last  portion  of  a  spiral  casing  is  often  made  into  a  straight 
pipe  of  gradually  increasing  diameter  as  shown  in  Fig.  8.  Now 
loss  of  head  due  to  hydraulic  friction  in  a  straight  pipe  of  conical 
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shape  may  be  found  as  follows.      Referring  to  Fig.  9  and   using 
the  notations  therein  indicated,  we  have 

Friction  head  in  conical  pipe 


But  p 

and  p 

Substituting  these  in  the  above  expression  and  effecting   the   in- 
tegration we  obtain 

Friction  head  in  conical  pipe 


(137) 


hich  it  is  convenient  to  write  in  the  form 
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........................     (137') 

where  ,/4  =  2  /*i  cosec  0.  ) 

Best  Velocity  in  the  Spiral  Casing.  Suppose  that  the  con- 
stant velocity  w±  in  the  spiral  casing  is  lower  than  the  tangential 
component  ws  cos  «3  of  the  outflow  velocity  w3  from  the  vortex 
chamber  into  spiral  casing  (or  the  tangential  component  w2cos«2 
of  the  outflow  velocity  w2  from  the  impeller  into  the  spiral  casing, 
in  the  case  of  a  pump  without  a  vortex  chamber),  then  the  total 
loss  of  head  in  the  spiral  casing  consists,  besides  an  unavoidable 
loss  due  to  the  radial  component  w3  sin  <%,  of  three  parts  as 
follows  :  — 

1.°     The  loss  of  head  due  to  sudden  change  of  velocity  from 

w3  cos  «3  to  w4. 
2.°     The  loss  of  head  due  to  hydraulic  friction  in  the  main 

portion   of  the   spiral    casing,   in   which  the  velocity  is 

constant  and  equal  to  w4. 
3.°     The  loss  of  head  due  to  hydraulic  friction    in   the  last 

portion    of    the    spiral    casing,    in    which    the    velocity 

gradually  slows  down  from  w4  to  w5. 

The  sum  of  these  three  losses  of  head  may  be  expressed  in 
the  form  :  — 


in  which  /3  has  the  value  expressed  by  equation  (136)  and  /4  is 
given  by  (137').  Supposing  that  the  direction  and  magnitude  of 
the  outflow  velocity  w3  from  the  vortex  chamber  and  also  the 
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velocity  w5  in  the  delivery  pipe  are  settled  beforehand,  it  is  pos- 
sible so  to  design  the  spiral  casing  that  the  sum  of  losses  of  head 
may  be  the  least.  For  this  purpose,  the  velocity  w4  in  the  spiral 
casing  must  satisfy  the  following  condition  : — 

-  =  -  2(«;,  cos  «3  -  w4)  +  2/  w4 + 2/  w4 = 0, 
therefore  "4  =  "?  T.^  »       (139) 


which   gives   the   best   velocity  in  the  spiral  casing.      The  corre- 
sponding least  value  of  the  sum  of  losses  of  head  is 


(140) 


Now  many  people  believe  that  by  making  the  velocity  of  water 
in  the  spiral  casing  equal  to  the  tangential  component  of  the 
outflow  velocity  from  the  vortex  chamber  (or  from  the  impeller 
if  there  be  no  vortex  chamber)  and  by  making  the  last  portion 
of  the  spiral  casing  gradually  increase  in  diameter  up  to  the 
diameter  of  the  delivery  pipe,  which  is  made  sufficiently  large, 
there  will  be  the  least  amount  of  the  loss  of  head.  This  is  quite 
otherwise  unless  w3  cos  a3  be  already  so  low  that  it  is  no  higher 
than  the  velocity  w5  in  the  delivery  pipe.  Because  if  wz  cos  as 
be  equal  to  w^  the  sum  of  losses  in  the  spiral  casing  becomes 

,  _  f 
°~/3 


Evidently  this  is  always  greater  than  the  expression  (140).  Since 
/4  is  proportional  to  cosec  ft  and  tan  ft  is  proportional  to  (pi—po), 
the  /4  in  (141)  is  necessarily  less  than  the  /4  in  (140);  but  when 
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compared  with  /3,  both  /4*  are  very  small  and  the  conclusion 
above  is  not  much  affected.  On  the  other  hand  since  the  principal 
part  of  the  expression  (136)  for  the  coefficient  /3  contains  pQ  as 
the  denominator  of  a  fraction,  the  /3  in  (141)  is  necessarily 
greater  than  the  /3  in  (140)  and  the  conclusion  above  is  empha- 
sized on  this  account. 

Thus  a  sudden  reduction  of  velocity  of  water  in  passing  from 
the  vortex  chamber  (or  from  the  impeller  in  the  case  of  a  pump 
having  no  vortex  chamber)  into  the  spiral  casing  means  a  de- 
cidedly less  amount  of  loss  of  head  than  when  the  velocity  is 
made  to  change  gradually  in  the  last  portion  of  the  spiral  casing 
and  first  portion  of  the  delivery  pipe.  The  following  example 
gives  an  idea  of  the  amount  of  gain  to  be  obtained  by  a  sudden 
reduction  of  velocity.  Suppose  that  we  have  an  8"  centrifugal 
pump  with  an  ordinary  free  vortex  chamber  of  a  small  size,  the 
principal  dimensions  of  the  pump  being  as  follows : — 

Dia.  of  suction  and  discharge  pipes 8" 

Outer  dia.  of  impeller 22" 

Inner  dia.  of  impeller 9" 

Axial  width  of  impeller  at  outlet       f" 

Dia.  of  vortex  chamber        24" 

Discharge  angle  02  of  impeller  vanes         30° 

Dia.  of  pump  shaft       2&" 

Dia.  of  space  round  the  boss  of  impeller 7|" 

Delivery  of  water  per  min 130  cub.  ft. 

Lift  of  water  by  the  pump,  about      17ft. 

The  velocity  due  to  the  lift  of  17  ft.  is  equal  to  -/2#xl7=33'06 
ft.  per  second.  The  velocity  of  water  through  the  8"  suction  and 
discharge  pipes  is  6*217  ft.  per  second.  Let  the  radial  outflow 
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velocity  t/2  from  the  impeller   be  equal    to   the    velocity   in    the 
suction  and  discharge  pipe  ;  then  we  have 


and  c2=w2  cosec  02= 

Neglecting,  for  simplicity,  the  hydraulic  friction  through  the  im- 
peller and  vortex  chamber  and  considering  the  pump  to  belong 
to  Case  3,  we  have  i=l,  /i=/i'=/2=0,  so  that  (106)  and  (107) 
become  A=mz  and  a=m?,  where  ra=  22-^-24.  Substituting  these 
in  the  equation  (116),  the  velocity  of  the  outer  periphery  of  the 
impeller  becomes 


Other  velocities  are  then  found  as  follows  :  — 


w3  cos  02=  v2—  c2  cos  02  =-7121/2^, 


tan  a,=  -  ^  -  =  -2640=tan  14°47', 

w%  cos  a.2 


x  sec  a2=- 
22 


Therefore  wz  cos  a3=-6527i/2^=21-58  ft.  per  second. 

Now  let  this  tangential  component  of  the  outflow  velocity 
from  the  vortex  chamber  be  suddenly  reduced  to  half  the  ma- 
gnitude, so  that 

t04=_w78  cos  03=10-79  ft.  per  second. 
Then  the  diameter  of  the  spiral  casing  at  the  end   of  the   main 
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portion   of  it   in   which  the  velocity  is  constant  and  equal  to  w4 
should  be 

VT^=6'073"=6//8ay- 

The  radius  p0  is  therefore  3."     The  mean   radius   of  the   centre 
line  of  the  spiral  casing  is 


=><  3  =  14-12". 
1/2  i/2 

Mean  circumference         l=2x  72=88-75". 

The  coefficient  of  hydraulic  friction  ^  for  a  clean  pipe  of  6" 
diameter  according  to  Darcy  is  *0058  and  therefore  the  second 
term  in  the  expression  for  /3  in  (136)  becomes 

4//!—  =4  x  -0058  x  88'75  =-686, 

Po 

and  the  first  term  in  the  same  expression  becomes 
(-0128  +  -0186  ^)4- 


Hence  /3=-109  +  -689=-795. 

Let  the  last  and  conical  portion  of  the  spiral  casing,  in  which 
the  diameter  gradually  increases  from  6"  to  8",  be  12"  in  length. 
The  coefficient  of  hydraulic  friction  for  a  clean  pipe  of  7"  mean 
diameter  according  to  Darcy  is  '0057  and  therefore 

/4=i-^cosec^  =  -i-x  -0057  x  12-04  =-034. 

The  sum  of  losses  of  head  due  to  sudden  change  of  velocity  and 
to  hydraulic  friction  in  the  spiral  casing,  as  given  by  (138), 
becomes 
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2g  2g 

=3-310-  -020=3-290  ft. 

Besides  this  the  radial  velocity  of  outflow  from  the  vortex  chamber 
is  necessarily  wasted  ;  its  magnitude  is 


and  the  corresponding  loss  of  head  is 


Hence  the  total  loss  of  head  suffered  by  the  water  in  the  act  of 
issuing  out  from  the  vortex  chamber,  going  round  the  spiral 
casing  and  discharging  into  the  delivery  pipes  is  3*29  +  *50 
=379  ft, 

Now  instead  of  making  w4  equal  to  half  the  tangential  com- 
ponent of  outflow  velocity  from  the  vortex  chamber,  let  it  be 
assumed  that 

w4=ws  cos  03=  21-58  ft.  per  second. 

Calculations  exactly  similar  to  the  above  give  the  following 
numbers  :  — 

The  radius  PO  .....................  2'145" 

Mean  radius  R      .......  ...........  13'52" 

Mean  circumference  /   ...............  84*95" 

Coefficient  ft  for  clean  pipe  4'29"  dia.     ...  '0062 

fa  1+  p.   ........................  -980 

(•0128  +  -0186  £)*-*-  -R    ...     ?..A^..,.    ......  '211 

therefore       /s=-980  +  '211=        .........  1191, 
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which  is  greater  by  nearly  50  per  cent,  than  the/3  before  obtained. 
As  before  let  the  last  and  conical  portion  of  the  spiral  casing  be 
12"  in  length.  Then 

/4=ift  cosec  £=i  x  -0058  x  6-561  =  -019, 

which  is  less  by  44  per  cent,  than  the  /4  before  obtained.  Hence 
the  total  loss  of  head  suffered  by  the  water  in  the  act  of  issuing 
out  from  the  vortex  chamber,  going  round  the  spiral  casing  and 
discharging  into  the  delivery  pipe  is 


n-fQ19)x(21058)2--019x 

2?  *y 

=  -504  +  8-753  =  9-257  =9-26  ft. 

Compare  this  result  with  the  corresponding  loss  of  head  before 
obtained,  namely,  379  ft. 

Motion  of  a  Water   Particle    in   a   Vortex   Chamber   without 
Guide  Vanes,  Hydraulic  Friction  being  taken  into  Account.     In   a 

free  spiral  vortex  taking  place  within  a  space  bounded  by  two 
parallel  planes,  which  are  perpendicular  to  the  axis  of  the  vortex 
motion,  it  is  well  known  that  the  path  of  a  water  particle  is  an 
equiangular  spiral,  hydraulic  friction  being  supposed  not  to  exist. 
The  two  bounding  surfaces  may  be  curved  surfaces  so  that  the 
space  between  them  diverges  gradually  and  symmetrically  about 
the  axis  of  the  motion.  A  free  spiral  vortex  can  take  place 
within  such  a  space  and  it  has  been  shown  before  that  in  this 
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case  the  following  relation  holds,  under  the  same  supposition    as 
above  :  — 


.,       ...........................     (14) 

and  it  can  be  seen  easily  that 

rift 

(14') 


the    notations    being    as    shown    in    Figs.  2  and  6.     Eliminating 
tan  a  between  these  two  equations,  we  have 


dd 


Hence  0=Man«2-     ............................     (142) 

If  the  axial  width  b  be  expressed  in  terms  of  the  radius  vector 
r,  the  path  of  a  particle  of  water  in  the  free  spiral  vortex  taking 
place  within  the  divergent  space  becomes  known  by  the  above 
equation. 

When  the  resistance  due  to  hydraulic  friction  in  the  vortex 
chamber  is  taken  into  account,  the  path  of  a  water  particle 
becomes  shorter  and  more  direct  in  both  of  the  two  cases  above 
considered,  discharge  angle  <h  becoming  greater  than  when  there 
is  no  hydraulic  friction.  This  point  will  now  be  investigated  in 
detail.  Consider  a  thin  cylindrical  element  of  water,  of  radius  r, 
thickness  dr,  and  axial  width  b.  The  centrifugal  force  of  this 
cylindrical  element  is 


in  which  p  is  the  weight  of  water  per  cubic  unit.     This  centri- 
fugal force  is   balanced    by    three    forces  :  —  (a)    the    increase    of 
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pressure  in  passing  from  the  inner  surface  of  the  thin  cylinder 
to  the  outer,  (b)  the  inertia  force  of  the  radial  acceleration  of 
water,  and  (c)  the  hydraulic  friction.  Now  the  force  (a)  is 

2  TT  r  b  dp, 
the  force  (b)  is 


g  dt 

and  the  force  (c)  is  found  as  follows.  The  loss  of  head  due  to 
hydraulic  friction  in  passing  over  an  elementary  arc  ds  of  the 
path  of  a  particle  of  water  at  any  point  P  is 

ds  w* 


in  which  R  is  the  hydraulic  mean  depth  =  the  cross  sectional  area 
of  a  tube  of  stream  ^PJ?-*-the  friction  perimeter  =(£x  width  of 
the  tube)  •*-  (2  x  width  of  the  tube)  =  ££,  Fig.  6.  In  any  plane 
curve  dr=ds  sin  «.  Hence  the  expression  above  for  the  loss  of 
head  becomes 


Multiplying  this  by  2  x  r  b  p  and  taking  the  radial  component  of 
the  result,  we  obtain  the  force  of  friction  acting  on  the  element- 
ary cylinder  in  radial  direction, 


Hence  we  have 


dt 
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from  which  we  have 

dp      p  /  (w  cos  a)2      d(w  sin  a)       ft     1 
dr      g\        r  dt  b     } 

Now  Bernoulli's  theorem  gives 


7 

p       2g      Jrg  r  b  sin  a  2gr 
which  by  differentiation  becomes 

i_fy  +  u_fa+    *r     tfp  ...................    (144) 

p   dr       g    dr       b  sin  a  2g 
Eliminating  -f-  between  this  equation  and  (143),  we  have 


ft  ^     „*£_  +  _?_ 
dt  b  dr       b  sin  a 


i  d(w;  sin  a)  _  d(w  sin  a)    c?r 

tW  dr          dT 

=10  sin  a—=—(w  sin  a) 


The  above  equation  therefore  becomes 


,         _ 

2  rfr  2   rfr 

1   d(wcosaf      (wcosa)2  .   p        (w  cos  «)2 
T  --  ^^  ^~    ^T'silT^l+sinaj- 

uwcosa 

-*  -  —  - 


^=  -  ;-  -  —  -  ;  -  —  j 

6sma(l+sma) 


therefore 


__^ 

(w;  cos  a)          r        6  sin  a(l  +  sm  a) 
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Integrating  we  obtain 

log  (w  cos  «)  +  log  r+  I  -=  —  ;  —  Q-  --  —  r  =const. 
J  6sma(l-f  sin  a) 

Therefore  r  w  cosaep=coTiat.=r2iv2cosa2ep^     .........     (145) 

iu  which  .........................  (146) 


In  any  vortex  whether  free  or  forced,  we  have 

br  w  siu  a  =  const.=b2rztu2sin.a2  .............     (20) 

Dividing  this  by  (145),  member  by  member,  we  obtain 

b  tan  a  e~p=const.  =b2  tan  a^e~f*  .............     (147) 

Taking  the  logarithms  of  the  members  of  this  equation,  we  have 
log(6  tan  a)  —  P=  const.  =log(&2  tan  <%)  -  P2-  ...    (147') 

If  the  axial  width  b  be  given  in  terms  of  the  radius  vector  r, 
the  path  of  a  water  particle  in  a  vortex  chamber  under  the  in- 
fluence of  hydraulic  friction  becomes  known  by  (147)  or  (147'). 
The  direction  of  motion  of  a  water  particle  is  defined  by  the 
angle  «,  which  can  be  found  as  follows. 

The  Angle  «  for  a  Vortex  Chamber  of  constant  axial  Width 
provided  with  no  Guide  Vanes.  Suppose  that  the  vortex  takes 
place  within  a  space  bounded  by  two  parallel  planes.  In  this 
case  the  axial  width  b  is  constant  and  equal  to  b2.  Differentiat- 
ing (147')  with  respect  to  r,  we  have 

1         1      da      dP  _Q 
tan  a  cos2  a  dr       dr 

I  da  UL  r. 

=0, 


sin  a  cos  «  dr       bz  sin  a(l  +  sin  a) 


274  Theory  of  Centrifugal  Pnmps. 

which  gives  1+*nada—£dr  =  0. 

cos  a  b2 

Integrating  we  obtain 

-  2  log  sin  i/-|  -  a\  -  £r  =const. 

M^  -|  *  . 

Hence  e^*sin—  (-J-  —  a)=const. 

1    /  TT  \ 

in^(|—  «2J.   ...  (148) 

~         -  (149) 


This  equation  enables  us  to  calculate  the  discharge  angle  ^  of  a 
particle  of  water  issuing  out  from  the  vortex  chamber. 

The  Angle  «  for  a  Divergent  Vortex  Chamber,  without  Guide 
Vanes.  Suppose  that  the  vortex  takes  place  within  a  space  which 
diverges  gradually  outwards  from  the  axis  of  the  motion,  Fig.  2. 
In  this  case  an  approximate  solution  can  be  found  in  the  fol- 
lowing manner.  Differentiating  (147'),  we  have 

*  ___  d,b  tan  a)  -  -^          ?—.      _  =0, 
b  tan  a  dr  b  sin  a(l  +  sin  a) 

-~(b  tan  a)  -  -  JL-.  -  =0. 

dr  ^  cosa(l+sma) 

The  value  of  the  denominator  cos«(l  +  sina)  of  the  fractional 
term  in  this  equation  is  unity  when  the  angle  «  is  zero  ;  it  is 
maximum  and  equal  to  1*30  when  a  is  30°.  In  a  given  vortex 
chamber  of  constant  axial  width  b,  the  variation  of  the  angle  « 
from  «2  to  a3  amounts  to  only  a  few  degrees  and  in  the  case  of 
a  divergent  vortex  chamber,  since  tan  </3  is  a  little  greater  than 
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(b2  tan  «2)-^3  and  a2  probably  never  exceeds  about    30°,    the   said 
variation  of  «  will  be  small,   being  somewhat  less  than 


Besides,  the  value  of  /*  is  known  approximately  only.  For  these 
reasons,  it  is  sufficient  for  our  purpose  to  consider  cosa(l  +  sin«) 
as  an  approximately  constant  quantity.  Integrating  the  above 
equation  with  this  assumption,  we  have 

6  tan  a—  -  J£~  —  -.  —  ^  =  const. 
cos  a  (1  +  sin  a) 

=Manoa-  --  ff^  ......     (150) 


To    find    the    value    of    «3,    a   first  approximation  may  be  made, 
thus  :  — 

tan«3'  =  4-ktan«2+  -  Ajf^*L\.     ...     (151) 
63\  cos  02(1  +  sm  03)  j 

With  this  value  a  second  approximation  may  be  made,  thus  :  — 

tan  a3"=-U&2  tan  a,+  -   *¥*-.  - 
cosog^l  +  smas') 

.    .  .    (151') 


cos  a,(l  +  sin  0-2) 

Friction    in    a    Vortex    Chamber  without  Guide   Vanes.     The 

total  loss  of  head  due  to  hydraulic  friction  in  a  divergent  or 
non-divergent  vortex  chamber  without  guide  vanes  is  expressed 
by  the  following  integral :  — 


dr 
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which  by  the  elimination  of  w  by  means  of  (20)  becomes 


If  the  axial  width  b  be  given  in  terms  of  the  radius  vector  r, 
the  angle  a  can  be  expressed  as  a  function  of  r,  at  least  theo- 
retically, by  means  of  (148)  or  (150).  The  integration  above  indi- 
cated may  then  become  possible  ;  it  is  however  accurate  enough 
for  our  purpose  to  assume  that  the  quantity  b  r  sin  a  is  a  linear 
function  of  r  as  has  been  done  in  the  equation  (126).  The 
result  is  of  course  the  same  as  the  equation  (127),  in  which  the 
discharge  angle  a3  should  now  have  the  value  given  by  (149)  or 
(151')- 

Numericial  Example  1.  Given  a  non-divergent  vortex  chamber 
without  guide  vanes  in  which  r2=7",  rs  =  10",  b2=b=b3  =  $"  and 
a2=15°,  to  find  the  discharge  angle  «3  and  the  loss  of  head  due 
to  friction  in  the  vortex  chamber. 

Applying  Darcy's  formula  for  the  coefficient  of  hydraulic 
friction  in  clean  iron  pipes,  the  value  of  p  for  the  vortex  chamber 
becomes  0*010.  If  we  neglect  the  effect  of  friction  in  altering 
the  direction  of  the  course  of  streams  in  the  vortex  chamber,  the 
discharge  angle  a3  would  be  the  same  as  «2,  that  is,  15°.  This 
value  of  a3  gives  an  approximate  value  of  the  friction  head  in 
the  vortex  chamber  equal  to  the  expression  (122),  namely, 
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Taking  into  account  the  small  alteration  of  the  discharge  angle 
«3  by  the  influence  of  friction,  the  equation   (149)  gives 


•010(10-7) 

sin  |  (90°-  15°) 


=  0-5908=  sin  36°  13'. 
Hence  a3  =  17°34', 

and  the  corresponding   friction  head  is 


s  sn  «3 

-0-010  x    7    x       10~ 
X         X 


=  0-265  xL. 


This  result  is  18  per  cent,  less  than  the  above  approximate  value 
and  serves  to  confirm  the  statement  previously  made,  namely, 
guide  vanes  in  the  form  of  equiangular  spirals  arranged  in  non- 
divergent  vortex  chamber  are  worse  than  without  them. 

Numerical  Example  2.  Given  a  divergent  vortex  chamber 
without  guide  vanes,  in  which  r2=7",  ?*3  =  10",  b2=%",  b3  =  1"  and 
«2=15°,  to  find  the  discharge  angle  «3  and  the  loss  of  head  due 
to  friction  in  the  vortex  chamber. 

Applying  Darcy's  formula  for  the  coefficient  of  friction  in 
clean  iron  pipes,  the  value  of  P-  for  the  vortex  chamber  becomes 
O0083.  Neglecting  the  small  alteration  of  direction  of  streams 
caused  by  hydraulic  friction,  the  discharge  angle  a3  is  given  by 
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tan  «3=Atan  o^i  x  tan  15°=tan  7°38', 
PS 

and  the  corresponding  loss  of  head  due  to  hydraulic  friction  is 

urL_    ra-r.2    A  +  52  sin  a.2  \ 
1    r3   bz  sin  «3  \        63  sin  03  / 

0.00oov    7  10-7 

0083  X         X 


10      T^TW  Ix  rin  7°38 


=31-2  x  0-0083  x  -=0-259  x 


Taking  into  account  the  small    change    of   direction    of   streams 
caused   by   hydraulic  friction,  the  discharge  angle  «3  is  given  by 

(151), 


tan  o,'=  tan 


- 
cos  «2(1  +  sin  «2) 


=0-1553  =tan8°50', 
and  the  corresponding  loss  of  head  due  to  friction  is 


n 
r3  63  sin  03  \        63  sin  «3  /  2g 

7  10~7 


0-0083  x 
K 


10       Ixsin8°50' 


=0-0083  x  24-8=0-206. 


So  far  as  frictional  resistance  is  concerned,  the  loss  of  head  in 
this  divergent  vortex  chamber  is  22  per  cent,  less  than  that  in 
a  non-divergent  vortex  chamber  of  otherwise  the  same  form  and 
dimensions  as  given  in  the  preceding  example. 
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Centrifugal  Pumps  having  Divergent  Vortex  Chamber  without 
Guide   Vanes,   Hydraulic   Friction   being   taken  into  Account.     As- 

suming that  no  special  attention  is  paid  to  the  form  and  propor- 
tions of  the  spiral  casing,  the  whole  of  the  outflow  velocity  ws 
from  vortex  chamber  is  very  nearly  wasted  and  the  loss  of  head 
due  to  this  waste  of  velocity  is  given  by  the  equation  (94). 
Taking  friction  into  account,  the  total  loss  of  head  consists  of 
terms  quite  similar  to  those  in  the  equation  (105)  ;  thus 


—  C2  COS  02)2l 


............     (152) 

in   which        ^  =  m2(ri2sin202+co8202)+/1+//+/2,      ............     (153) 

and  o=«i!  +/!+//,       ......................................     (154) 

the  two  quantities  m  and  n  being  given  by 

m  =  ^       and       n=A. 

rs  bs 

Having  obtained  the  three  equations  above,  all  the  subsequent 
reasoning  and  the  equations  that  can  be  derived  therefrom  will 
be  the  same  as  those  under  the  heading,  "  General  Equations  for 
Centrifugal  Pumps,  Friction  being  taken  into  Account."  All 
the  equations  from  (108)  to  (121)  are  therefore  applicable  to  the 
present  case,  the  values  of  A  and  a  being  now  given  by  (153) 
and  (154)  instead  of  by  (106)  and  (107). 
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Impeller  Vanes  and  Guide  Vanes  made  Straight.  By  probable 
choice,  calculation,  and  repeated  trials  of  the  entrance  and  dis- 
charge angles  0!  and  &  and  of  the  inner  and  outer  radii  i\  and 
r2  of  the  impeller,  it  is  possible  to  make  the  vanes  of  the  im- 
peller straight.  Straight  vanes,  besides  being  simple  in  construc- 
tion, have  the  advantage  of  causing  the  least  amount  of  loss  in 
hydraulic  friction.  The  following  geometrical  condition  must  be 
satisfied  for  straight  vanes  of  the  impeller  :  — 


(155) 


A  similar  statement  to  the  above  is  applicable  to  the  guide  vanes 
and  the  geometrical  condition  that  must  be  satisfied  for  straight 
guide  vanes  is  as  follows : — 

cos  a.2  __  rs 
cos  03  ~~  rz  ' 


Tokyo,  October,  1904. 
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Results  of  Tests  of  a  Forced  Vortex 
Centrifugal  Pump. 

[The  Journal  of  the  College  of  Engineering,   Tokyo  Imperial   University,  Japan, 

Vol.  II,  No.  4,  March,  1905.      The  Journal  of  the  Society  of  Mechanical 

Engineers,   Tokyo,  Japan,    Vol.  VIII,  No.  12,  May,  1905.] 

Tests  of  1"  Forced  Vortex  Centrifugal  Pump.  The  results  of 
tests  of  a  1"  forced  vortex  centrifugal  pump  made  at  Shibaura 
Engineering  Works,  Tokyo,  according  to  the  design  of  the  writer, 
are  given  in  Table  XVIII.  As  shown  in  Fig.  10,  this  pump 
is  a  non-compound  pump  having  a  divergent  vortex  chamber, 
which  is  1*4  times  in  outer  diameter  and  \\  times  in  outer 
axial  width,  of  the  impeller  and  in  which  are  arranged  seven 
guide  vanes  for  reducing  the  velocity  of  water  very  quickly  and 
converting  it  into  pressure.  Other  dimensions  and  the  theoretical 
maximum  efficiency  together  with  the  corresponding  peripheral 
velocity  of  the  impeller  are  given  in  the  foregoing  Paper  under 
the  heading  "Case  5."  The  pump  was  designed  to  deliver  112 
cubic  feet  of  water  per  minute  against  an  actual  lift  of  120  ft.,  at 
an  estimated  speed  of  1150  revolutions  per  minute.  The  pump 
shaft  is  directly  coupled  to  a  three  phase  alternating  current  motor 
of  50  horse  power  normal,  at  220  volts.  The  numbers  under  the 
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Table  XVIII.    Tests  of  7" 

Tests  made  at  Shibaiira  Engineering  Works,   Tokyo.     Impeller, 
thai  at  inlet  2|";  suction  and  delivery  1"  dia.;  lift  for 


Observation 
Xo. 

Load  on 
motor 
per  cent. 

Volt 

Ampere 

Motor 
output 
H.P. 

Gauge 

head,  ins. 

TEST 

1 

32 

220 

113 

42-5 

84 

2 

57 

„ 

110 

41-0 

7 

3 

71 

„ 

105 

39-2 

6J 

4 

69 

}} 

98 

36-5                5f 

5 

68 

j> 

90 

33-2                5£ 

;           1 

TEST 

] 

1 

69                   „                   88 

33-3                5T7g 

2 

68 

85 

32-2                5| 

3 

64 

95 

36-0                6 

1 

TEST 

1 

150 

„ 

147-5 

57-0 

7 

2 

143 

145-0 

56-0 

6f 

3 

102 

„                 120-0 

46-5 

5- 
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Forced  Vortex  Centrifugal  Pump. 

outer  dia.  14J",  inner  dia.  7|";  axial  width  at  outlet  f"- 
which  designed  120  ft.;  delivery  112  cub.  ft.  per  minute. 
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notch 

Delivery, 
cub.  ft. 
per  min. 

Equivalent 
lift,  ft. 

Revols. 
per  min. 

Effective 
H.P. 

Efficiency 
per  cent. 

breadth,  ins. 

No.  I. 

24 

239-1 

19-5 

1160 

8-8                20-7 

V 

178-6 

47-5 

1150 

16-0                39-0 

„ 

146-1 

70-5 

1156 

19-4 

49-6 

„ 

120-5 

83-5 

1190 

19-0                52-0 

»' 

112-0 

88-5 

1180 

18-7 

56-4 

No.  II. 

„ 

121-3 

83-2 

1170 

19-0               56-7 

„ 

112-0 

87-9 

1170 

18-7               58-0 

» 

140-7 

65-9 

1150 

17-5 

48-3 

No.  III. 

« 

177-3 

127-5 

1420 

42-7 

75-0 

167-9 

124-0 

1400 

39-3 

70-0 

113-1 

131-0 

1400 

28-0 

i 

60-0 
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heading  "Motor  Output,  H.P."  in  Table  XVIII  are  the  effec- 
tive powers  given  out  by  the  motor  shaft.  These  numbers  were 
calculated  by  causing  the  motor  to  drive  a  dynamo  of  known 
efficiency  and  measuring  the  power  given  out  by  the  dynamo. 
The  pressure  head  against  which  the  pump  worked  was  created 
by  throttling  the  water  in  the  delivery  pipe  by  means  of  a  stop 
valve  and  the  pressure  thus  produced  was  measured  by  a  good 
standard  pressure  gauge,  which  had  been  carefully  tested  before- 
hand. Converting  this  pressure  in  Ibs.  per  sq.  inch  into  head 
of  water  in  ft.  and  adding  the  actual  height  of  the  centre  of  the 
pressure  gauge  above  the  level  of  the  suction  water,  there  is 
obtained  the  equivalent  lift  of  water  by  the  pump  in  ft.  as 
given  in  Table  XVIII.  The  water  discharged  from  the  delivery 
pipe  was  caused  to  pass  over  the  sill  of  a  rectangular  gauge 
notch  24  inches  in  breadth  constructed  of  boards.  The  velocity 
of  approach  of  water  was  quite  considerable,  but  the  effect  of  it 
was  not  taken  into  account  in  estimating  the  rate  of  delivery. 
The  formula  used  for  the  calculation  was  the  so-called  simple 
theoretical  formula, 


in  which  the  coefficient  p  was  assumed  constant  and  equal  to 
0'62o.  This  assumed  value  of  the  coefficient  is  probably  slightly 
too  high,  giving  an  over  estimate  of  the  rate  of  delivery.  But 
it  is  judged  that  the  amount  of  the  under  estimate  consequent 
on  the  neglect  of  the  velocity  of  approach  of  water  much  out- 
weighs the  over  estimate  above  stated.  In  Fig.  11,  the  lifts  of 
water  by  the  pump  and  the  corresponding  efficiencies  given  in 
Table  XVIII  are  marked  by  dots  within  small  circles  and  a 
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mean  curve  is  drawn  showing  a  probable  value  of  the  efficiency 
of  the  pump  for  any  lift,  say,  from  about  30  ft.  up  to  130  ft. 
It  is  remarkable  that  the  efficiency  of  this  forced  vortex  pump 
rises  steadily  as  the  lift  of  water  becomes  greater.  The  diameter 
of  the  impeller  being  14i",  its  peripheral  velocity  in  ft.  per 
second  corresponding  to  a  given  number  of  revolutions  n  per 
min.  is 


- 

The  velocities  v2  thus  calculated  for  all  the  values  of  n  in  Table 
XVIII  are  given  in  the  second  column  of  Table  XIX,  with  the 
corresponding  lifts  h  in  the  first  column.  The  velocities  due  to 
the  lifts  h  are  given  in  the  third  column  and  the  values  of  x  in 
the  relation  v<i=xV'lgh  obtained  by  dividing  the  numbers  in  the 
second  column  by  those  in  the  third  are  given  in  the  last  column. 
In  Fig.  12,  the  peripheral  velocities  of  the  impeller  v2  given  in 
Table  XIX  corresponding  to  various  lifts  h  are  plotted  and  a 
mean  curve  is  drawn  shown  showing  probable  values  of  the  pe- 
ripheral velocities  for  lifts  up  to  about  130  ft.  In  Fig.  13,  the 
values  of  x  given  in  the  last  column  of  Table  XIX  are  set  off 
as  ordinates  with  the  corresponding  lifts  h  as  abscissae  and  a 
mean  curve  is  drawn  showing  probable  values  of  the  coefficient  x. 
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Table  XIX.    Shewing  the  Observed 
vz  and  the  Coefficient  x  in 


Values  of  the  Peripheral  Velocity 
the  Relation  vz=xv/2ah. 


Lift  of  water  by 
the  pump, 
A 
in  ft. 

Peripheral 
velocity  of  impeller, 
v.2=  0-06218  ra 
in  ft.  per  sec. 

Velocity  due  to 
the  lift  A, 
v/2^A 
in  ft.  per  sec. 

Value  of  the 
coefficient 

X 

in  the  relation 
v»=xV2gh 

19-5 

72-13 

35-41 

2-037 

47-5 

71-50 

55-27 

1-294 

70-5 

71-88 

67-33 

1-068 

83-5 

73-99 

73-27 

1-010 

88-5 

7337 

75-44 

•973 

83-2 

72-75 

73-14 

•995 

87-9 

72-75 

75-18 

•968 

65-9 

71-50 

65-10 

1-098 

127-5 

88-29 

90-54 

•975 

124-0 

87-05 

89-29 

•975 

131-0 

87-05 

91-78 

•949 

Peripheral  Velocity  and  Efficiency  of  7"  Forced  Vortex  Cen- 
trifugal Pump.  From  the  mean  curves  given  in  Figs.  11,  12, 
and  13,  mean  values  of  efficiency,  peripheral  velocity,  and  coef- 
ficient x  were  measured  for  lifts  differing  by  5  ft.  from  30  ft.  up 
to  130  ft.  Table  XX  gives  the  results  of  these  measurements. 
It  is  seen  from  this  table  that  owing  to  hydraulic  friction  as 
well  as  to  slip  of  water  in  the  pump,  the  coefficient  x  in  the 
expression  for  the  peripheral  velocity  of  the  impeller  is  much 
higher  than  its  theortical  value, 


1905]  Kesults  of  Tests  of  a  Forced  Vortex  Centrifugal  Pump.  287 


1  +m2  fc2  cosec2  02      /  (1-ra2)  &  cot  02  \2 
2-m2  +\          2^~2          / 


......  (1160 


This  equation  is  obtained  as  follows.  In  the  equations  (106)  and 
(107)  in  the  foregoing  Paper  make  i=l,  f1=fl'=f2=0)  then 
A=a=m?.  The  substitution  of  these  in  (116)  gives  the  above 
result. 

In  an  ordinary  centrifugal  pump  provided  with  a  small  free 
vortex  chamber  and  having  the  discharge  angle  02  equal  to  about 
30°,  the  value  of  x  is  usually  1'2  to  1'3,  while  in  the  forced 
vortex  pump  now  being  considered  the  probable  actual  values  of 
x  for  lifts  higher  than  about  85  ft.  are  all  less  than  unity. 


[TABLE. 
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Table  XX.      Showing  Peripheral  Velocity  of  Impeller  v%,  Coefficient 

x  in  v2=x}/2gh,  and  Efficiency  of  the  Pump,  measured  from 

the  Diagrams,  Figs.  12,  13,  and  11. 


Lift  of  water 
h 
in  ft. 

Velocity  of  impeller 
»2,  from  Diagram, 
Fig.  12. 

Value  of  x  in 
v^xVLgh, 
from  Diagram, 
Fig.  13. 

Efficiency  of  the 
pump,  from 
Diagram, 
Fig.  11 

30 

71-8 

1-635 

28-2 

35 

71-7 

1-510 

31-6 

40 

71-7 

1-414 

34-7 

45 

71-6                         1-330 

37-6 

50 

71-4 

1-259 

40-4 

55 

71-4 

1200 

42-9 

60 

71-4 

1-149 

45-3 

65 

71-6 

1-107 

47-6 

70 

71-8 

1-070 

49-7 

75 

72-1 

1-037 

51-7 

80 

72-5 

1-011 

53-7 

85 

73-0                           -988 

55-5 

90 

73-8                           -970 

57-3 

95 

74-8 

•959 

59-0 

100 

76-3 

•952 

60-6 

105 

77-9 

•949 

62-1 

110 

79-7 

•948 

63-6 

115 

81-7 

•952 

65-0 

120 

84-0 

•956 

66-4 

125 

86-5 

•963 

67-7 

130 

88-9 

•972 

69-0 
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The  coefficient  x  for  any  lift  can  be  obtained  by  dividing 
the  peripheral  velocity  vz  given  in  the  second  column  of  Table 
XX  by  the  velocity  due  to  the  lift.  The  result  will  be  found 
to  be  the  same  as  those  given  in  the  third  column  of  the  table. 

Radial  Velocity  of  Outflow  of  Water  in  7"  Forced  Vortex 
Centrifugal  Pump.  The  radial  velocity  of  water  from  the  impeller 
into  the  vortex  chamber  in  the  7"  pump  is  given  by 

Q 


2 


2  TT  r2—  HZ  t.2  cosec  02) 

—  —(Q  in  cub.  ft.  per  min.) 


=0-073065  Q. 

The  observed  values  of  the  lift  h  and  the  delivery  Q  given  in 
Table  XVIII  then  enable  us  to  calculate  the  coefficient  k  in  the 
expression 

u.2=k*/2gh.' 

In  Table  XXI  the  numbers  in  the  second  column  representing 
the  delivery  are  the  same  as  those  given  in  Table  XVIII ;  those 
in  the  third  and  fifth  columns  representing  uz  and  k  respectively 
were  calculated  as  indicated  above;  and  those  in  the  fourth  column 
representing  the  coefficient  x  are  the  same  as  those  given  in 
Table  XIX.  In  Fig.  14,  the  lifts  h  and  the  corresponding  values 
of  the  coefficient  k  in  the  equation  uz=kV2gh  are  plotted  and  a 
mean  curve  is  drawn  showing  probable  values  of  k  for  lift  up  to 
about  130  ft.  In  Fig.  15,  x  and  k  are  set  off  as  abscissa  and 
ordinate  respectively  and  a  mean  curve  is  obtained  giving  a 
probable  relation  between  these  two  coefficients.  This  curve  is 
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almost  a  straight  line.  From  the  diagram,  Fig.  13,  the  lifts  h 
corresponding  to  successive  values  of  the  coefficient  x  were  meas- 
ured. These  lifts  are  given  in  the  second  column  of  Table 
XXII.  Now  from  the  diagram,  Fig.  14,  the  values  of  k  corre- 
sponding to  the  various  lifts  h  given  in  the  second  column  of 
the  table  were  measured  and  these  are  given  in  the  third  column. 
The  values  of  k  can  also  be  measured  from  the  diagram,  Fig.  15, 
and  these  are  given  in  the  last  column  of  the  table.  The  two 
sets  of  values  of  k  thus  obtained  are  almost  exactly  the  same. 


Table  XXI.      Showing  the  Observed  Values  of  Delivery   Q,  Radial 

Outflow  Velocity  of  Water  u.2,  and  the  Coefficient  k  in 

the  Relation  uz=kV%gh. 


Lift  of  water  by 
the  pump, 

in  ft. 

Delivers 
Q     ' 
in  cub.  ft. 
per  min. 

Radial  velocity 

"2 

in  ft.  per  sec. 

Value  of  x  in  the 
relation 
v2=xV2gh 

Value  of  k  in  the 
relation 

t/2=A\/$p 

19-5 

239-1 

17-47 

2-037 

•493 

47-5 

178-6 

13-05 

1-294 

•236 

70-5 

146-1 

10-68 

1-068 

•1585 

83-5 

120-5 

8-80 

1-010 

•1230 

88-5 

112-0 

8-18 

•973                 -1085 

83-2 

121-3 

8-86 

•995                 -1211 

87-9 

112-0 

8-18 

•968 

•1089 

65-9 

140-7 

10-28 

1-098 

•1579 

127-5 

177-3 

12-95 

•975 

•1431 

124-0 
131-0 

167-9 
113-1 

12-27 

8-26 

1 

•975 
•949 

•1374 
•0900 
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Table  XXII.     Showing  the  Coefficient  k  in  the  Expression  for  Radial 

Outflow  Velocity  of  Water  u2=k-}/2,gh,,  measured  from 

the  Diagrams,  Figs.  14  and  15. 


Coefficient  x  in 
v.2=xV"2gh 

Lift  h  measured  from 
hx  diagram, 
Fig.  13 

Coefficient  k  measured 
from  hk  diagram, 
Fig.  14 

Coefficient  k  measured 
from  xk  diagram, 
Fig.  15 

1-35 

43-7 

•260 

•260 

1.30 

47-0 

•240 

•240 

1-25 

50-7 

•220 

•221 

1-20 

55-0 

•201 

•201 

1-15 

60-0 

•181 

•181 

1-10 

65-8 

•162 

•162 

1-05 

72-8 

•143 

•143 

1-02 

78-0 

•131 

•131 

1-00 

82-0 

•123 

•123 

•98 

87.3 

•116 

•115 

•97 

90.4 

•111 

•111 

•96 

94-5 

•107 

•107 

•95 

102-0 

•103 

•104 

The  relation   between  x  and  k  as  represented  by  the  diagram    of 
tests,  Fig.  15,  can  be  expressed  by  a  simple  empirical  equation  :  — 


fc =0-39  a- 0-267. 


But  from  equation  (114)   it  can    be   seen    that   the    true   relation 
between  x  and  k  is  expressed  by  the  following  equation  : — 
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in  which  C\,  GI,  C3  are  known  constants  depending  on  m,  02>  and 
i  and  can  be  accurately  calculated  by  (106),  (107),  (110),  and 
(114)  for  hypothetical  frictionless  pumps.  For  pumps  in  actual 
work,  the  three  constants  depends  to  a  large  extent  also  on  ex- 
perimental coefficients  of  hydraulic  friction  and  it  will  be  found 
that  very  different  sets  of  values  of  these  constants  can  be  pro- 
posed, all  of  which  give  very  nearly  the  same  series  of  values  of 
k  as  those  measured  from  the  diagram  of  tests  in  Fig.  14  or 
Fig.  15.  Thus  any  of  the  following  three  equations  gives  k  fairly 
well  agreeing  with  mean  experimental  values  found  from  the 
diagram  of  tests  : — 

£=0-675(1/^-0  36-0-618  x),      (B^ 

&=l-81(-/ar-0-15-O854a;),    (S2) 

and  fc=2-308(T/orJ-0-12-O8848  x) (B3) 

The  results  of  calculations  by  these  equations  and  by  the  equa- 
tion (A)  are  given  in  Table  XXIII,  only  for  the  sake  of  com- 
parison with  the  values  of  Ic  given  in  Table  XXII. 


[TABLE. 
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Table  XXIII.     Showing  the  Coefficient  k  in  the  expression 
u2=kv/2gh,  calculated  by  Assumed  Equations 
(A),  (B,\  (Bz\  and 


Value  of 

X 

in 
v^zVZgh 

Value  of  k  in  u^=k\/2gh  calculated  by  equation 

W 

&0 

(Bz] 

(£3) 

1-35 

•260 

•253 

•254 

•255 

1-30 

•240 

•236 

•237 

•237 

1-25 

•221 

•219 

•219 

•219 

1-20 

•201 

•201 

•201 

•201 

1-15 

•181 

•183 

•182 

•182 

1-10 

•162 

•163 

•163 

•163 

1-05 

•143 

•144 

•144 

•144 

1-02 

•131 

•131 

•131 

•131 

1-00 

•123 

•123 

•123 

•123 

•99 

•119 

•119 

•119 

•119 

•98 

•115 

•114 

•115 

•114 

•97 

•110 

•110 

•110 

•110 

•96 

•107 

•106 

•106 

•105 

•95 

•104 

•101 

•102 

•102 

•94 

•100 

•096 

•097 

•097 
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Further  Tests  of  7"  forced  Vortex  Centrifugal  Pump.    In  the 

7"  forced  vortex  centrifugal  pump  made  at  Shibaura  Engineer- 
ing Works,  Tokyo,  the  pump  casing,  that  is,  the  castings  enclos- 
ing the  impeller  and  vortex  chamber  and  forming  the  boundary 
walls  of  the  spiral  passage  round  the  exterior  periphery  of  the 
vortex  chamber,  are  divided  by  a  central  plane  perpendicular  to 
the  axis  of  the  pump  shaft.  These  castings  are  joined  together 
by  an  ordinary  flange  joint.  Now  the  impeller  of  this  pump 
being  an  uncased  impeller,  it  is  expected  that  by  making  the 
amount  of  clearance  space  between  each  inner  surface  of  the 
pump  casing  and  the  impeller  very  small,  frictional  resistance 
would  be  considerable  but  the  slip  of  water  small,  while  by  in- 
creasing the  clearance  space,  an  opposite  effect  would  be  produced, 
that  is,  a  reduced  frictional  resistance  and  an  increased  amount 
of  the  slip  of  water.  With  the  object  of  ascertaining  definitely, 
if  possible,  this  point,  further  tests  of  the  1"  pump  were  made 
at  Shibaura  Engineering  Works.  The  arrangement  and  the 
method  of  procedure  adopted  in  these  tests  were  just  the  same 
as  in  the  previous  tests,  except  that  an  extra  paper  packing  of 
thickness  equall  to  O096"  was  inserted  between  the  flanges  of 
the  pump  casing  in  Test  No.  IV  and  a  similar  packing  of  thick- 
ness equal  to  0*045"  was  inserted  between  the  flanges  in  Test 
No.  V,  each  of  the  two  clearance  spaces  above  mentioned  being 
thus  increased  by  half  the  thickness  of  the  packing  used.  The 
results  of  these  tests  are  given  in  Table  XXIV.  The  range  of 
the  lifts  of  water  by  the  pump  over  which  the  tests  extended 
being  unfortunately  very  limited,  it  is  not  possible  to  draw  any 
definite  conclusion  from  the  results.  It  is  however  likely  that 
with  an  increased  clearance  space  the  efficiency  would  fall  rather 
rapidly  as  the  lift  becomes  higher,  but  that  there  would  probably 
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be  a  slight  improvement  in  efficiency  as  the  lift  becomes  equal  to 
or  lower  than  about  100  ft. 

The  writer  disires  to  acknowledge  his  indebtedness  and 
express  his  thanks  to  Mr.  Den-ichirO  Nishizaki,  Kogakushi, 
mechanical  engineer,  as  well  as  to  other  engineers,  of  Shibaura 
Engineering  Works,  Tokyo,  for  the  carrying  out  of  the  series  of 
tests,  described  in  this  paper,  of  the  7"  forced  vortex  centrifugal 
pump. 

Tokyo,  December,  1904. 
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XXIV. 

Formulae  for  Helical  Springs. 

[The  Journal  of  the  Society  of  Mechanical  Engineers,   Tokyo,  Japan, 
Vol.  VIII,  No.  14,  October,  1905.] 

An  ordinary  helical  spring  acted  on  by  an  axial  force  yields 
mainly  by  torsion.  When  the  slope  of  the  helix  is  very  small, 
the  bending  action  that  accompanies  the  torsion  is  insignificant 
and  the  action  of  an  axial  load  on  the  spring  is  practically 
equivalent  to  a  twisting  force  applied  at  a  radius  of  the  helix 
to  a  straight  shaft  of  a  diameter  equal  to  that  of  the  wire  of 
which  the  spring  is  made. 

Helical  Springs  made  of  Round  Steel  Wires.      Let  D  be   the 

diameter  of  the  helix  measured  to  the  centre  lines  of  the  coils 
of  the  helix ;  d  the  diameter  of  the  wire  of  which  the  spring  is 
made ;  n  the  number  of  coils ;  G  the  modulus  of  rigidity  of  the 
material ;  /  the  greatest  safe  shearing  stress  ;  Wi  the  greatest  safe 
axial  load  corresponding  to  /;  &  the  extension  or  compression 
corresponding  to  Wi",  W  any  axial  load  not  exceeding  the  greatest 
safe  load  ;  8  the  corresponding  extension  or  compression.  The 
load  Wi  causing  the  spring  to  elongate  or  shorten,  exerts  a  twisting 
moment  bDWi  on  the  wire  and  produces  a  shearing  stress  /.  The 
moment  of  shearing  stresses  resisting  twisting  action  is  -fd*. 
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Hence 


Now  the  angle  of  twist  per  unit  length  is  equal  to  the  twisting 
moment  divided  by  the  torsional  rigidity.  For  a  cylindrical  bar 
of  diameter  d,  the  torsional  rigidity  is  C-^d*  in  which  C  is  the 
modulus  of  rigidity  of  the  material.  If  d  is  the  axial  extension 
or  compression  of  the  helical  spring  due  to  a  load  W,  the  total 
angle  of  twist  is  -^j-  The  length  of  the  wire  being  nxD,  the 


angle  of  twist  per  unit  length  is 


-u-  o  \D  W 

-Hence  ,__TM  =  A^  M  > 

I^TSTiCl 


in  which  both  d  and  W  may  have  suffix  1.     Combining  (1)  and 
(2),  we  have 


(3) 


Board  of  Trade  rule  for  safety  valve  springs  made  of  round  steel 
wire  is 

w  _  8000  dz 

A  rule  for  the  extension  or  compression  of  the  spring,  given  by 
D.  K.  Clark  and  often  used  in  conjunction  with  the  above  rule, 
is 
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n       22x(16t/)4' 

The  safe  shearing  stress  and  the  modulus  of  rigidity  assumed  in 
these  rules  are  /=  20,000  Ibs.  per  sq.  inch  and  (7=11,500,000  Ibs. 
per  sq.  inch.  In  Seatons's  Pocket  Book  it  is  stated  that  the 
value  adopted  for  the  constant  in  (1),  that  is,  for  %nf  in  Naval 
work  is  commonly  11,000  for  round  steel.  This  is  equivalent  to 
taking  /  equal  to  28,000  Ibs.  per  sq.  inch.  D.  K.  Clark's  Me- 
chanical Engineer's  Pocket  Book  gives  a  formula  for  helical 
springs  made  of  round  steel, 


which  assumes  the  shearing  stress  f  at  31,300  Ibs.  per  sq.  inch. 
Moles  worth  gives 

w_  2240  x  3d? 

which  assumes  /  at  34,200  Ibs.  per  sq.  inch.  Rankine's  Useful 
Rules  and  Tables,  page  304,  gives  the  greatest  safe  stress  f  at 
30,000  Ibs.  per  sq.  inch  and  the  modulus  of  rigidity  of  steel  and 
charcoal  iron  wire  to  range  between  10,500,000  and  12,000,000 
Ibs.  per  sq.  inch.  Wilson  HartnelPs  experiments  on  helical 
springs  used  for  governors  and  valves  have  shown  that  the  safe 
limit  of  shearing  stress  is  more  than  twice  as  great  as  that  given 
by  Rankine,  being  60,000  to  70,000  Ibs.  per  sq.  inch  for  |"  wire 
and  about  50,000  for  $"  wire.  The  modulus  of  rigidity  he  found 
to  vary  from  12,000,000  to  13,700,000  Ibs.  per  sq.  inch  for 
i"  wire;  11,000,000  for  &"  wire;  and  from  10,600,000  to 
10,900,000  for  |"  wire.  For  g"  wire  and  under,  he  takes 

w  =  24000  dz 
l~       D 
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The  deflection  due  to  any  load  W  not  exceeding  the  greatest  safe 
load,  he  takes  at 

n&W 


1,440,000  d4 

These  correspond  to  /=61,1001bs.  per  sq.  inch  and  (7=11,500,000 
Ibs.  per  sq.  inch.  The  several  values  of  the  greatest  safe  shear- 
ing stress  f  given  above  may  be  thus  compared  :  — 

Board  of  Trade  .........  20,000  Ibs.  per  sq.  in. 

Seaton  ............     ...  28,000  „ 

Rankine       ............  30,000  „ 

D.  K.  Clark        .........  31,000  „ 

Molesworth  ............  34,000  „ 

Hartnell      ............  61,000  „ 

Helical  Springs  made  of  Square  Steel  Wires.  According  to 
St.  Venant  the  moment  of  shearing  stresses  in  a  shaft  of  square 
section  is  "2082/A3,  where  h  is  the  side  of  the  square  (See  Prof. 
Cotterill's  Ap.  Mech.,  Appendix  A.)  Hence  for  a  helical  spring 
made  of  square  wires,  we  have 


The  torsional  rigidity  of  a  square  shaft  according  to  St.  Venant 
is  -14058  C/i*.  But  the  angle  of  twist  per  unit  length  of  the 
wire  in  a  helical  spring  is  -r  —  j^. 


„ 


\DW 


•14058C%4 
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Combining  (4)  and  (5),  we  obtain 

t= '™y ^ 

If  Coulomb's  hypothesis  were    true,    the    twisting    moment    of   a 
square  shaft  would  be  equal  to 

r  =  -*2-/A3 
and  W, 


_  -4714/A3 
~D 


(4(7) 


which  is  13'2  per  cent,  greater  than  the  correct  value,  or  in 
other  words,  '8833  times  this  value  is  equal  to  the  correct  value 
of  Wi  given  by  (4).  Raukine  gives  in  his  Applied  Mechanics, 
page  358, 


as  the  result  arrived    at    from    St.    Venaut's    theory    applied    to 
square  shaft.     Using  this  value  of  T  we  have 


This  is  certainly  too  large,  being  even  greater  than  that  given 
by  Coulomb's  fallacious  theory.  Suppose  that  for  helical  springs 
made  of  square  steel  wires  Rankine's  value  of  T  is  assumed  and 
that  the  shearing  stress  /  is  taken  at  20,000  Ibs.  /°"  as  in  Board 
of  Trade  Rules  for  helical  springs  of  round  steel  wires,  then  the 
result  is  Board  of  Trade  rule  for  helical  springs  made  of  square 
steel  wires  :  — 
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W  _  2  x -281x20.000  A3 
i  1 1 


_  ll!?°°A3 

It  thus  appears  that  this  rule  of  Board  of  Trade  is  based  on 
Rankine's  value  of  the  moment  of  resistance  to  torsion,  which  is 
far  too  large.  The  correct  value  of  the  constant  with  /=  20,000 
Ibs.  /o"  is  8,330  instead  of  11,300.  D.  K.  Clark  gives  in  his 
Mechanical  Engineer's  Pocket  Book  an  incorrect  rule  for  helical 
springs  made  of  square  steel  wire, 

w^  (16)3x4-29fe3 

The  ratio  of  the  constant  in  this  formula  to  the  constant  in  the 
previously  given  formula  for  the  case  of  round  steel  wires  is  1*43, 
which  is  exactly  equal  to  the  ratio  2x-281-^-g,  showing  that  the 
rule  is  from  Rankine's  formula.  Since  2  x -2082-^  =  1 -060,  the 

o 

correct  value  of  the  constant  with  /=31,300  Ibs.  per  sq.  inch  is 
(16)3xl-06x3=(16)3x3-18.  If  in  any  rule  the  ratio  of  the 
constant  in  (1)  to  that  in  (4)  be  greater  than  1*06,  that  rule  may 
be  regarded  as  inaccurate,  being  derived  either  from  Coulomb's 
hypothesis,  or  Rankine's  formula,  or  some  fallacious  theory.  In 
the  rule  given  by  Molesworth  the  said  ratio  is  4*72-^3  =  1-57, 
which  is  certainly  far  too  large.  In  Kempe's  Mechanical  Engi- 
neer's Year  Book,  the  ratio  is  '514-*- -g-=  1*31,  which  is  also  too 
large.  In  Seaton's  Pocket  Book,  the  formulae  (1)  and  (4)  are 
put  in  the  forms 

r1  =  4'     and     r,=  * 
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and  it  is  stated  that  the  values  of  the  constant  c  commonly 
adopted  in  Naval  work  are  11,000  and  15,000  for  round  and 
square  steel  respectively.  Here  the  ratio  is  1*31,  which  is  again 
too  large.  If  Coulomb's  hypothesis  were  true,  the  extension  or 
compression  of  the  spiral  springs  made  of  square  wires  would  be 

\rniD*  W 


which  is  '84346  times  the  correct  value  of  ^.  The  ratio  of  de- 
flection of  a  helical  spring  made  of  square  wire  to  the  deflection 
of  one  made  of  round  wire  of  a  diameter  equal  to  the  side  of 
the  square  is 


This  number  may  be  useful  in  checking  rules  for  deflection  of 
helical  springs  made  of  round  and  square  wires.  Thus  a  rule 
often  used  in  conjunction  with  Board  of  Trade  rule  and  given 
by  D.  K.  Clark  is 


in  which  a  is  22  for  round  steel  and  30  for  square  steel.  Here 
the  constant  a  ought  to  be  22  and  31*4  respectively,  if  C  is 
11,500,000  Ibs.  per  sq.  inch  ;  or  else  21  and  30  respectively,  if 
C  is  11,  000,000  Ibs.  per  sq.  inch.  Seaton  gives  a  equal  to  26 
for  round  steel  and  32  for  square  steel.  Here  the  value  26  for 
the  round  steel  appears  to  be  too  large,  as  it  makes  C  equal  to 
about  13,600,000  Ibs.  per  sq.  inch. 

Helical  Springs  made  of  Steel  Wires   of  Rectangular   Section. 

Prof.  Reuleaux  gives  the  following  formulae  for  helical  springs 
made  of  wires  of  rectangular  section  :  — 
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w_  2/     bw 
- 


,      ton  IP  W 

and  ----'    ..................... 


in  whicli  b  and  h  are  the  breadth  and  depth  of  the  section  of 
the  wire.  The  same  formulae  are  given  in  Prof.  J.  Perry's 
Applied  Mechanics,  Notes  et  Formules  de  1'Ingenieur  revised 
and  enlarged  by  L.  A.  Barre,  Molesworth's  Pocket  Book,  and 
some  other  books.  It  appears  from  Prof.  Cotterill's  remarks  on 
shafts  that  the  above  formula?  have  been  derived  from  Cauchy's 
investigation  of  a  shaft  of  rectangular  section,  prior  to  St. 
Venant's  researches.  For  a  wire  of  square  section  of  side  h, 
both  the  above  formulae  reduce  themselves  to  Coulomb's  incorrect 
formulae,  namely,  (4C)  and  (5(7).  As  approximate  empirical 
equations  for  helical  springs  made  of  wires  of  rectangular  section, 
the  right  hand  members  of  (7)  and  (8)  may  be  multiplied  by 
constants  obtained  by  Saint  Venant  for  shafts  of  rectangular  section, 
thus  :  — 

w     -8833  x2/      m?  ,q\ 

-— 


. 
and  =  -8435  x  4(7  -WT>     .................. 

which,  when  b  is  equal  to  h,  become  the  correct  formulae  (4) 
and  (5)  for  helical  springs  made  of  square  wires.  For  the 
constants  multipliers  in  these  formulae  see  Lord  Kelvin's  Natural 
Philosophy,  Part  II,  Edition  1895,  page  257. 

Tokyo,  August  11,  1905. 
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Two  shafts  that  are  intended  to  be  in  one  straight  line  are 
often  slightly  out  of  truth,  so  that  they  are  neither  parallel  nor 
intersecting.  Such  shafts  may  be  connected  in  a  simple  and 
effective  manner  by  a  new  form  of  coupling  shown  in  the  annexed 
figures.  This  coupling  was  first  designed  by  Prof.  A.  Inokuty,  of 
the  College  of  Engineering,  Tokyo,  and  applied  to  a  joint  of  a 
shafting  which  was  a  constant  source  of  trouble  in  a  large  paper 
mill.  The  alignment  of  the  said  shafting  7Ty'  in  diameter  could 
be  adjusted  approximately  true  when  transmitting  the  full  power 
of  nearly  2000  horse  power  ;  but  at  a  much  reduced  power  the 
discrepancy  of  the  centres  sometimes  amounted  to  even  more 
than  half  an  inch.  Quite  satisfactory  was  the  result  of  applica- 
tion of  the  new  coupling. 

It  will  be  seen  from  the  figures  that  Prof.  A.  Inokuty's  coup- 
ling is  a  very  simple  but  clever  modification  of  Oldham  coupling. 
It  consists  of  three  pieces,  of  which  the  outer  two  have,  each, 
slightly  curved  recesses  lying  in  one  axial  plane  and  which  are 
fitted  one  on  each  shaft  like  the  two  parts  of  a  claw  coupling. 
The  middle  piece  which  slides  between  the  outer  two  is  a  disc 


306 


Flexible  Coupling. 


[XXV. 


with  its  central  part  removed  and  is  provided  on  opposite  faces 
with  straight  diametral  projections  or  teeth  at  right  angles  to 
one  another.  These  teeth  fit  closely  on  their  lateral  faces  into 
the  corresponding  recesses  in  the  two  outer  pieces.  The  sections 
of  the  recesses  made  by  axial  planes  of  the  shaft  are  somewhat 
convex  and  the  depth  of  the  recesses  is  a  little  less  than  the 
height  of  the  corresponding  teeth.  By  this  construction  some 
degree  of  flexibility  is  given  to  the  coupling,  besides  the  adapta- 
bility to  any  small  dislocation  of  the  two  shafts.  The  following 
rules  given  by  Prof.  A.  Inokuty  may  be  used  in  designing  this 
coupling,  the  parts  being  of  cast  iron  : — 
D  =  diameter  of  shaft, 


R 


For  shafts  up  to  4"  dia. 


For  shafts  above  4"  dia. 


For  shafts  of  any  dia. 


The  bending  stress  induced  at  the  roots  of  the  teeth  on  the 
middle  piece  is  not  greater  than  0'38/,  /  being  the  maximum  shear- 
ing stress  due  to  the  twisting  moment  transmitted  by  the  shafting. 


XXVI. 

Similar  Structures  with  Corresponding 
Loads. 

\_Tke  Journal  of  the  Society  of  Mechanical  Engineers,  Tokyo,  Japan, 
Vol.  IX,  No.  17,  September,  1907.] 

Suppose  that  several  structures  are  made  from  the  same 
drawing  on  different  scales  and  loaded  in  the  same  manner,  the 
materials  of  which  the  corresponding  parts  are  composed  being 
also  the  same.  The  sizes  of  the  structures  are  supposed  to  be  such 
that  in  estimating  the  strength  of  the  parts  the  stresses  due  to 
their  own  weights  have  to  be  taken  into  consideration  along  with 
the  stresses  due  to  the  externally  applied  loads.  These  are 
similar  structures  and  may  be  said  to  be  under  the  action  of 
corresponding  loads.  The  weight  of  such  a  structure  itself  varies 
evidently  as  the  cube  of  the  linear  dimensions  while  its  power  to 
sustain  a  load  varies  in  majority  of  cases  as  the  square  of  the 
dimensions.  Hence  in  similar  structures  there  exists  generally  a 
certain  definite  size  for  which  the  externally  applied  load  is  a 
maximum. 

As  the  structure  becomes  larger  beyond  that  size,  its  power 
to  resist  an  external  force  gradually  diminishes  till  a  limiting 
size  is  reached  for  which  the  structure  is  just  capable  of  sup- 
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porting  its  own  weight  only.  A  structure  larger  than  this  can 
not  exist.  A  common  housefly  can  walk  on  a  wall  or  on  a 
ceiling  with  its  back  down  ;  but  a  fly  of  the  size  of  an  elephant, 
if  it  ever  existed,  would  not  be  able  to  do  so. 

Let     TF=the  external    load    applied    on    a   structure    in    a 

specific  manner, 

WQ  =  the  weight  of  the  structure  itself, 
p  =the  intensity  of  stress  on  a  particular  member  due 

to  TF, 
^0=the  intensity  of  stress  on  the  same   member   due 

to  W0, 
I  =the   length  of  the  same  member,  or  of  any  other 

particular  member;  for  girders,  roofs,  bridges,  &c. 

/  may  conveniently  be  taken  as  the  span, 
A=ihe  sectional  area  of  the  member  whose  length  is  /, 
/=the  safe  working  resultant  stress. 

Then  p  =  const,  x- 


W 
PQ—  const,  x  —  ^- 

=  ^,       ....................................     (2) 

and  W.=cl*  ...........................................     (3) 

In  these  equations  k  is  a  constant  coefficient,  being  an 
abstract  number  depending  on  the  mode  of  distribution  of  the 
external  load  W  upon  the  structure  ;  &0  is  the  value  of  k  corre- 
sponding to  the  weight  of  the  structure  WQ;  c  is  also  a  constant 
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coefficient  expressed  in  units  of  weight  per  unit  volume.  Now  it 
being  assumed  that  p  and  p0  are  stresses  at  a  point  in  the  same 
section,  acting  in  the  same  line  of  action,  we  have 


(4) 


Substituting  in  this  the  values  of  p  and  p0  given  by  (1)  and  (2), 
we  have 


which  by  (3)  becomes 


Hence  w=±(f-ckj)l2 (5) 

The  external  load  W  which  a  structure  can  safely  bear  therefore 
becomes  a  maximum,  when  the  length  /  is 

'"irw  (6) 

and 

Maximum    W= '       (7) 

The  limiting  size  for  which  a  structure  can  support  its  own 
weight  only  is  obtained  by  equating  the  right  hand  member  of 
(5)  to  zero, 

thus : —  I=-^T-J 

cV 

which  is  thus  seen  to  be  1-g-  times  the  size  for  maximum  ex- 
ternal load.  These  results  may  be  illustrated  by  a  few  simple 
examples. 
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Example  1.  Consider  a  beam  of  uniform  rectangular  section 
of  breadth  b,  depth  h,  and  span  /,  supported  at  the  ends  and 
loaded  at  the  centre  of  the  span. 

Equating  the  maximum  bending  moment  at  the  centre  of 
the  span  to  the  moment  of  resistance  of  the  section,  we  have 


2 


mu       t 
Therefore 


Equating  this  to  zero  we  obtain  the  span  I  corresponding  to  the 
maximum  load  W  on  the  beam, 


and 


in  which  w0  is  the  weight  of  the  material  of  the  beam  per  cubic 
unit.  Suppose  that  the  beam  is  of  cast  iron  and  has  a  depth 
equal  to  one  16th  of  the  span.  Taking  the  safe  bending  stress 
f  at  2000  Ibs.  per  sq.  inch  and  the  weight  w0  per  cub.  inch  at 
0'27  Ibs.,  we  have 

7     8/A      8  x  2000  x  1     _411.y/ 
9w0l      9x0-27  x!6 

=34-3  ft. 
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Taking  the  breadth   of  the  beam    equal    to    b=0'0l7    times    the 
span,  we  have 


2x2000  /  8x2000 


/  8x2000  \2,m7s/  1  V 
V   9x-27  ;  {       )\IQJ 


=  5,000  lbs.=  2-23  tons. 

It  is  worth  while  to  note  that  for  a  simple  rectangular  beam 
of  large  span  used  as  in  this  example,  timber  would  be  much 
superior  to  cast  iron.  This  follows  at  once  from  (8),  since  the  / 
depends  on  the  ratio  of/  to  w0.  Thus  for  keyalci*  the  coefficient 
of  breaking  bending  strength  is  about  14,700  Ibs.  per  sq.  inch 
and  weight  of  this  timber  is  52  Ibs.  per  cubic  ft.  Taking  the 
safe  bending  stress  /  at  1000  Ibs.  per  sq.  inch,  we  obtain  the 
span  /  corresponding  to  the  maximum  load  equal  to  4*48  times 
that  for  cast  iron  beam.  The  maximum  load  which  the  beam 
can  support  at  the  centre  of  the  span  is  then  10*0  times  that 
for  cast  iron  beam. 

A  well-known  analogous  fact  relating  to  a  flywheel  may 
here  be  mentioned.  The  kinetic  energy  stored  in  the  rim  of  a 
flywheel  is  equal  to  -<rfV,  in  which  /  is  the  safe  tensile  stress 
induced  in  the  material  of  the  rim  by  centrifugal  force  and  V 
the  volume  of  the  rim.  This  expression  may  be  written  in  the 
form 

f   w 
%£W' 

in  which  W  is  the  total  weight  of  the  rim.  Hence  the  store  of 
kinetic  energy  per  Ib.  of  the  rim  is  very  much  greater  when  the 
flywheel  is  made  of  wood  than  when  of  cast  iron. 

*  A  Japanese  timber. 
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Example  2.  Let  a  solid  cylindrical  column  of  horizontal 
sectional  area  A  and  height  h  be  loaded  at  the  top  by  a  weight 
W. 

The  compressive  stress  /  at  the  bottom  of  the  column  is 
given  by 

fA=w0Ah+  W, 

W=fA-w0Ah 


dW 


dh 


Equating  this  to  zero,  we  obtain   the   height    for    the    maximum 
load, 


in    which    w0    is    the    weight  of  the  material  of  the  column  per 
cubic  unit.      The  maximum  load  is  y/A 

Suppose  that  the  column  is  of  brickwork  weighing  0'062  Ib. 
per  cub.  inch,  with  the  safe  compressive  stress  equal  to  120  Ibs. 
per  sq.  inch.  The  height  of  the  column  for  maximum  load  is 
then 

,  2/    _    2X120          _in7.g;ft. 

h-^~  3x0-062- 

and  the  limiting  height  for  which  the  column  can  support  itself 
without  a  load  on  the  top  is  only  161  ft. 

Example  3.     A  steel    box    girder    consists    of   the    following 

13"  V 

part  riveted  together  by  rivets  -y^-  dia.  (after  riveting)  :  —  42"  x  ~^- 

11"  1" 

web  plates,  30"  x  -jg-  flange  plates,   and   5"x4"x-^-  angle  bars. 

The  weight  of  the  girder  is  30*00  Ibs.    per    inch    length    of   the 
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girder  and  the  moment  of  inertia  of  the  section  about  an  axis 
passing  through  the  center  of  gravity  of  the  section  and  parallel 
to  the  flanges  is  equal  to  26,990  biquad.  inches,  so  that  con- 
sidering 42"  as  the  depth  of  the  beam,  the  modulus  of  the 
section  is  £"=1285  cub.  inches.  Now  let  it  be  assumed  that  box 
girders  similar  in  section  to  the  one  just  given  are  employed  for 
different  spans  which  bear  a  constant  ratio  to  the  depths  of  the 
girders.  The  weight  of  such  girders  in  Ibs.  per  inch  length  is 
given  by  w=0'Q170h?  and  the  modulus  of  the  section  Z  in  cubic 
inches  by  0*0174  A3,  h  being  the  depth  of  the  web  plate  in 
inches. 

Suppose  that  the  girder  is  supported  at  the  ends  and  loaded 
by  a  total  weight  W  distributed  uniformly  over  the  span.  Equat- 
ing the  greatest  bending  moment  at  the  centre  of  the  span  to 
the  moment  of  resistance  of  the  section,  we  have 


=        x  0-0174  A3-0-0170  hH 


8  x  0-0174/(AYV-0-0170(  A 

=16  x  0-01  74/(  A  Yi-  3  x  0-01  7(/  AYp. 


Equating  this  to  zero,  we  obtain  the  span  I  for  maximum  load, 


.     16/    0-0174    h 
3    " 


_ 
0-0170  '  I  ' 


If  /  be  taken  at  12,000  Ibs.  per  sq.  inch  and  the  depth  h  equal 
to  one  20th  of  the  span,  the  span  for  greatest  load  is 
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,     16x12000      0-0174        1  .    , 
1 3 xTR»170-X20mches 


273  ft. 


=740,000  Ibs.  =330  tons, 
being  very  nearly  1*2  tons  per  foot  of  the  span. 

Example  4.  Let  a  cable  suspended  from  two  points  in  one 
level  line  bear  a  distributed  vertical  load  which  is  uniform  per 
unit  of  horizontal  distance.  Assume  that  the  girth  of  the  cable 
and  the  dip  of  the  suspension  curve  have  each  a  definite  ratio 
to  the  span. 


Let  2  /=the  span, 

c=the  dip  or  sag  of  suspension  cable. 
^=resultant  vertical   load   on   the   cable  estimated  per 
unit  of  horizontal   distance,    (including   the   weight 
of  the  cable  itself), 

TF=the    total    external    vertical   load   which  is  uniform 
per  unit  of  horizontal  distance, 
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w0=ihe  weight  of  the  material  of  the   cable   per   cubic 

unit, 

/=the  safe  working  tensile  stress  of  the  cable, 
0=the  inclination  of  the  cable  to  the  horizon  at  each 

point  of  support, 

T=ihe  tension  of  the  cable  at  each  point  of  support, 
JJ=  horizontal  tension    at    the    lowest    point 
=horizontal  component  of  tension  at  any  point. 

Then  the  equation  of  the  parabola  to  which  the  suspension  curve 
approximates  is 


in  which  H  is  given  by 

The  tension  at  the  point  of  support  P  is 


1 

Now  T=fA         and         w 

Substituting  these  in  (3)  we  obtain 
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Equating  this  to  zero,  we  obtain  the  span  2/  for  maximum  load, 


and 


o 

maximum    W=  —f 'A  sin  0. 

o 


Suppose    that    the    dip   c=^span,    /=12    tons    per    sq.    inch, 
w0=  0-283    Ib.    per    cub.    inch.         Then     sin  0  =  (2 


and 

2  ?=3x32  x  0-1961  =24,840" 

=2,070  ft. 

The  height  of  each  pier  above  the  lowest  point  (equal  to  the  dip) 
is  103^  ft. 

Let  us  now  consider  an  analogous  problem  relating  to  stresses 
brought  into  play  in  similar  machines.  The  stress  at  a  point  in 
a  section  of  a  machine  working  at  a  steady  speed  is  made  up  of 
two  parts;  one  part  is  the  stress  due  to  the  useful  working  force 
transmitted  through  the  section  and  the  other  that  due  to  the 
accelerating  force  arising  from  the  reciprocation  or  rotation  of 
the  mass  of  machine  parts.  Belts  and  ropes  transmitting  power 
at  a  high  speed,  the  valve  spindles  and  connecting  rods  of  a 
high  speed  engine,  the  coupling  rods  of  a  lecomotive  engine,  &c. 
are  examples  of  machine  parts  in  which  both  these  stresses  have 
to  be  taken  into  account.  In  a  high  speed  flywheel  rotating 
uniformly  the  stress  induced  at  any  part  of  it  is  that  due  to 
the  rotation  only. 

Let  TF=the  working  load  applied  on  a  machine  in  a  specific 
manner, 
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W  =  the  number  of  revolutions  of  the  machine  per  unit 

time, 
p=ihe  intensity  of  stress  on  a  particular   part  of   the 

machine  due  to  W, 
j90=the  intensity  of  stress  on  the  same  member  due  to 

the  accelerating  force,  and 
I,  A,  k,  and  /  have  the  same  meanings  as  in  the  pre- 

vious case  of  large  structures. 

The    accelerating  force   is   proportional    to    /xmassx^2    and 
therefore  the  stress  due  to  it  is 


But  the  mass=  — 


in  which  WQ  is  the  weight  of  the  material   of   the   machine   part 
per  cubic  unit.     Hence  we  have 


..................     (10) 

in    which    a    is    a    constant  for  different  sizes  and  speeds  of  the 
machine.     The  safe  working  resultant  stress  is 


...........................     (11) 

from  which  we  obtain 


The  working  load  on  the  machine  therefore  becomes  a  maximum 
when  the  length  I  is  given  by 

!/=«»•*'       .................................     (12) 
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and  the  corresponding  load  is 

maximum    JFwi.^j? (13) 

It  is  thus  seen  that  when  the  working  load  on  a  machine  is 
maximum,  the  two  parts  of  the  stress  above  mentioned  are  each 
one  half  of  the  safe  working  stress.  For  example  if  a  coupling 
rod  of  uniform  rectangular  section  of  breadth  b  and  depth  h  is 
jointed  at  each  end  to  a  crank  of  radius  r  rotating  uniformly  at 
n  revolutions  per  second,  the  greatest  bending  stress  occurring  at 
the  centre  of  the  length  /  is  given  by 


in    which  f  is    the    safe    working  stress  and  w0  the  weight  per 
cubic  unit  of  the  material  of  the  rod. 

The  greatest  thrust  or  pull  that  can  be  transmitted  through 
the  rod  is  W= 


In  some  machine  parts  the  working  load  W  is  nothing  and 
in  that  case  supposing  n  to  be  constant,  the  limiting  size  for 
which  a  machine  can  stand  against  its  own  accelerating  force 
only  is  obtained  by  equating  W  in  the  equation  (11)  to  zero; 

thus  :  — 

f=an*l\ 

or  in  other  words,  the  limiting  linear  speed  is  constant  for  a 
machine  of  any  size.  For  the  rim  of  a  flywheel  this  formula 
becomes 


in  which  f  is  the  tensile  stress    in    the    rim    and    v    the    linear 
velocity.      For  a  flywheel  in  the  form  of  a  circular  disk  of  uni- 
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form  thickness,  having  a  concentric  hole,  the  circumferential 
tensile  stress  is  greatest  at  the  inner  surface  of  the  hole  and  is 
given  by 


in  which  r  and  r0  are  the  outer  and  inner  radii  of  the  disk 
respectively,  v  the  linear  velocity  of  the  outer  circumference  of 
the  disk,  and  m  the  reciprocal  of  Poisson's  ratio  for  the  material 
of  the  flywheel.  We  have  cited  enough  examples  illustrating  the 
fact  relating  to  large  similar  structures  and  high  speed  machines. 
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Column  of  Uniform  Strength. 

[Journal  of  the  Engineering  Society,  Japan,  Nos.  300,  301,  302,    1907.] 

A  long  straight  column  bearing  an  axial  compressive  load 
undergoes  a  lateral  deflection  when  that  load  exceeds  a  certain 
value,  and  the  deflected  axis  assumes  a  sine  curve  if  the  column 
is  homogeneous  and  of  uniform  section  and  the  stress  nowhere 
exceeds  the  elastic  limit.  The  bending  stress  thus  induced  in 
the  material  of  the  column  varies  from  one  section  to  another 
along  the  length,  being  greatest  at  a  section  furthest  from  the 
original  straight  axis  and  zero  at  a  point  of  inflection.  Now  the 
lateral  dimensions  of  a  long  straight  column  can  be  so  varied  as 
to  make  the  greatest  bending  stress  for  a  section  constant  for 
the  whole  length.  Such  a  column,  being  analogous  to  a  beam 
of  so-called  uniform  strength,  may  be  termed  a  column  of  uni- 
form strength.  Formulae  for  the  strength  of  columns  of  this 
form  can  be  obtained  theoretically  by  considering  the  bending 
action  alone  and  the  result  is  almost  the  same  as  Euler  formula, 
the  only  difference  being  in  the  value  of  the  coefficients.  For 
columns  of  moderate  length  such  as  occur  in  practice,  it  is 
necessary  to  consider  the  direct  compressive  stress  as  well  as  the 
bending  stress  due  to  the  deflection  and  for  this  purpose  the 
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writer  has  obtained  a  set  of  semi-empirical  formulas  in  the  form 
of  Gorden-Rankine  formula.  These  formulae  might  be  useful  in 
designing  large  columns  of  approximately  uniform  strength  as 
for  example,  shear  legs,  connecting  rods  for  large  engines,  &c. 

Referring  to  Fig.  1,  let  a  straight   bar   of   great   length    be 
acted  on  by  axial  forces  P,  P,  tending  to  compress  the  bar  along 


P 

A                          N 

\ 

B             P 

\^__ 

^K" 

C 

0 
It 

—  *_j   |hy 

FIG.  1. 


the  original  straight  axis  ANB,  and  let  it  be  bent  into  a  curve 
AOB,  0  being  the  centre  of  the  length  and  ON=c  the  maximum 
deflection  at  the  centre.  Since  this  deflection  c  is  generally  a 
very  small  quantity  compared  with  the  length  of  the  bar  /  it  is 
accurate  enough  to  assume  NA  and  NB  each  equal  to  half  the 
length.  Take  the  tangent  at  0  to  the  curve  of  deflection  for  the 
axis  of  x  and  the  normal  at  0  for  that  of  y.  At  any  section 
indicated  by  (x,  y)  the  bending  moment  is 


M=(c-y}P. 


(1) 


The  relation  between  the  bending  moment  and  the  curvature   of 
the  bar  is 
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and  the  equation  for  the  strength  is 

(c-y}P=fLr,    (3) 

in  which  y  is  the  distance  of  the  part  of  the  bar  furthest  from 
the  neutral  axis  of  the  section  on  the  tension  or  compression  side, 
p  the  radius  of  curvature  at  the  point  (x,  y)y  and  /  the  geo- 
metrical moment  of  inertia  of  the  section  about  its  neutral  axis 
perpendicular  to  the  plane  of  bending.  Combining  (2)  and  (3) 
we  obtain 


Case  I.  A  long  straight  column  of  uniform  strength,  round- 
ed at  both  ends,  having  a  rectangular  section  with  the  sides  parallel 
to  the  plane  of  bending  constant. 

Fig.  2  represents  the  front  and  side  view  of  the  column  of 
length  /  under  the  action  of  compressive  load  P,  the  width  of 
the  section  at  a  distance  x  from  the  centre  being  b  and  the 
constant  depth  h  as  shown  in  the  figure.  Putting  y'  =  -^-h  in  (4), 
we  obtain 


The  greatest  bending  stress  /  is  to  remain  constant  for  any  sec- 
tion and  therefore  it  is  seen  that  the  column  bends  under  the 
load  P  into  an  arc  of  a  circle  of  radius  />  given  by  the  above 
relation.  If  70  is  the  value  of  /  at  the  centre,  we  have  from  (2) 

P-EI. 

cp  ' 

Now  from  a  well  known  property  of  a  circle  we  have  the  follow- 
ing relation  between  a  chord  and  the  corresponding  versed  sine, 
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The  deflection  c  at  the  centre 
is  a  very  small  quantity  and 
may  be  neglected  in  com- 
parison with  the  radius  f  ; 
we  have  then 


(5) 


Substituting  this  in  the  ex- 
pression for  P  above  given, 
we  obtain 


P=8 


El. 


04) 


FIG.  2. 


which    is    of  the   same    form 
as   Euler  formula  for  a  long- 

column  of  uniform  section  rounded  at  both  ends  ;  the  only  dif- 
ference is  in  the  coefficient,  which  in  the  present  result  is  8> 
while  in  Euler's  it  is  ^2.  It  may  be  remarked  that  in  a  long 
column  of  uniform  section  if  a  load  P  satisfies  the  condition  of 
equilibrium  expressed  by  Euler  formula,  any  deflected  position  is 
a  position  of  equilibrium  under  the  same  load  P  and  consequently 
the  deflection  c  is  an  indeterminate  quantity.  The  same  thing 
happens  also  in  the  case  of  a  column  of  uniform  strength.  Now 
to  find  the  variable  width  b  of  the  column,  the  well  known 
property  of  a  circle  above  cited  may  again  be  made  use  of  ;  thus 


in    which    y    may    safely    be    neglected   in    comparison   with  2p. 
Then 
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Eliminating  p  by  means  of  (o)  we  have 

4cor  /«. 


Now  from  (3)  we  have 


and  cP=lfbJt. 

Dividing  one  by  the  other, 

b  _-__  y 

b0  c  ' 

which  by  (6)  becomes 


This  is  a  parabola  with  its  axis  at  right  angles  to  the  length  of 
the  column  and  passing  through  the  centre.  Each  of  two  pa- 
rabolic arcs  forming  the  outline  of  the  column  may  be  approxi- 
mated by  two  straight  lines  symmetrically  sloping  towards  the 
ends  of  the  column  and  touching  the  parabolic  arc.  Of  all  such 
sets  of  straight  lines,  that  set  which  requires  the  least  amount 
of  material  for  the  column  is  the  following : — Set  off  a  width 
equal  to  1J#0  at  the  centre  and  a  width  equal  to  \bQ  at  each  end 
of  the  column.  Join  the  ends  of  these  widths  by  straight  lines, 
which  will  touch  the  parabolic  arcs  at  x=\l,  the  width  at  that 
section  being  equal  to  f£0. 

The  result  of  this  Case  I  for  columns  of  rectangular  section 
may  be  easily  extended  to  columns  of  any  section,  such  as  hollow 
rectangle,  symmetrical  double  the  section,  cruciform  section,  &c. 
The  constant  dimension  h  must  then  be  regarded  as  the  sides 
parallel  to  the  plane  of  bending,  of  a  circumscribing  rectangle. 
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Case  II.  A  long  straight  column  of  uniform  strength,  rounded 
at  both  ends,  the  dimension  of  the  section  perpendicular  to  the 
plane  of  bending  being  constant. 

Referring  to  Fig.  3,  the  width  b  .of  a  section  is  now  con- 
stant while  the  depth  h  is  variable,  so  that  the  depth  at  the 
centre  is  distinguished  by  h0.  The  variable  moment  of  inertia  of 
a  section  at  distance  x  can  be  written  as  follows  : — 


/=      / 

By  substitution  in  (2)  we 
obtain 

~da? 

On  making  x  and  y  equal  to 
zero  simultaneously,  this  be- 
comes 

i~£,    (8) 

PO  &!<) 

in  which  p0  is  the  radius  of 
curvature  of  the  elastic  curve 
assumed  by  the  axis  of  the 


FIG.  3. 


column,  at  the  centre  of  the  length.  The  above  equation  for 
the  second  differential  coefficient  of  y  may  then  be  written  in 
the  form 

dzy  _  c—y  (  k0  Y 
~~<M       cp^\T). 

Substituting  the  value  of  /  in   (3)  we  have 


(9) 


326  Column  of  Uniform  Strength.  [xxvn. 

On  making  x  and  y  equal  to  zero  simultaneously,  this  becomes 

cP-  2SJ° 
-IT' 

which  being  substituted  in  the  above  equation  gives 


c-y 

Combining  (9)  and  (10)  we  obtain 
1        c* 


Integrating  and  noting  that  dy/dx  is  zero  at  the  origin,  we  have 


Integrating  again  we  obtain 

x  .............     (11) 


This  is  the  equation  of  the  elastic  curve  assumed  by  the  axis  of 
the  column  in  Case  II.  Now  c  is  the  value  of  y  when  x  is 
equal  to  £/.  Substituting  these  values  in  (11),  there  is  obtained 
an  equation  of  condition  that  the  column  may  deflect  under  a 
load  P  and  keep  an  equilibrium  in  a  curved  form  expressed  by 

en), 


Eliminating  cp0  between  this  and  (8),  there  results 


p_  64  EI0 

~~  -- 


which   is   again  of  the  same  form  as  Euler  formula.      The  coef- 
ficient ^  is  equal  to  O721  times  ;r2,  so  that   the   strength   of  a 
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column  having  the  form  stated  in  Case  II  is  72  per  cent,  of 
the  strength  of  a  column  of  uniform  section  and  of  the  same 
material,  the  form  and  the  area  of  the  section  at  the  centre 
being  the  same. 

Eliminate  y  and  p0  from  (11)  by  means  of  (10)   and    (12)  ; 
we  then  obtain 


This  is  the  equation  of  the  curve  which  the  outline  of  the 
column  must  have  in  order  that  it  may  be  of  uniform  strength. 
The  form  of  this  curve  is  somewhat  like  a  blunt  ellipse  ;  it  can 
be  drawn  easily  by  setting  off  a  few  values  of  xl\l  and  the 
corresponding  values  of  h/h0. 


h 

0-95 

0-90 

0-75 

0-50 

0-25 

X 

"F" 

0-330 

0-459 

0-688 

0-884 

0-974 

The  curved  outline  of  the  column  may  be  approximated  by 
two  pairs  of  straight  lines  touching  the  curve  and  sloping 
towards  the  ends  of  the  column  symmetrically  about  the  cross 
section  at  the  centre.  Of  all  tangents  that  can  be  drawn  thus, 
those  which  require  the  least  amount  of  material  for  the  column 
are  the  following : —  At  the  centre  of  the  length  set  off  a  width 
equal  to  1*143A0  and  at  each  end  set  off  a  width  equal  to  O616A0. 
Straight  lines  joining  the  ends  of  these  widths  form  the  tangents 
sought.  These  touch  the  curve  (13)  at  a  distance  \l  from  the 
centre  and  the  value  of  h  at  that  section  is  given  by  the  equa- 
tion 
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which    by    solution    gives    A=0'879Ao.      The  widths  above  given 
have  been  calculated  by 

(0-8794 +%m)h0 
and         (0-8794-^i)A0, 


in  which 


4  x  (1-0-87 94)* 
3x0-8794 


Case  III.  A  long  straight 
column  of  uniform  strength, 
with  both  ends  rounded,  the  cross 
sections  being  similar  figures. 

The  variable  moment  of 
inertia  of  a  section  distant  x 
from  the  centre  may  be  written 

/= 

Substituting  this  in  (2)  we  have 


da?  ~       El,      \h  )• 
When  x=0,  y=0  and  h=h0  and  therefore 


1        cP 
po  ~  El, ' 


FIG.  4. 


(14) 


Hence  we  obtain 

.!?£.=_£=£/ _M4         (15) 

ete2         c/>0   \  h  )• 

Substituting  in  (3)  the  value  of  /  we  have 
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When  x=0,  y=0  and  h=h0  and  therefore 


Hence  we  obtain 

(16) 


Eliminating  h  between  (15)  and  (16)  we  have 

d2y  _  1         c* 
dx*        po  (c—yj>  ' 

Integrating  and  observing  that  dy/dx=0  when  y=Q,  we  obtain 


in  which  3A2=c%/p0.     Now  writing  ^=c—y  and  a?=c,  the  equa- 
tion becomes 


Integrating  and  observing  that  when  x=0,  y  is  also  nothing  and 
z  becomes  equal  to  c*=a,  we  obtain 


-1—  =Ax,     (17) 


which  is  the  equation  of  the  elastic  curve  assumed  by  the  axis 
of  the  column  in  Case  III.  Now  c  is  the  value  of  y  when 
x=%l,  that  is,  when  2=0.  Substitution  of  this  relation  between 
the  constants  in  (17)  gives  an  equation  of  condition  that  the 
column  may  deflect  under  a  load  P  and  keep  an  equilibrium  in 
a  curved  form  expressed  by  the  equation  (17),  thus 
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Substituting  this  in  (14)  we  obtain 

P_  3  ^2  El* 
~~    ~~ 


which  is  again  of  the  same  form  as  Euler  formula.  A  column 
of  uniform  strength  having  cross  sections  similar,  is  therefore  | 
times  as  strong  as  a  column  of  uniform  section  made  of  the  same 
material,  the  form  and  dimensions  of  the  section  at  the  centre 
being  the  same. 

The  equation  (16)   can  be  witten  in  the  form 

A=A 

a        h0  ' 

Substituting  this  value  of  z  and  the  value  of  ,°0  above  found  in 
the  equation  (17),  we  obtain 


which  is  the  equation  of  the  curve  to  be  given  to  the  outline  of 
the  column  in  Case  III  in  order  that  it  may  be  of  uniform 
strength.  Assume  that 

h=h0cos  \d} 
then  the  above  equation  becomes 

£C  J.  /  *      n  .    /i\ 

_=_(sm#+#). 

The  curved  outline  of  the  column  can  be  easily  drawn  by  setting 
off  the  values  of  h  and  x  calculated  by  these  equations  and  given 
in  the  following  table  :  — 
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6 
in  degrees 

-£L=l(ein^) 

h         -I  n 

Tf=«*tf 

0 

o-ooo 

1-000 

20 

0-220 

0-985 

40 

0-427 

0-940 

60 

0-609 

0-866 

80 

0-758 

0-766 

100 

0-869 

0-643 

120 

0-942 

0-500 

140 

0-982 

0-342 

160 

0-998 

0-174 

180 

1-000 

0-000 

As  in  the  foregoing  cases  the  curved  outline  of  the  column 
may  be  approximated  by  two  pairs  of  straight  lines  touching 
the  curve  and  sloping  towards  the  ends  of  the  column  symmet- 
rically about  the  cross  section  at  the  centre.  Writing  for  short- 
ness 'h  and  'x  for  h+h0  and  x+%1,  let  the  equation  of  a  tangent 
be 

'h=c-m-x,        .................................     (19) 

touching  the  curve  at  the  point  ('xc,  'Ac)  so  that 

•he=c—m-xe        ..............................     (20) 

and  7rxe=8in0e+6e,    ..............................     (21) 

in  which  &c  is  given  by 

•hc=cos  \QC. 

The  values  of  dx/dh  found  from  (18)  and  (19)  are  equal   at   the 
point  of  contact  and  therefore 
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The  volume  of  the  column  of  approximately  uniform  strength  is 

F=const.(c2—  cm  +  £ra2). 
The  condition  of  the  least  value  of  V  leads  to  the  equation 


3-a?c(2c  -  ra) = 3c —  2m. 


(23) 


It  is  not  possible  to  determine  the  quantities  'xc,  'hc,  c,  and  m 
by  the  direct  solution  of  the  last  four  equations.  The  following 
method  of  solution  by  approximation  may  however  be  employed. 
Let  a  curved  outline  of  the  column  be  drawn  to  scale  by  the 
help  of  the  foregoing  table.  An  inspection  of  this  curve  shows 
that  when  the  volume  V  is  least,  'x  will  be  not  far  from  0*4  or 
0*5.  Now  calculate  the  numbers  in  the  following  table  of  the 
values  of  '  V  for  three  assumed  values  of  0,  which  roughly  corre- 
sponds to  $=0*4,  0*5,  and  0*6. 


Values  of  -V 


^     s 

B 
*OD 

I 

•58  + 

+ 

jjj 

J>  + 
+  ^ 

-§>      « 

II 

II 

fe  [<M 
II 

§ 

II 

0 

•i   ^ 

I  T 

37°18/ 

•400114 

•947490 

•279770 

1-059430 

•852086 

47°40' 

•500122 

•914725 

•379293 

1-104418 

•848796 

58°  56' 

•600061 

•870642 

•509686 

1-176485 

•871072 

The  abscissa  of  the  point  of  contact  for  the   minimum   value   of 
'V  is  then  given  by 
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aj)-^     _0.4630 
--        ~ 


from  which  we  obtain 

0C=43°  44',         -^=0-928,         m=  0-340, 
c=l-085,     and     •hl=c  —  m=Q-148. 

The  geometrical  construction  of  the  approximate  form  of  outline 
is  as  follows  :  —  At  the  centre  of  the  length  set  off  a  width  equal 
to  1'085A0  and  at  each  end  set  off  a  width  equal  to  0'746  A0- 
Straight  lines  joining  the  ends  of  these  widths  form  the  tangents 
sought.  These  lines  touch  the  curve  (18)  at  distance  O463xJ/ 
from  the  centre,  the  width  at  that  section  being  0*928  AO- 

The  equations  of  condition  of  stability  for  columns  of  uni- 
form strength  already  given  by  the  formulae  (Ai),  (Az),  and  (A3] 
may  be  adapted  to  the  well-known  semi-empirical  expression  for 
the  strength  of  columns  of  uniform  section,  first  proposed  by 
Tredgold,  revived  by  Lewis  Gordon,  and  afterwards  modified  by 
Prof.  Eankine,  so  as  to  be  applicable  to  columns  of  any  form  of 
section.  These  formulae  of  Rankine  for  columns  with  both  ends 
rounded,  with  both  ends  flat,  and  with  one  end  rounded  and  the 
other  end  flat,  are  respectively 


and  P=- 


In  these  equations,  P  is  the  total  breaking  load  on  the  column ; 
/  an  experimental  constant  of  strength  for  each  kind  of  materials 
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in  units  of  force  per  unit  area ;  a  another  experimental  constant, 
being  an  abstract  number ;  A  the  sectional  area  of  the  column  ; 
/  the  length  ;  and  k  the  least  radius  of  gyration  of  the  section. 
It  may  be  remarked  here  that  the  formula  quoted  by  Prof. 
Unwin  in  his  Machine  Design  as  empirical  rules  suggested  by 
Grashof  are  of  the  form 


P= 


and  this  is  just  the  same  as  the  first  of  Rankine  formulae  (R) ; 
for,  If  A  is  equal  to  k2  and  4a  may  be  written  for  the  reciprocal 
of  the  constant  C. 

Values  of  the  Constants  /  and  a. 


Breaking  /in  Ibs. 
per  sq.  in.  excepting 
Grashof  3  values 

i 

a  ' 
(abstract  number) 

Authority 

Wrought  iron  

36,000 

36,000 

Cast  iron 

80,000 

6  400 

Dry  timber...  . 

7,200 

3,000 

Mild  steel    ... 

42,000 

36000 

"Prnf*     OnrforJll 

Wrought  iron  

10,000 

22,400 

Steel  

12,000 

20,000 

Cast  iron  j 

3,000 
12,000 

40,000 
9,600 

urrasnoi. 
*     These  f's   are   for 
greatest  safe   load. 

Timber     I 

900 
500 

6,000 
10,400 

Mild  steel 

48,000 

30000 

Hard  steel  

70,000 

20,000 

experiments  of  Mr. 
Christie 

1907] 


Column  of  Uniform  Strength. 


335 


Of  the  two  values  of  P  obtained  from  Grashof  s  constants,  the 
lesser  is  to  be  adopted.  For  a  very  long  and  slender  column,  a 
"theoretical"  value  of  the  constant  4a  in  the  first  of  the  formulae 
(R)  is  f/^E,  so  that  the  ratio  of  the  experimental  to  the  theo- 
retical value  of  the  constant  is  4x2Ea/f.  Now  the  following  as- 
sumption is  very  likely  to  be  approximately  correct : — That  for 
a  column  of  uniform  strength  and  of  moderate  length  compared 
with  the  sectional  dimensions,  an  empirical  formula  of  the  same 
form  as  Rankine's  still  holds  good  and  that  the  same  value  of 
the  ratio  above  mentioned  likewise  obtains  in  that  formula.  The 
result  of  this  assumption  is  given  in  the  following  table : — 


Columns  with  both  Ends  Rounded. 


Form  and  kind  of  column 

Theoretical 
formula 

Semi-empirical 
formula 

Theoretical 
value  of  coef- 
ficient 4a 

2 

Of  uniform  section 

p=-2  EI 

-P=  —  7  —  ~ 

J 

V 

> 

n-E 

"So 

Width  of  section  parallel  to 
the  plane  of  bending  con- 

p_8 EI 

/^o 

f 

E 

stant 

1 

*~~2~~fcf 

SE 

03 

a 
h 

o 

Width  of  section  perpendicu- 
lar to  the  plane  of  bend- 

p    64    EI 

~  9  ~T~ 

^                    /4o 

•itr 

i+-3p"5 

s 

ing  constant 

1 

37T2  K  r 

/4., 

f—    '             :          f=~       -IGa     1* 

0 

Sections  similar  figures 

4      I 

0  ! 

The  last  three  of  the  empirical  equations  in  the  third  column  of 
the  above  table  give  the  relation  subsisting  between  the  length 
of  the  column  and  the  dimensions  of  the  section  at  the  centre  of 
its  length,  for  a  given  breaking  load  P.  A0  and  k0  are  the  area 
and  radius  of  gyration  of  the  said  section. 
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For  the  finding  of  the  relation  between  the  dimensions  of 
any  section  and  the  distance  x  of  that  section  from  the  centre 
the  following  process  may  be  employed.  The  equation  (7)  may 
be  written  thus  : — 


Substituting  this  in  (Ai)  we  have 


Hence    the   first   of   the  three  empirical  equations  above  referred 
to  takes  a  more  general  form 


P=. 


for  a  column  of  uniform  strength,  rounded  at  both  ends,  having 
a  rectanglar  section  with  the  sides  parallel  to  the  plane  of  bend- 
ing constant.  See  Fig.  5,  Case  I.  This  formula  (B^  applies 
equally  well  to  columns  of  any  form  of  section,  provided  that 


Case  III. 
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the  dimensions  parallel  to  the  plane  of  bending  remain  constant. 
It  may  be  noticed  that  at  each  end  of  the  column,  x  become  \l 
so  that  the  formula  (B^)  reduces  itself  to  the  usual  simple  rule 
P=fA  for  a  short  compression  block. 

The  equation  (13)  may  be  written  in  the  form 


(13') 


The  factor  within  the  brackets   on   the    left    hand    side    of    this 
equation  is  not  much  different  from  unity,  as  shown  below. 


7, 

1-0 

0-8 

0-6 

0-4 

3+  h 

1-00 

0-95 

0-90 

0-85 

4       4h0 

Since  in  Case  II  the  width    of   a   section    perpendicular    to    the 
plane  of  bending  is  constant,  we  have  b=bQ  so  that 


Hence  (13')  becomes 

-,  nearly, 

which  being  substituted  in  the  equation  (A2)  gives 
p_  64    EkJcA 

The    second    of   the    three    empirical  equations  above  referred  to 
therefore  takes  a  more  general  form 

/A 


p=. 


16 
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for  a  column  of  uniform  strength,  rounded  at  both  ends,  the 
dimensions  of  the  section  perpendicular  to  the  plane  of  bending 
being  constant.  See  Fig.  5,  Case  II.  As  in  the  previous  case 
the  formula  (J32)  reduces  itself  at  each  end  of  the  column  to 
the  usual  simple  rule  P=fA  for  a  short  compression  block. 

Now  take  equation  (18).  Expand  each  term  on  the  right 
hand  side  in  a  series,  square  the  resulting  equation,  and  re- 
arrange the  terms.  We  have  then 


(18') 


in  which 


and  n  stands  for  h/h0.      The  function  $(ri)  is  not  much  different 
from  unity,  as  shown  below. 


»=4 

h0 

1-0 

0-8 

0-6 

0-4 

#») 

1-000 

0-954 

0-913 

0-873 

q.  , 

Since  %=_ 

the  equation  (18')  becomes 


Substituting  this  in  (A3)  we  obtain 
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The    third    of   the    three    empirical    equations    above  referred  to 
therefore  takes  a  more  general  form 


~^ 

O 

which  likewise  reduces  itself  at  each  end  of  the  column  to  the 
simple  rule  P=fA  for  a  short  compression  block.  The  above 
formula  (£s)  is  for  a  column  of  uniform  strength,  rounded  at  both 
ends,  having  cross  sections  of  similar  figures.  See  Fig.  5,  Case  III. 
In  the  application  of  the  formula  (£1),  (1?2)»  <>r  (B»)  to  the 
design  of  a  column,  the  dimensions  of  the  section  at  each  end 
can  be  found  by  the  simple  rule  P=fA  ;  making  x  in  the 
formula  equal  to  zero,  the  dimensions  of  the  section  at  the  centre 
can  be  found  in  the  same  way  as  by  Rankine's  formula  ;  and 
for  other  sections  a  few  values  of  k  lying  between  k0  and  the  k 
at  each  end  may  be  assumed,  and  the  corresponding  positions  of 
the  sections  can  be  found  by  the  solution  of  the  formula  for  x, 
thus 


or 


In  a  hollow  cylindrical  column  under  the  action  of  an  axial 
load  there  occurs  secondary  flexure  tending  to  cause  the  buckling 
or  wrinkling  of  the  cylindrical  shell  and  when  the  ratio  of  the 
diameter  to  the  thickness  is  large,  this  secondary  flexure  becomes 
more  predominant  than  the  primary  flexure  of  the  column  as  a 
whole  and  failure  may  take  place  under  a  load  very  much  less 
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than  that  indicated  by  Gordon-Rankine  formula.  Prof.  W.  E. 
Lilly  of  Trinity  College,  Dublin,  carried  out  a  series  of  experi- 
ments on  a  large  number  of  small  steel  columns  with  rounded 
ends  and  from  the  results  drew  very  important  conclusions  bear- 
ing on  the  point  above  mentioned.  (Proceedings  of  the  Inst. 
Mech.  Eng.,  London,  June  1905.)  The  columns  tested  were 
mild  steel  tubes  ranging  from  f"  to  1"  in  external  diameter  and 
similar  to  those  used  in  cycle  construction. 

Prof.  Lilly's  experiments  show  that  the  value  of  /  in  Gordon- 
Kankine  formula  depends  on  the  failure  of  the  tube  by  secondary 
flexure  and  that  this  secondary  flexure  does  not  depend  on  the 
length  of  the  column,  but  only  on  the  thickness  and  the  radius 
of  gyration,  the  relation  of  /  to  these  quantities  being  given  by 
the  equation 

(i,) 


where     F=  the  compressive  strength  of  the  material, 
«!=an  experimental  constant 

=£0  for  mild  steel, 

t=ihe  thickness  of  the  tube   in    the   same    units    as    the 
radius  of  gyration  k. 

When  -^  approaches  the  limiting  value  of  0'5  for  round  solid 
bar,  /  is  sensibly  equal  to  F.  For  wrought  iron  the  compressive 
strength  F  may  be  assumed  at  24  or  25  tons  per  sq.  inch  and 
in  Hodgkinson's  experiments  from  which  Rankine  derived  the 
constants  in  his  formula,  the  average  ratio  d/t  was  approximately 
16,  that  is,  k/t=5'5  to  6*0.  Substituting  these  values  in  the 
above  formula  and  using  a^^o,  /  becomes  34000  to  37000  Ibs.  per 
sq.  inch,  which  agrees  very  well  with  Rankine's  value  36000  Ibs. 
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per    sq.    inch.      Hence    the    same    value  of  a^  may  be  employed 
both  for  mild  steel  and  for  wrought  iron. 

It  is  also  shown  by  Prof.  Lilly's  experiments  that  for  hollow 
circular  columns  there  exists  the  most  economical  values  of  the 
ratios  Jcjt  and~7/fc  expressed  by  th~e~  folio  wing  relation  : — 


in  which  the  fraction  |  on  the  right  hand  side  may  be  neglected 
in  comparison  with  large  values  of  —  .     Then 


For  sections  other  than  hollow  circle,  the  above  may  be  written 
in  the  form 


which  however  requires  to  be  verified  by  experiments. 


[TABLE. 
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Values  of  /  by  Prof.  Lilly's  Formula. 


Value  of/ 

F            fo 

r  F  equal  to 

)2 

d 

1  +  —  -—  (  •~\ 

t 

60\t) 

72000  Ibe.  pera' 

63000  Ibs.  pero* 

54000  Ibs.  pero' 

120 

31-0 

24,000 

21,000 

18,000 

84 

25-9 

30,000 

26,300 

22,500 

60 

21-9 

36,000 

31,500 

27,000 

42-9 

18-5 

42,000 

36,800 

31,500 

80 

15'5 

48,000 

42,000 

36,000 

20 

12-6 

54,000 

47,300 

40,500 

12 

9-75 

60,000 

52,500 

45,000 

5-45 

6-53 

66,000 

57,800 

49,500 

5 

6-24 

66,500 

58,200 

49,800 

4 

5-57 

67,500 

59,100 

50,600 

3 

4-80 

68,600 

60,000 

51,400 

2 

3-87 

69,700 

61,000                     52,300 

1 

2-65 

70,800 

62,000                    53,100 

The  compressive  strength  of  steel,  F,  for  structural  purposes 
may  be  taken  at  32  to  28  tons  or  72000  to  63000  Ibs.  per  sq. 
inch  and  that  of  wrought  iron  at  about  24  tons  or  54000  Ibs. 
per  sq.  inch.  The  accompanying  table  and  diagram  give  the 
values  of  /  calculated  by  Prof.  Lilly's  equation  (L^)t  correspond- 
ing to  these  assumed  values  of  F.  Granting  the  appropriateness 
of  using  these  f's  for  actual  struts  and  columns,  it  certainly 
demands  urgent  attention  that  a  designer  should  caution  himself 
against  adopting  too  large  a  value  of  the  ratio  kjt,  or  against 
using  too  high  a  value  of  /  for  a  large  value  of  k/t.  This 
remark  applies  to  the  use  of  Gordon-Rankine  formulas  or  other 
formulas  for  columns  of  uniform  section,  as  well  as  to  the  use  of 
the  foregoing  formulae  for  columns  of  uniform  strength. 
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XXVIII. 

Strength  of  Foundation  Footing  for  a 
Heavily  Loaded  Structure. 

[The  Journal  of  the  Engineering  Society,  Japan,  No.  311,  November,  1908.] 


Foundation  courses  of  walls  or  chimneys  have  their  width 
increased  by  a  series  of  steps,  with  the  object  of  distributing  the 
pressure  over  a  greater  area  than  that  of  any  bed  joint  in  the 
body  of  the  wall  or  chimney.  The  projecting  portions  of  found- 
ation footings  thus  formed  have  to  resist  considerable  bending 
action  when  the  structure  is  of  great  height.  In  the  figure  let 
CDA  represent  an  axial  vertical  section  of  a  chimney  foundation 
supporting  a  very  large  weight.  It  may  be  assumed  that  the 
vertical  downward  pressure  exerted  by  the  bottom  surface  of  the 


// 


'  ~  ^  / 
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foundation  upon  the  excavated  and  suitably  prepared  bed  is 
uniform  all  over  the  surface  and  of  intensity  p  Ibs.  per  square 
inch.  If  the  base  of  the  foundation  is  large  compared  with  the 
projecting  portions  BC,  the  latter  may  safely  be  regarded  as  a 
cantilever  of  length  I,  loaded  uniformly  with  vertical  upward 
reactions  of  the  bed,  of  intensity  p  Ibs.  per  square  inch. 

Considering  a  vertical  layer  CDA,  whose  thickness  is  unity, 
and  taking  the  vertical  cross  section  AB  of  the  cantilever,  the 
bending  moment  at  the  section  due  to  the  uniform  load  p  is 
\pl*  and  the  moment  of  resistance  of  the  section  to  bending  is 
equal  to  i/^2-  Hence  we  have 


from  which  we  obtain 

.......................................    (1) 


and  *=*7-  .....................................     (2) 

Now  the  bending  stress  /  at  the  top  or  bottom  edge  of  an 
oblique  section  such  as  AOD  is  greater  than  the  /  given  by  (1) 
and  it  will  be  found  that  there  exists  some  particular  direction 
of  AOD  for  which  the  stress  /  is  maximum.  The  bending 
moment  at  the  section  AOD  is  equal  to  the  load  on  CD  multi- 
plied by  the  perpendicular  let  fall  from  the  centre  0  of  the 
section  to  the  line  of  action  of  the  resultant  load,  that  is, 


=p(l  f  t  tan  6)(%CD  -  $t  tan  0) 
=$pl.(l  +  *tan0). 
The   moment    of   resistance    of   the    section  AOD  is  « 
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We  have  therefore 

lpl(l+  1  tan  6}=lf?  sec2  6, 

from  which  we  have 


/=          x  (cos2  6  +  -|cos  0  sin  0) 


(3) 


in  which  m  stands  for  t/L  For  the  particular  direction  of  the 
section  AOD  determined  by  tan  0=m,  the  above  value  of  the 
bending  stress  f  is  just  equal  to  that  given  by  the  previous 
equation  (1).  For  all  smaller  values  of  0,  the  above  value  of  / 
is  greater  than  that  given  by  (1)  and  become  maximum  when 

tan26=m  .....................................     (4) 

Substituting  this  value  of  6  in  (3)  we  obtain  the  greatest  bend- 
ing stress 


If,  as  is  sometimes  the  case  in  practice,  the  length  of  the  pro- 
jecting portion  I  is  equal  to  the  depth  t,  then  the  section  AOD 
of  the  greatest  stress  makes  an  angle  0  =  22!°  with  the  vertical 
section  AB  and  the  value  of  that  greatest  stress  is 


which  is  greater  by  21  per  cent,  than  that  given  by  the  usual 
formula  (1).  Again  if  the  depth  t  is  li  times  the  length  /,  the 
greatest  bending  stress  /  is  1'30  times  the  /  given  by  (1). 

The  equation  (4)  gives  us  the  following  very  simple  geomet- 
rical construction  for  finding  the  direction  of  the  section  AOD 
for  which  the  stress  is  greatest.  Completing  the  rectangle  ABCF, 
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draw  the  diagonal  FB.  Bisect  the  angle  BFC  by  the  line  FG. 
Then  AD  drawn  parallel  to  FG  gives  the  required  direction. 
The  accompanying  table  gives  the  ratio  of  the  greatest  bending 
stress  occurring  at  the  section  AOD  to  the  bending  stress  at  the 
vertical  section  AB. 


»4 

0-7 

0-8 

0-9 

1-0 

1-1 

1-2 

1-3 

1-4 

1-5 

1-11 

1-14 

1-17 

1-21 

1-24 

1-28 

1-32 

1-36 

1-40 

Kl  +  T/l  +  O 

Solving  the  equation  (5)  for  t  we  obtain 


(6) 


Suppose  for  example  that  the  safe  pressure  p  upon  the  foun- 
dation bed  is  one  ton  per  square  foot  and  the  safe  tensile  stress 
/  of  the  material  of  the  foundation  footing  is  three  tons  per 
square  foot,  that  is,  46'7  Ibs.  per  square  inch,  then  according  to 
the  formula  (2)  the  depth  t  would  be  equal  to  the  length  /;  a 
more  accurate  value  obtained  by  the  above  formula  (6)  is 


XXIX. 

Strength  of  Curved  Beams. 

By 

A.  Inokllty,  Kogakuhakushi,  Kogahushi 

and 
K.G.  Takemura,  Kogakushi. 

[The  Journal  of  the  Society  of  Mechanical  Engineers,  Tokyo,  Japan, 
Vol.  XIII,  No.  22,  May,  1910.] 

When  the  radius  of  curvature  of  the  central  longitudinal 
axis  of  a  beam  is  not  large  compared  with  the  dimensions  of 
cross  section  of  the  beam,  it  is  sometimes  not  accurate  enough 
to  assume  that  the  intensity  of  the  bending  stress  varies  as  the 
distance  from  the  central  axis  of  a  cross  section  perpendicular 
to  the  plane  of  bending.  In  a  curved  beam,  the  form  of  a  cross 
section  may  be  quite  symmetrical  about  the  central  axis  perpen- 
dicular to  the  plane  of  bending  and  the  action  of  the  load  on 
the  beam  may  be  simple  bending,  unaccompanied  by  direct  axial 
pull  or  thrust  and  unaccompanied  also  by  shearing  force.  In 
such  a  case,  the  bending  stress  is  still  greater  at  the  outer  skin 
on  the  concave  side  than  on  the  convex  side  and  the  neutral 
surface  of  the  beam  lies  on  the  inner  side  of  the  gravity  axis, 
that  is,  on  that  side  of  the  gravity  axis  on  which  the  centre  of 
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curvature  lies.  Crane  hooks, 
chain  links,  &c.  are  examp- 
les of  curved  beams  in  which 
the  effect  of  curvature  has 
to  be  taken  into  considera- 
tion in  the  calculation  of 
strength. 

It  will  be  assumed  that 
the  central  line  forming  the 
locus  of  the  centre  of  gravity 
of  radial  section  lies  wholly 
in  one  plane  before  and 
after  bending.  Eeferring  to 
Fig.  1,  let 


FIG.    1. 


po  and  />  be  the  original  and  final  radius  of  curvature  of  the 
central  axis  GR  and  GR'  respectively,  at  the  section 
ABC, 

M     the  bending  moment  at  the  same  section, 

y  the  distance  of  points  on  radial  cross  section  measured 
from  the  axis  zz,  passing  through  the  C.  G.  and  per- 
pendicular to  the  radius  of  curvature ;  this  is  reckoned 
positive  when  measured  away  from  the  centre  of  curva- 
ture and  nagative  when  towards  it, 

p  the  bending  stress  of  the  fibre  BP  at  distance  ?/  from 
the  axis  zz, 

Po     the  bending  stress  of  the  fibre   GR  at  y=0, 

A      the  area  of  the  cross  section  =  Ucfy. 

Taking  another  cross  section  OERD  at  a  very  small  distance 
ds—GR    measured    on    the    gravity    axis  and  supposing  that  the 
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first  section  ABC  is  kept  in  its  original  position,  the  second 
section  will  assume  a  position  shown  with  accented  letters  i.e., 
E'R'D'.  We  then  have 


original  length     BP  =  (^  +  ? 
final  length          BP'  =  (p  +  y)d0. 

Here  it  is  assumed  that  y  remains    the    same    before    and    after 
bending.     The  bending  stress  of  the  fibre  BP  is  given  by 


p  _BP'-BP  _  (p  +  y)d0  _ 
E  ~        BP 


Making  ?/  equal  to  zero,    we   obtain    the    bending    stress    of   the 
fibre   GR  of  the  gravity  axis, 


Jpo 
E 


Eliminating  dtf/dfa  we  obtain 

P  -f-i,   Po  \_po_  _i 

E~(l  +  E)  p  '~ 


which  may  be  written  as  follows  :  — 


Now  p  being  the  stress  called  into  play  by  the  bending  moment 
alone,  we  must  always  have 


ipzdy=Q. 


Substituting   in   this   the   value   of  p  given  by  (1)  and  dividing 
all  through  by  E,   we  have 
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where 

B=(}T^ty_  (3\ 

Again  the  bending  moment  at  the  section  ABC  must  be  equal 
to  the  moments  of  stresses  on  the  section  resisting  bending 
action  ;  we  have  therefore 


where 


Since  y  is  measured  from  zz  passing  through  the  C.  G.  of  the 
section,  the  second  integral  in  the  above  expression  is  zero. 
From  (1)  and  (4)  we  have 

M 


From  (2)  and  (4)  we  have 

-^B+PoA=0  ...............................    (7) 

Eliminating  p0  between  the  last  two  equations,  we  have 


Now  the  integrals  B  and  C  can  be  reduced  to  simpler  forms  as 
follows  :  — 
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where 


Again 

Po+y  ~J\  ~  '  "• 


A)  ...............................     (11) 

Substituting  these  values  of  the  integrals  in  (8)  we  obtain 


At  the  neutral  surface    the    bending    stress  p    is    zero    and    the 
position  of  this  surface  is  found  from  (12'),  thus 


The  adoption  of  the  function  A',  called  a  "  modified  area," 
is  due  to  Prof.  Arthur  Morley,  Professor  of  Mech.  Eng.  in  the 
University  College,  Nottingham  ;  the  resulting  equations  (12)  are 
given  by  him  in  this  book  on  Strength  of  Materials,  page  325, 
Edition  1908. 
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The  value  of  the  modified  area  A'  can  be 
calculated  for  simple  geometrical  forms.  Take 
the  case  of  a  rectangle. 

Here  the  width  z  is  constant  and  equal  to  b,  so 
that  (10)  becomes 


» 

t 

~"       b        * 

FIG.  2. 


=An\og 


(14) 


where  A  is   the  area   bh  and    n  the  ratio  -fr-. 

The  distance  of  the  neutral  surface  from    the   centre   of   gravity 
of  the  section  is  by  (13) 

(15) 


The  bending  stress  p  at  a  point  distant  y  from  the  gravity  axis 
of  the  section  is 
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nloz_  — 


p=-£j*x    ,     o:./ ";>  (") 


where     >y=y!h,  whose  value  ranges  from   +£  to  — $. 
If  ,»«=A,  then  7i  =  l,  log-|^-=log  3=1-0986, 


.  = -0-0898  A, 
and 

xl-69of  1-0986-     ^-j-Y 


-y+ 

For  a  straight  beam,  this  would  become 
M 


In  Fig.  3,  the  horizontal  dotted  ordinates  of  the  curve  give  the 
bending  stress  p,  the  centre  of  curvature  being  situated  toward 
the  top  of  the  page,  and  the  value  of  p  is 

/*  =  (coef.  in  the  last  column  of  the  table)  x       ,  2 . 

?5 

The  following  table  gives  the  values  of  p  at  varying  distance  y 
for  a  curved  beam  of  rectangular  section  with  the  radius  of 
curvature  po  equal  to  the  depth  of  the  beam  h.  For  comparison 
the  stress  p  for  a  straight  beam  of  the  same  sectional  dimensions 
is  also  given. 


[TABLE. 
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y  in  fraction  of 
depth  h 

Value  of  the  coef. 
2'y  for  straight  beam 

Value  of  the  coef. 
I'fiOO^I-OQSfi                    1 

1     OJU^l    UJOO               .y^.]       ) 

for  curved  beam 

-0-5 

-1-0 

-1-523 

-0-45 

-0-9 

-1-216 

-0-4 

-0-8 

-0-960 

-0-3 

-0-6 

-0-558 

-0-2 

-0-4 

-0-256 

-01 

-0-2 

-0-021 

yn=  -0-0898 

-0180 

0 

0 

0 

+  0-167 

-f  0-1 

+  0-2 

+  0-320 

+  0-2 

+  0-4 

+  0-448 

+  0-3 

+  0-6 

+  0-557 

+  0-4 

+  0-8 

+  0-649 

+  0-5 

4-1-0 

+  0-730 

Circular  Section. 

Here       y  =r  sin0,        z  =  2  r  cos0. 
dy=r  cosd  dd, 


t~%( 

/>0     (-rs 
rj   \ 


FIG.  4. 
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1 


where  n  is  the  ratio  pjdia.     When  the  radius  of  curvature  p0  is 
equal  to  the  diameter  of  the  section,  we  have 

A'=  1-071^. 

For  Sections  of  any  Form,  the  function  A  may  be  expanded 
into  a  series,  of  which  first  few  terras  may  be  used  as  an  ap- 
proximation to  the  value  of  A  '  .  Thus 


p0+y 

ly       ............     (18) 


PO         PO  J  po 

where  /  is  the  moment  of  inertia  of  the  section  about  the  axis 
from  which  y  is  measured.  The  first  two  terms  of  the  series 
gives  an  approximation  to  the  value  of  A  '.  If  the  section  is 
symmetrical  about  the  ZZ  axis,  all  the  odd  functions  in  the  series 
disappear. 

GRAPHIC  METHOD  OF  FINDING  MODIFIED  AREA  A'. 

Let  APBKQF  be  any  plane  figure,  of  which  ZCZ  is  the  axis 
from  which  y  is  to  be  measured,  C  being  the  C.  G.  of  the 
figure.  Let  0  be  the  centre  of  curvature  of  the  longitudinal  axis 
of  the  beam.  Draw  a  line  AB  parallel  to  ZCZ  at  a  distance  y 
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from  .it,  meeting  the  perimeter  of  the 
figure  at  A  and  B.  Join  OA  and  OB, 
cutting  the  axis  ZCZ  at  D  and  E. 

Project  these  points  on  to  the  line 
AB,  giving  us  the  points  A'  and  B', 
which  are  points  on  the  perimeter  of 
the  required  modified  figure.  The  area 
of  this  figure  is  given  by 

°J-zdy. 


t'=[z'dy  =  [ 

J    y   )  p* 


It  may  be  noted  that  the  point  0  from  which  OA  and  OB  are 
drawn  may  be  taken  anywhere  in  the  line  drawn  through  the 
centre  of  curvature  parallel  to  the  axis  ZCZ. 


STRESSES  IN  HOOKS. 

The  formulse  (12)  may  be  applied  as  a   very   good   approxi- 
mation   for    finding    the    stresses    in    the    principal  or  horizontal 
section  through    the   centre   of  curvature   of   a 
hook  carrying  a  vertical  load. 

In  the  annexed  figure  let  0  be  the  centre 
of  curvature  of  the  points  A  and  B  of  a  hori- 
zontal section  ADB,  D  being  the  centre  of 
gravity  of  the  section.  Let  a  load  W  act  at  a 
distance  /  from  D,  so  that  CD=l  and  M=-WL 
The  uniformly  distributed  tensile  stress  on  the 
section  due  to  direct  pull  of  the  load  W  is 
W/A.  In  the  formula  (12")  make  y  equal  to 
yc  and  add  the  uniform  stress  W/A,  and  we 
obtain  the  resultant  stress  at  A, 
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(19) 


which  will  turn  out  to  be  negative  and  consequently  the  stress 
is  compressive  on  the  convex  side  of  the  hook.  In  the  same 
formula  (12")  make  y  equal  to  — yt  and  add  the  uniform  stress 
W/A,  and  we  obtain  the  resultant  stress  at  B, 


J 


po(A'-A)\A       p«-ytr   A  ' 


(20) 


which  will  be  positive  showing  that  the  stress   is    tensile   on   the 
concave  side  of  the  hook,  as  it  of  course  should  be. 

GRAPHIC  METHOD  OF  FINDING  CENTROID, 

AND  MOMENT  OF  INERTIA  OF  ANY 

PLANE  FIGURE. 

First  Method. 

To  find  centroid. 

Keferring  to  Fig.  7,  let 
APBKQF  be  any  plane  figure,  the 
centroid  of  which  is  to  be  found. 
Take  any  reference  axis  XOX,  and 
draw  a  line  MN  parallel  to  the  re- 
ference axis  at  any  convenient  dis- 
tance, as  10",  15",  20"  &c.  Let 
AB  be  a  line  drawn  parallel  to  the 
reference  axis  at  a  distance  y  from 
it,  meeting  the  perimeter  of  the  figure 
at  A  and  B.  Project  these  points 
on  the  line  MN,  giving  us  points  D 

and  E.     Choose  any  point  0  in  the  axis  XOX,  preferably  nearest 
to   the    figure,    and   join   OD  and  OE,  cutting  the  line  AB  and 


D    D' 


FIG.  7. 
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A'  and  B',  which  are  points  on  the  perimeter  of  the  first 
modified  figure.  Finding  a  number  of  such  points  like  A',  and 
J?',  the  first  modified  figure  is  easily  drawn.  Find  the  area  of 
this  new  figure  by  means  of  a  planimeter. 

Let  AB=b,  and  A'B'=V. 

Then  the  area  of  the  original  figure 


and  the  area  of  the  first  modified  figure 


Therefore  the  distance  of  a  line  passing  through  the  centroid 
of  the  original  figure  from  the  assumed  reference  axis  XOX  is 


bdy 

Taking  any  other  reference  axis  and  repeating  a  similar 
process,  we  obtain  another  line  passing  through  the  centroid  of 
the  original  figure  whose  intersection  with  the  line  previously 
obtained  is  the  centre  of  gravity  of  the  original  figure. 

When  the  figure  has  an  axis  of  symmetry  PQ,  the  reference 
axis  XOX  is  drawn  perpendicular  to  the  axis  of  symmetry,  and 
the  intersection  of  the  axes  gives  us  the  pole  0,  and  the  line  at 
the  distance  h  from  the  reference  axis  XOX  gives  the  centre  of 
gravity,  cutting  the  axis  of  symmetry  at  C. 

To  find  moment  of  inertia. 

Repeat  a  similar  process  on  the  first  modified  figure,  project- 
ing A,  B'  at  D'  and  E',  and  getting  A"  and  B"  which  are 
points  of  the  perimeter  of  the  second  modified  figure.  Find  the 
area  of  this  new  figure  by  means  of  a  plauimeter. 
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Let  A"B"=b". 
Then  the  area  of  the  second  modified  figure 

A*=[b"  du 


Therefore  the  moment  of  inertia  of  the  original  figure  about 
the  reference  axis  XOX 


Accordingly  the  moment  of  inertia    of   the    figure    about    a 
parallel  axis  through  its  centre  of  gravity 


Second  Method. 

Instead  of  using  one  fixed  pole 
0,  as  we  have  just  done,  separate 
pole  may  be  used  for  each  line,  like 
AB,  the  pole  being  the  foot  of  the 
perpendicular  from  one  of  the  extre- 
mities of  the  line  AB  on  the  re- 
ference axis. 


FIG. 


Strength  of  Curved  Beams. 


[xxix. 


It  is  hardly  necessary  to  note  that  the  chosen  extremities 
of  the  lines,  such  as  AB,  should  always  be  either  on  the  right 
or  left  hand  side,  and  then  the  primeter  of  the  derived  figure 
on  that  side  remains  the  same  as  that  of  the  original  figure,  as 
shown  iii  Fig.  8. 


STRENGTH  OF  DRAW  HOOKS  USED  BY 
I.  G.  R.  OF  JAPAN. 

Fig.  9  shows  one  of  these  draw  hooks.  Taking  the  section 
of  the  hook  through  AB,  let  it  be  required  to  find  the  position 
of  the  ceutroid  of  the  figure. 

As  the  figure  has  an  axis  of  symmetry  00'  the  reference 
axis  XOX  is  drawn  perpendicular  to  the  axis  of  symmetry  at 
the  distance  f"  from  B  (see  Fig.  10),  and  the  first  modified 
figure  is  drawn  by  the  second  of  the  graphic  methods  of  finding 
centroid. 


FIG.     9. 
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FIG.    10. 
Here  h =6", 

A  =7-20  sq.  inches  (by  means  of  a  planimeter), 
^t=3-45  sq.  inches  (by  means  of  a  planimeter). 
6  x  3-45 


Therefore  h 

The  second  modified  figure  is  then  drawn  on  the  first  modi- 
fied figure  by  using  the  second  of  the  graphic  methods  of  finding 
moment  of  inertia,  and  is  shown  by  a  hatched  portion  in  Fig.  11. 


Here 

Therefore 


FIG.     11. 
sq.  inches  (by  means  of  a  planimeter). 


62(l'9-l'65)=36x-25, 
9-0  (inches)4. 
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FIG.     12. 

Fig.  12  shows  the  process  of  finding  modified  area  A'  of 
which  the  hatched  portion  is  the  required  modified  figure,  the 
area  heing  denoted  by  A '. 

Here          ^'  =  8*70  sq.  inches  (by  means  of  a  planimeter). 

Now  to  find  the  stresses  at  A  and  B  by  using  the  equations 
(19)  and  (20). 

The  intensity  of  compressive  stress  at  A 


f  -    ~wl    Ml_ 

JA~  «<  A'-A)\A 


W 

A 


I  __  (  A'          Po    \       1  \ 
-A)\A       Po  +  yj      A}' 


Here 


_W 

r 

=  %l"  (measured  on  Fig.  9), 
=  21"  (measured  on  Fig.  9), 
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Therefore  £=- 


-- 
1*0 

=  -^•433-  -139) 

=  -•294  W,     or     --3  W,  say  ..........     (i) 

And  the  intensity  of  tensile  stress  at  B 


f  =      ~  Q        . 

p«(A'-A)\A        Po-yj      A 


__  __ 

p,(A'~A}A        pt~yt         A  y 
Here  yt=2", 


Therefore  /,—  IF^i-M-  »»)-189} 

=  -J^I^-(l-21-  3-27)-  -1391 


=  1-512  W,     or     1-51  JF,  say  .............    (ii) 

Therefore  -^-=6'33  .....................................    <m) 

/^ 

Next,  let  us  find  the  values  of  /^  and  fB  by  using  the  formulae 
given    on    page    535    of    Vol.    I    of   Prof.    Unwiu's    Elements  of 
Machine  Design  (1901  edition). 
The  formulae  are  :  — 


A 
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,  _  Wlyt  ^  W 


Here  7^9-G  (inches)4, 


-139. 


Therefore  /A  =  —  > 

=  - JF(-72--139) 

=  -•581  W,         or         --58JF,  say (iv) 

And 

*-*&£-+*»} 


=  -779JF,     or     -78  W,  say 
Therefore 


/A 


which,  compare  with  the  previous  result  (iii).  The  estimated 
stresses  calculated  by  the  two  methods  are  so  widely  different 
from  each  other  that  it  is  quite  unsafe  to  neglect  the  effect  of 
curvature  in  finding  proper  proportions  of  the  draw  hook. 


XXX. 

Method  of  Least  Squares. 

[Hitherto  unpublished.'] 

Errors  of  Observation.  The  errors  to  which  all  observations 
are  subject  may  be  divided  into  systematic  and  accidental.  Syste- 
matic errors  are  those  which  affect  all  observations  on  the  same 
quantity  in  the  same  way  and  which  are  produced  by  well 
understood  causes.  As  examples  may  be  cited  the  errors  arising 
from  wrong  graduation  of  the  zero  point  of  an  instrument,  those 
arising  from  the  effect  of  temperature  on  the  length  of  a  measur- 
ing rod,  those  arising  from  the  habit  of  the  observer  tending  to 
make  his  readings  err  in  a  certain  direction,  &c. 

Mistakes  are  errors  committed  by  inexperienced  and  occasion- 
ally by  the  most  skilled  observers  arising  from  temporary  mental 
confusion.  As  such  may  be  mentioned :  mistakes  of  noting 
wrong  figures  such  as  6  instead  of  9  ;  mistakes  of  sighting  at 
wrong  marks  ;  mistakes  in  numerical  calculations  ;  mistakes  that 
result  from  forgetting  something  that  ought  to  have  been  done. 

Accidental  errors  are  those  whose  presence  cannot  be  foreseen 
nor  prevented  ;  they  are  due  to  numerous  causes.  Such,  for  ex- 
ample, are  the  errors  due  to  expansion  of  the  instrument  by  solar 
heat  or  by  a  lamp,  or  due  to  the  tilting  of  the  instrument  by 
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the  weight  of  the  observer,  or  due  to  the  effect  of  the  wind,  or 
due  to  too  much  tightening  of  a  screw,  or  due  to  inaccurate 
timing  of  observation,  or  due  to  inaccurate  location  of  a  mark, 
or  due  to  inaccurate  estimate  of  bisection,  <fec. 

Before  applying  the  Method  of  Least  Squares,  all  systematic 
errors,  and  all  evident  mistakes  should  be  carefully  investigated 
and  eliminated  from  the  numerical  results. 

It  may  be  noted  here  that  some  systematic  errors  may 
become  accidental  errors  in  certain  cases  of  observations.  Thus 
if  a  series  of  direct  observations  on  the  same  quantity  extend 
over  a  large  number  of  days,  taken  at  various  hours  of  the  day 
and  night,  the  errors  arising  from  the  changes  of  atmospheric 
temperature  may  be  considered  as  accidental  errors,  provided  that 
the  mean  temperature  for  the  whole  period  be  the  normal  tem- 
perature for  the  series  of  observations. 

The  probability  of  an  accidental  error  of  a  given  magnitude 
is  the  ratio  of  the  number  of  errors  of  that  magnitude  to  the 
total  number  of  errors.  By  the  number  of  errors  of  a  given 
magnitude  is  meant  the  number  estimated  per  unit  of  the  error 
of  that  magnitude.  Thus  if  an  error  of  magnitude  x  is  chosen 
at  random  out  of  a  very  large  number  of  errors  and  if  the 
number  of  all  the  positive  or  negative  errors  that  are  numerical- 
ly less  than  x  is  counted  and  found  to  be  N,  then  we  say  that 
dN/dx  is  the  number  of  errors  of  magnitude  x. 

Axioms  derived  from  experience  are  : — 

(1)  Small  errors  are  more  frequent  than  large  ones. 

(2)  Positive  and  negative  errors  are  equally  frequent. 

(3)  Very  large  errors  do  not  occur. 
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FIG.     1. 

In  a  very  large  number  of  precise  observations,  then,  the 
probability  of  a  small  error  is  greater  than  that  of  a  large 
one  ;  the  probability  of  a  positive  error  is  the  same  as  that  of  a 
negative  error  of  the  same  magnitude  ;  the  probability  of  a  very 
large  error  is  zero.  The  words  "  very  large "  are  somewhat 
vague,  as  it  is  impossible  to  assign  a  limiting  magnitude  to  an 
error  that  will  never  occur.  It  is,  therefore,  best  to  extend  the 
limit  to  infinity.  In  Fig.  1  taking  rectangular  axes  OX  and 
OY,  let  the  abscissa  x  represent  the  magnitude  of  error,  the 
ordinate  y  may  then  be  considered  to  represent  the  probability 
corresponding  to  x,  or  it  may  be  considered  to  represent  the 
number  of  errors  of  magnitude  x  in  a  very  large  number  of 
precise  observations.  The  curve  must  then  have  the  highest 
ordinates  at  the  origin  0  [Axiom  1.].  The  curve  must  be 
symmetrical  about  the  axis  OY  [Axiom  2.].  The  curve  must  be 
asymptotic  to  the  axis  OX  at  positive  and  negative  infinity. 

The  probability  of  an  error  x  must  therefore  depend  on  x2 
and  must  be  expressed  by  some  function  whose  value  diminishes 
very  rapidly  as  x  increases.  The  probability  that  the  error  lies 
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between  x  and  x  +  3x,  where  dx  is  very  small,  must  be  proportioned 
to  dx.  This  is  evident  from  Fig.  1,  because  the  said  probability 
is  the  number  of  errors  lying  between  x  and  x+dx  divided  by 
the  whole  number  of  errors  in  the  observation,  and  that  number 
is  represented  by  the  area  of  the  elementary  strip  MPQN,  of 
which  the  base  MN  is  equal  to  dx. 

Hence  we  may  assume  that  the  probability    of  an    error   of 
magnitude  x  being  included  in  the  range  from  x  to  x+dx  is 


Now  the  error  must  be  included  between   -foo  and   —  oo  [Axiom 
3.].     Hence  as  a  first  condition, 


(1) 


When  an  event  may  happen  in  different  independent  ways,  the 
probability  of  its  happening  is  the  sum  of  the  separate  proba- 
bilities. The  integral  is  therefore  the  probability  of  committing 
an  error  whose  magnitude  lies  between  +00  and  —  oo.  The  form 
of  the  function  0  can  be  determined  by  the  consideration  of  a 
very  simple  particular  case. 

Let  a  small  shot  be  let  fall  from  a  certain  height  with  the 
object  of  hitting  a  mark  on  a  horizontal  table.  (Lord  Kelvin 
Nat.  Phil.) 

Let  two  horizontal  lines  be  drawn  on  the  table  through  the 
mark  at  right  angles  to  each  other,  and  take  them  as  axes  of  x 
and  y  respectively.  The  probability  of  the  shot  falling  at  a 
distance  between  x  and  x+dx  from  the  axis  of  y  is  $(x*)dx. 
Similarly  the  probability  of  its  falling  between  y  and  y  +  dy  from 
the  axis  of  x  is  <fi(y-}dy.  The  probability  of  its  falling  on  the 
elementary  area  dxdy,  whose  coordinates  are  x,  y,  is  the  proba- 
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bility  of  a  compound  event  produced  by  the  concurrence  of  the 
two  independent  events  above  stated  and  is  therefore  the  product 
of  the  separate  probabilities,  namely,  0(x2)fi(y2)dx  dy  or  0(x*)0(y2)a, 
where  a  denotes  the  indefinitely  small  area  about  the  point  xy. 
Had  we  taken  any  other  rectangular  axes  through  the  same 
origin,  the  same  probability  should  be  0(x'2)0(y/2)a,  in  which 


FIG.     2. 

The  probability  of  the  error  is  thus  independent  of  the 
direction  of  the  error  from  the  origin.  Hence  the  same  proba- 
bility may  be  expressed  by  0(r2)a,  in  which  r2=x2  +  y2.  Hence 
we  have 


From  this  functional  equation,  we  have 


where  A  and  m  are  constants.  Since  the  function  has  to  di- 
minish with  the  increase  of  x  [Axiom  1.],  m  must  be  negative  ; 
and  also  since  the  exponent  of  e  must  be  an  abstract  number, 
it  is  best  to  write  m  =  —-jrt  so  ^na^  ^  represents  the  degree  or 
measure  of  precision  or  coarseness  of  observation  expressed  in 
the  same  units  as  the  observed  quantity.  Substituting  in  (1) 
we  have 
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f 

\ 


A\  e 

—  X 


whence     A=          *     and  the  probability  of  an  error  x  lying  be- 
tween x  and  x  +  dx  is 


This  function  is  usually  Written    in    the   form    of  equation    to   a 
curve,  thus 


This  is  called  the  probability  curve  and  gives  equal  values  of  y 
for  positive  and  negative  values  of  x  numerically  equal.  The 
maximum  value  of  y  corresponding  to  x=Q,  is  equal  to  l-*-(Ai/»}. 
Hence  the  probability  of  the  error  0  is  ,  ,  —  The  differential 
coefficient  of  y  is 


which  becomes  0  when  x=0  and  also  when  $  =  ±00,  showing  that 
the  curve  is  horizontal  over  the  origin  and  that  the  axis  of  x  is 
an  asymptote.  The  second  differential  coefficient  is 


which    becomes  0  when   — -p-  +  l=0,  showing  that  the  curve  has 
a    point    of    inflection    at    x=±— -^h. 

Fig,  1  represents  the  probability  curve.      The  quantity  A  is 
the    smaller,    the    more    precise    the   observations.     The  quantity 


See  Williamson's  Integ.  Cal.,  page  151. 
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j— T=  being  proportional  to  the  probability  of  error  0,  the  more 
precise  the  measurements,  the  larger  is  the  value  of    ,    / — 

Probability  Integral.     The  probability    that    an    error    x    lies 
between  any  two  given  limits  Xi  and  xz  is 


f*    i       - x- 
*e    ~»dx. 
h-i/x 


The   probability    that    an    error   lies   between  the  limits  —  x  and 
+  x  is  double  the  probability  that  it  lies  between  0  and   +x. 

fr    i       — 
Hence  ?«2J  -^e    »dx   (4») 


expresses  the  probability  that  an  error  is  numerically   less   than 
a;.     This  may  be  written 


(42) 


which    is    called    the    probability    integral.      Writing  t=x/h,  the 
above  becomes 


Expanding  e~ft  by  Maclaurin's  theorem  and  effecting  the  integra- 
tion, we  have 


P=-4J* 


i?        1     1*         1       V  \ 

3"+T2"T~T2^"T  + r 


which  is  convenient  for  small  values  of  t.      For  large  values  in- 
tegrate by  parts,  thus 
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And  since       e~^dt——~f     we 

* 


have 


from  which  we  obtain 

P  =  l__£±ri_JT  +  _l^__1^5_+ "1 

From  these  two  series  the  values    of   P  can    be    found    to    any 
required  degree  of  accuracy  for  all  values  of  t,  that  is,  -T-. 

The  Probable  Error.  In  a  series  of  errors  the  probable  error 
has  such  a  magnitude  that  an  error  taken  at  random  is  greater 
or  less  than  the  probable  error  is  equally  probable. 

Let  r=  the  probable  error  of  any  one  observation  out  of  a 
large  number  of  observations  on  a  certain  quantity.  Then  the 
above  definition  gives 


2 
=  1  e     "-  — — 7=1  - 


The  solution  of  this  equation  by  trial  and  error,  or  by  interpola- 
tion from  a  table  of  probability  integral,  gives 

r=0-4769A (5) 
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Propagation  of  Error.  Let  X  be  a  quantity  measured  directly 
many  times  with  a  probable  error  r.  Eeguired  the  probable  error 
R  of  a  linear  function  mX+c,  in  which  m  and  c  are  known 
constants. 

In  the  function,  all  the  errors  of  X  appear  multiplied  m 
times  and  therefore 

fi=mr (6) 

Let  X  and  Y  be  two  independent  quantities  each  measured 
directly  many  times  with  the  resulting  probable  errors  r^  and  r2 
respectively.  Required  to  find  the  probable  error  R  of  X+  Y  or 
of  X-  Y. 

Let  X±  Y=Z, 

and  let  x,  y,  and  z  be  the  errors  of  X,    Y,   and    Z.      The    laws 
of  errors  x  and  y  of  the  measured  quantities  X  and  Y  are 


eL     and      _ 
yx  a  -V/TT  o 

respectively,  a  and  b  being  the  measures  of  precision  for  the  two 
sets  of  observations.  Now  the  probability  of  an  error  z  lying 
between  z  and  z+dz  is  the  same  as  the  probability  of  concur- 
rence of  two  independent  events;  (1)  committing  an  error  y 
within  the  range  from  y  to  y  +  dy,  and  (2)  committing  an  error 
x  within  the  limits  +00  and  —  oo.  But  the  range  from  y  to 
y  +  dy  is  the  same  as  the  range  from  z— x  to  z  +  dz—x  (or  from 
z+x  to  z+dz+x).  Hence  the  probability  of  error  z  lying  be- 
tween z  and  z+dz  is 


+  oo  __*2_  z+dz^j;_  if 

e     a"  dx  I  e    ^  dy 

—oo  z^x 
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—  so 

,  +  00. 

e 

—  so 


But 
Let 

then 


The  above  integral  therefore  becomes 


^=—====-    and  also  when 


+00 


(Lord  Kelvin  Nat.  Phil.) 


The  measure  of  precision  h  of  the  observations  Z  has,  therefore, 
the  value  Vcf+tf.  Hence  the  required  probable  error  of  X+  Y 
or  X-  Y  is,  by  (5), 


•4769 
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The  probable  error  R  of  a  linear  function 
m0  -f-  mt  X±  +  m2X2  + +  mnXn 

of  independent   quantities  X\,  X2, Xn,   which  are  measured 

directly  many  times,  with  the  resulting  probable  errors  r^  r2t rn, 

is  given  by 


.........  +  (mnrn)*,     .........     (8) 

//?0,  mi,  m2,  .........  mn  being  known  constants. 

Let  Z=0(Xlt  X2,  .....  ••••Xn)  be  any  function  of  independent 

quantities  Xi}  X2,  .........  Xn,  each   observed   directly   many   times 

and    let    the    errors   xit   x2,  ........  xn  be  supposed  small  compared 

with  the  true  values  alt  a2,  .........  an.     Expanding  0  and  neglect- 

ing powers  and  products  of  small  quantities    xlt   x2)  .........  xn,    we 

obtain 


Xn] 


dti  ,  'dd 

.........  +  xn-f—. 

dan 


By  the  last  case,  the  probable  error  R  of  the  function    is   given 


Example.  Let  c  be  the  probable  error  of  the  diameter  D  of 
a  circle  measured  many  times.  Find  the  probable  error  of  the 
circumference  and  of  the  area. 

The  probable  error  of  the  circumference  is  -c  and  that  of 
the  area  is 
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~C  dD 


«*?•—      2 


Example.  The  measurements  of  two  sides  of  a  rectangle  gave 
a±rlt  and  b±r2,  a  and  b  being  the  most  probable  values  of  the 
lengths  of  the  sides,  and  i\  and  r2  the  corresponding  probable 
errors.  Required  the  probable  error  of  the  area  ab. 


Example.      With   the   data    in    the    last   example,    find    the 
probable  error  of  the  diagonal. 

Here  0  =  («'+»•)!  - 


Example.     The  probable  error  of  a  number    a    is    r.      Find 
the  probable  error  of  Va. 


D       d6         d  (  A 

R=r-^-  =  r——{a-  ) 

da         da\     / 
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This  probable  error  expressed  as  a  fraction  of  the  root  \/a  is 
equal  to  one  half  of  r  expressed  as  a  fraction  of  the  number  a. 
Similarly  the  probable  error  of  cube  root  is 

R  =  . . .  -     1 


ai  x 

ya       ya       &ya2 

Example.     Find  the  probable  error  of  an,    that   of   a   being 
known. 


R       rn  a7*-1       ( r\ 

and  — TT= z —  =  n{  —  )> 

an  an  \  a ) 


being  n  times  the  probable  error  of  the  number   expressed   as   a 
fraction  of  the  number  itself. 

Example.     The   probable   error  of  the  common  logarithm  of 
a   number  a  is  r.     Find  the  probable  error  of  the  number  itself. 
Let     /=logi0  «>  so  that 


-•=10'  log.  W  =  a  log,  10=2-303  a, 
and  H-r*. 


Example.  A  process  of  multiplication  and  division  of  n 
numbers  by  one  another  is  performed  by  means  of  a  table  of 
logarithms.  Find  the  probable  error  of  the  result  of  the  calcu- 
lation. 
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The  probable  error  of  a  logarithm  taken  from  a  table  of 
logarithms  is  ±i  unit  of  the  last  figure.  The  probable  error  of 
the  resulting  logarithm  is 


to  n  terms 


Hence    by   the   last   example,    the   probable  error  of  the  number 
^V  corresponding  to  the  resulting  logarithm  is 


2-303  x 


in  units  of  the  last  figure  of  the  logarithm.    This  probable  error 
expressed  as  a  fraction  of  the  number  itself  is 


2-303  x 


where  L  is  1  followed  by  as  many  ciphers  as   there   are   places 
in  the  logarithm. 

Example.      Find    the    probable    error    of    ni\\    power    of    a 
number  a  calculated  by  means  of  a  table  of  common  logarithms. 

Let  £=logi«>  a. 

Then  the  nth  power  of  the  number  is 


=2-303  »#. 

Therefore  the  probable  error  of  N  is 


=__ 

If,  for  example,  (1-048)3U  is  calculated    by    means   of  a   table   of 
five  place  logarithms,  we  have 
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log  N=n  log  a= 30  x  log  1-048 

=30x0-02036 

=  0-61080 

=  log  4-0813, 

so  that  ^=4-0813. 

The  probable  error  of  N  is 

#=— Lx  2-303  nN 
2-303x30x4-08 13 


4  x  100000 
=0-0007048. 
The  result  may  be  written  thus 

4-0813  ±0-0007. 

The  probable  error  of  an  calculated  by  logarithms  varies  directly 
as  the  exponent  n  and  inversely  as  10  raised  to  the  power  of  the 
number  of  places  in  the  logarithm  and  hence  a  high  power  of 
a  number  is  liable  to  a  considerable  error  if  calculated  by  short 
logarithms, 

Example.     In  the  measurement  of  a  discharge  of  water  by  a 
standard  orifice,  the  formula  employed  is 


in  which  Q  is  the  discharge  in  cubic  units  per  unit  time,  c  the 
coefficient  of  discharge,  D  the  diameter  of  the  orifice,  and  h  the 
head  over  the  centre  of  the  orifice.  ___  If  r^  and  r2  are  the  prob- 
able errors  of  D  and  h  respectively,  find  the  probable  error  of  Q. 
The  probable  error  of  Q  is 
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J-yr?  (ZDhty  +  r|  (1 


Therefore 


Example.  The  length  of  a  line  is  equal  to  a±rv  and  the 
angle  which  the  line  makes  with  a  reference  axis  is  a±?'2,  i\ 
and  r2  being  the  probable  errors  of  a  and  a  respectively.  Find 
the  probable  error  of  a  sin  «. 

It  being  assumed  that  r2  is  expressed  in  radians,  the  probable 

error  of 

0(«,  a)=a  sin  a 


i\  sin2  «  +  1  1  («  cos  a)2 


=  a  sn 


a/v/^^_Y+  ^-2  Cot  aV 


If    for    example    a  =  100  ft.,    n=0'05  ft.,     «  =  45°,     and 
0-0002908  radian,  we  have 

#=100  x  0-7071 /v/(-^-Y+  (0-0002908  x  I)2 


and  the  result  may  be  written  in  the  form  7071  ±0*04  ft. 
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Principle  of   Least  Squares.      Let  n  equally  good   measure- 
ments be  made  upon  functions  of  one  or   more   unknown   quan- 
tities.    The  corresponding  errors  being  Xitx2lx3t  ......  XM  the  prob- 

abilities of  these  errors  being  within  a  range  dx  are 

dx      ~  dx      ~^~  dx      ~ 


respectively,  h  being  the  same  in  all,  because  all  the  observations 
are  supposed  to  be  equally  good.  Now  the  probability  of  the 
compound  event  of  committing  the  system  of  independent  errors 
xlt  x.2,...xn  is  the  product  of  these  separate  probabilities,  that  is, 


Different  values  given  to  the  unknown  quantities  in  the  functions 
give  rise  to  different  values  of  2(x*)  and  consequently  to  different 
values  of  the  probability  P,  and  the  most  probable  values  of  the 
unknown  quantities  will  be  those  that  make  P  a  maximum. 
But  P  is  maximum  when  2(x2),  the  exponent  of  e,  is  a  minimum. 
Thus  the  most  probable  values  of  the  quantities  to  be  determined 
are  those  which  make  the  sum  of  the  squares  of  errors  the  least 
possible,  that  is 

Z(y?)  the  least. 

This  is  the  principle  of  least  squares. 

An  accidental  error  x  is  the  difference  between  the  true  value 
of  the  observed  quantity  and  the  result  of  measurement  upon  it. 
A  residual  is  the  difference  between  the  most  probable  value  of 
the  observed  quantity  and  the  measurement  upon  it.  Evidently 
the  most  probable  value  will  approach  more  nearly  to  the  true 
value,  the  greater  the  number  of  observations,  as  likewise  the 
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residuals  to  the  errors.  With  an  infinite  number  of  good  obser- 
vations, the  most  probable  value  will  become  the  same  as  the 
true  value  and  the  residuals  will  coincide  with  the  errors.  With 
a  large  number  of  good  observations,  the  residuals  will  differ  but 
slightly  from  the  errors,  so  that  the  principles  and  laws  con- 
cerning the  residuals  will  be  essentially  the  same  as  for  errors. 
For  this  reason,  residuals  are  often  spoken  of  as  residual  errors 
and  sometimes  simply  as  errors.  We  use  the  letter  v  to  represent 
a  residual. 

The  fact  that  J(rr2)  has  to  satisfy  the  condition  of  being 
the  least  possible  implies  that  we  are  in  reality  considering  all 
z's  as  residual  errors  and  not  as  true  errors.  Hence  the  state- 
ment of  the  principle  of  Least  Squares  as  applied  in  practice  is 

Iir  should  be  the  least  possible,       ............     (10) 

in  which  vl}  v.,,  v3,  ...  vn  are  residuals  corresponding  to  xu  x.2,  a-3,  ...a-,,. 

Arithmetical   Mean.     Let  ?%,  ?%,  m.3,  ...  m*  be  the  direct  meas- 
urements upon  a  quantity  made  with  equal  care,  and  Z  the  most 
probable  value  of  the  quantity  which  is  to  be  determined.     Then 
the  residual  errors  are  (Z—m^^Z—m^,  ......  (Z—mn),  and  from  the 

fundamental  principle  (10),  we  have  to  make 


a  minimum.      Differentiating  this  expression    with   respect   to    Z 
and  equating  the  result  to  zero,  we  obtain 

Z=^-(m1  +  m.1  +  .........  +  mn),     ...............     (11) 

that  is,  the  most  probable  value  of  a  directly  measured  quantity 
is  the  arithmetical  mean  of  the  observations. 


1910]  Method  of  Least  Squares.  383 

Weights  of  Observations.  The  weight  assigned  to  an  obser- 
vation expresses  the  number  of  observations  of  standard  accuracy, 
of  which  it  is  an  equivalent.  Thus  the  arithmetical  mean  of  p 
equally  good  direct  measurements  has  a  weight  p,  the  weight  of 
each  single  measurement  being  unity.  And  inversely  any  obser- 
vation having  a  weight  p  may  be  regarded  as  the  equivalent  of 
p  observations  of  standard  accuracy,  each  of  weight  unity. 

Let  pi,  p.2,  ........  .pn    be    the    weights  of  direct   observations 

MI,  m2,  .........  mn  made  upon   a   quantity    Z',    the    most    probable 

value  of  the  quantity  is  then  evidently 


This  is  sometimes  called  the  general  mean,  or  weighted  mean. 

Now  let  us  consider  the  more  general  case  of  indirect 
measurements  having  different  degrees  of  precision,  or  different 
weights.  The  problem  may  be  stated  as  follows  :  — 

Let  n  measurements  be  made    upon    a    function    of   one    or 
more  unknown  quantities;  and  let  plt  p2,  ........  .pn  be  the  respec- 

tive weights  and  xlt  x2,  .........  xn  the  corresponding  errors.      Also 

let  hit  hz,  .........  hn  be  the  respective  measures  of  precision. 

Then  the  probablity  of  committing  the  system  of  independent 
errors  xlt  x2,  .........  xn  is 


The  most  probable  values  of  the  unknown  quantities  will  be 
those  that  make  P  a  maximum.     Hence  we  must  have 


a  minimum. 
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Now    let   zlt   z2,   and   2%   be   the  unknown  quantities  and  Z  their 
function.      Then    the    errors    xit    #2,  .........  xn    are    the    values    of 

Z—rriu  Z—m-i,  .........  Z—mM   respectively,    mlt   m2,  .........  mn   being 

the  calculated  values  of  Z  obtained  from  observed  data,  or  the 
values  of  Z  directly  measured.  The  above  condition  of  obtaining 
the  most  probable  values  of  zlt  z-,,  and  z3  then  becomes 

(Z-mtf      (Z-mtf  ,  (Z-mrf 

i  2       +       /  2       +  .........  +       12        a  -minimum. 

nl  /?  2  nn 

Differentiating  and  equating  the  result  to  zero,  we  have 


(13) 


If  the  A's  in  this  equation  are  replaced  by  r's  given  by  (5),  the 
result  becomes 


Comparing  this  with  (12),  we   at   once    see    that    the    weight    is 
inversely  as  the  square  of  the  measure  of  precision,  so  that 


(14) 


in    which   A   is   a   constant  standard  measure  of  precision,  corre- 
sponding to  weight  unity.     The  above  may  be  written  thus 


Hence  the  condition  of  obtaining  the  most  probable  values  of 
2lf  z2,  and  z3  in  the  case  of  observation  with  different  degrees  of 
precision,  or  with  different  weights,  is 
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V2 

--p-     a  minimum,     ........................     (15) 

or  2'pv2    a  minimum  .........................     (16) 

An  observation  equation  is  an  equation  expressing  the  relation 
between  measurements  and  the  quantities  sought.  Thus  supposing 
that  there  exists  a  relation  I=aB+c  between  the  indicated  horse 
power  /  and  the  brake  horse  power  B  of  an  engine,  with  two 
constants  a  and  c,  let  simultaneous  measurements  be  made, 
giving  /!  and  BI  for  the  values  of  /  and  B.  Then  Il=aBi  +  c 
is  an  observation  equation.  Two  such  equations  can  determine 
the  values  of  a  and  c  accurately,  if  the  measurements  be  perfect 
and  the  measured  relation  rigorously  true.  Generally,  however, 
such  is  not  the  case,  and  good  many  sets  of  observations  are 
required  for  the  proper  adjustment  of  observations  so  as  to  obtain 
the  most  probable  values  of  the  constants  a  and  c. 

Formation  of  Normal  Equations  from  Observations  of  Equal 
Weight. 

Consider  the  case  of  observations  of  equal  precision  or  of 
equal  weight.  Let  there  be,  say,  three  unknown  quantities  zlt 
z2,  z3  and  let  the  equation  between  them  and  the  measured 
quantities  be  linear  and  of  the  form 


in  which  Z  is  the  measured  quantity,  and  a,  b,  c  are  either 
known  and  quite  determinate  in  values  for  each  measurement  of 
Z,  or  to  be  measured  simultaneously  with  Z.  The  observation 
equations  are  then 

C1Z8> 
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the  suffix  n  representing  the  number  of  observation  equations, 
arising  from  n  sets  of  observations.  The  number  of  these  equa- 
tions, n,  must  be  greater  than  the  number  of  unknown  functions, 
three  in  this  case.  Each  one  of  the  above  equations  is  an 
approximation  to  the  truth.  Considering  21(  z2,  zs  to  be  now  the 
most  probable  values  of  these  quantities,  we  have 

ax  zl  +  b1z.2 


2  +  c.2  Zs—Z2  = 


where  vlt  v2,  t'3,  .........  vw  are  small  residuals.     Now  by  the  condi 

tion  (10),  we  have 


dzl 


Hence 


—  Z)a  =  0. 
=  ScP.*!  +  2ab.z.2  +  2ac.z5. 


Differentiating  2V2  with  respect  to  z2  and 
equating  the  result  to  zero,  we  obtain 


Ib2.z. 


similarly 


(17) 
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These  equations  are  called  normal  equations,  their  number  being 
always  equal  to  the  number  of  unknown  quantities.  The  solution 
of  these  equations  gives  the  values  of  the  unknown  quantities. 

The  rule  for  forming  the  normal  equations  is  as  follows  : — 
Mutiply  all  the  observation  equations  by  the  respective  coefficient 
of  one  of  the  unknown  quantities,  say,  z^  Add  together  all  the 
resulting  equations  and  we  obtain  one  normal  equation.  Do  the 
same  operations  for  the  other  unknown  quantities  z2  and  zs,  to 
obtain  two  more  equations.  There  will  in  general  be  as  many 
normal  equations  as  there  are  unknown  quantities. 

Example.  The  elevations  of  three  points  A,  B,  G  above  a 
given  bench  mark  0  are  to  be  determined.  Five  lines  of  levels 
are  run  between  these  points,  giving  the  following  results  : — 

^  C  A  above   0=10  ft. 

A  ^-  I  B  above  A =7  ft. 

\     \  \£L 

B  above   0  =  18  ft. 

1\         \ 

B  above   C  =9  ft. 

\     _J-—        B 

0  C  below  A  =  2  ft. 

Let  the  elevations  of  the  points  A,  B,  and  C  be  designated 
by  zlt  z2,  and  zs,  then  the  following  observation  equations  may 
be  written  : — 
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The  coefficients  of  zt  in  these  equations  are  1,  —  1,  0,  0,  1  re- 
spectively. These  being  multiplied  into  the  respective  equations, 
and  the  results  added  together,  we  obtain  one  normal  equation 


(1) 


The  coefficients  of  z2  are  0,  1,  1,  1,  0  respectively.  These  being 
multiplied  into  the  respective  equations,  and  the  results  added 
together,  we  obtain 


(2) 


The  coefficients  of  z3  are  0,  0,  0,  —1,  —1  respectively.  These 
being  multiplied  into  the  respective  equations,  and  the  results 
added  together,  we  obtain 

-^-22  +  223=  -11  .........................     (3) 

Solving  these  three  normal  equations  (1),  (2),  and  (3),  we  obtain 
the  most  probable  values 

^=10375  ft. 
z2=17-625ft. 
z3=  8-500  ft. 

Substituting  these  values  of  the  elevations  in  the  observation 
equations,  we  obtain 

v 

10-375  -10  =+-375 
17-625-10375-   7  =  +  -25 
17-625  -18  =  --375 

17-625-8-5        -   9  =  +  -125 
10-375-8-5       -   2  =  --125 
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Example.  Two  quantities  x  and  y  are  related  to  each  other 
by  a  law  of  the  form  y=Ax+C,  A  and  C  being  constants  to  be 
determined  by  experiments  on  x  and  y.  Four  observations  were 
made  : — 

x  =  l,         3,         6,         10; 

y=4-5,      5-9,      7-5,      10-2. 

Find  the  constants  A  and   C. 

The  observation  equations  are 

4-5  =     A  +  C, 

5-9=  3A+Cf, 

7-5=  6  A  +  C, 

10-2 =10.4+  C. 

The  coefficients  of  (7  in  all  these  equations  being  unity,  one 
normal  equation  is  obtained  by  adding  the  above  equations  to- 
gether, thus 

2S-I  =  20A  +  4C.     (1) 

The  other  normal  equation  is  found  as  follows  : — 
1x4-5  =  1-A+   1C, 
3x5-9   =   &A  +   3(7, 
6x7-5  =  &A  +   66', 

10x10-2  =10^  4- 10(7, 

109-2  =  146^  +  20(7.     (2) 

Solving  these  two  equations,  we  obtain  J  =  06239  and  O=3'906. 
Hence  we  have 

, (3) 
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The  calculated  values  and  the  observed  values  may  be  com- 
pared as  in  the  following  table  : — 


X 

y 

measured 

y 

calculated  by  (3) 

Difference 
V 

1 

4-5 

4-53 

+  •03 

3 

5-9 

5-78 

-•12 

6 

7-5 

7-65 

+  •15 

10 

10-2 

10-15 

-•05 

Formation  of  Normal  Equations  from  Observations  of 
Unequal  Weight. 

Using  the  notations  previously  given,  let  there  be  observation 
equations  of  the  following  form  : — 

!  z.2+  q  zs  with  weight  pu 
+c.2zs      „          „      p.2y 


J>  5J         Pn' 

Since  by  (16)  2pv2  is  to  be  a  minimum,  we  have 

d    v     2      vv»      dv 

2  pv~  =  2  2pv 

dzl  dz1 

=  Zfy^aZi  +  bz.2  +  cz3 — Z}a 
=0. 

2paZ=2pa?.zl 

2pbZ = Zpab.Zi  +  2'pb2. 

2pcZ=  Zpac.Zi  +  2pbc.z.2  +  2pc2.zs. 


Hence 

Similarly 

and 


(18) 
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Example.  Two  quantities  x  and  y  are  connected  by  the 
relation  y=Ax+  C,  A  and  C  being  constants.  The  following 
observation  equations  were  found  :  — 

4'5  =  2A+C  with  weight  3, 
6-3  =  5^  +  C     „          „       4, 


9-5  =  9^  +  6' 


5. 


Find  the  most  probable  values  of  A  and   (7. 

The  normal  equations  are  found  as  follows  :  — 


3x4-5  =  3x2^  +  36' 


5x9-5  =  5x9^4  +  56' 
86-2-  71,4  +  126' 

3x2x4-5=3x2^4  +  3x26' 


580-5=    517.4  + 


Solution  of  these  equations  gives  4=07273  and   C=2'S80.     The 
equation  expressing  the  relation  between  x  and  y  therefore  becomes 

?/=0-727a+2-88. 


X 

y 

observed 

y 

calculated 

V 
difference 

*              X 

weight 

2 

4-5 

4-33 

-•17 

3 

•0867 

5 

6-3 

6-52 

+  •22 

4 

•1936 

9 

9-5 

9-42 

-•08 

5 

•0320 

2>2=-3123 
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Example.  It  has  been  found  by  a  set  of  experiments  that 
two  quantities  x  and  y  satisfy  the  equation  y=Q'4x+3  fairly  ac- 
curately for  values  of  x  from  1  to  6;  and  also  by  another  set  of 
equally  good  experiments  that  the  equation  y=0'42x  +  2'9  is 
satisfied  fairly  accurately  for  values  of  x  from  4  to  9.  It  is  re- 
quired to  find  the  most  probable  values  of  A  and  C  in  the 
equation  y=Ax+  C,  which  will  be  satisfied  approximately  for  the 
whole  range  of  x  from  1  to  9. 

The  observation  equations  are 

Q-4x  +  3=Ax+C    for  all  values  of  x  from  1  to  6, 
and  Q-42x+2'9=Ax+C     for  all  values  of  x  from  4  to  9. 

The  coefficient  of  C  being  unity,  one  normal  equation  is  the  sum 
of  the  above  equations,  thus  :  — 


f(Ax+C)d 


Multiplying  all  the  observation    equations  by  the  coefficient  x  of 
the  quantity  A,  we  obtain  the  other  normal  equation,  thus  :  — 

((•4x2  +  3x)dx  +  ((-42x2  +  2-9x)dx  =  [(Ax2  +  Cx)dx  +  {(Ax2  +  Cx)dx. 
Now 


((Ax  -f  C)dx  =  1  7-5  A  +  5(7, 
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P(-42or  +  2-Qx)dx  =  187-35, 
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and 


x)dx=      x  215,4  +  17-5(7, 


{Ux-+  Cx)dx=±-  x  665^  +  32-5(7. 

J4  6 


Substituting  these  values  of  the  integrals,  we  obtain    the   normal 
equations  simplified 


and 


50-15 =50.4  +  10(7, 


268-51 7  =  ™A  +  5QC. 
o 


From   these   are   obtained   ^4  =0*4100  and  (7=2'965,  so  that  the 
required  equation  stands,  thus 

?/=0-410o;+2-97. 


X 

y     -4ic+3 

y     -42a;  +  2-9 

y     -410x  +  2-97 

1 

• 

3-40 

3-32 

3-38 

2 

• 

3-80 

3-74 

3-79 

3 

4-20 

4-16 

4-20 

4 

• 
' 

4-60 

4-58 

4-61 

5 

• 
. 

5-00 

5-00 

5-02 

6 

5-40 

5-42 

5-43 

7 

5-80 

5-84 

5-84 

8 

6-20 

6-26 

6-25 

9 

6-60 

6-68 

6-66 

From  this  table  it  is  seen  that  the  single  equation  found  by 
the  Method  of  Least  Squares  is  a  very  good  approximation  to 
the  value  of  y  for  the  whole  range  of  the  value  of  x. 
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Conditioned  Observations.  Observations  are  said  to  be  condi- 
tioned when  they  are  required  to  satisfy  a  certain  condition  or 
conditions  exactly,  and  not  approximately.  Thus  the  successive 
bearings  from  one  another  of  several  objects  as  seen  from  a  station 
completely  round  it  are  under  the  condition  that  the  sum  of  the 
bearings  must  be  exactly  equal  to  four  right  angles.  A  general 
case  is  as  follows:  —  Let  there  be  n  sets  of  simultaneous  observa- 
tions upon  functions  of  p  unknown  quantities  which  are  related 
to  one  another  by  q  exact  equations,  p  being  greater  than  q  and 
n  greater  than  p  —  q,  then  the  approximate  values  of  the  p 
quantities  derived  by  the  Method  of  Least  Squares  from  the  n 
observations  must  satisfy  the  q  conditions  exactly. 

Example.  Let  the  three  angles  of  a  triangle  measured  with 
equal  care  be  alf  a2,  «3  degrees.  Denoting  the  angles  by  zlt  z2, 
z3,  since  Zi+^+^s  must  be  exactly  equal  to  180°,  we  have  the 
following  observation  equations  :  — 


z.2=a.2, 


The  normal  equations  are  then 


and  «!+  2^=0,  +180  -03 

The  solution  of  these  two  equations  gives 


and  zs  =  az+- 

o 
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Example.  Required  to  find  an  approximate  value  of  -]/l  +  x 
in  the  form  of  C  +  Ax,  for  any  value  of  x  from  zero  to  J,  with 
the  condition  that  the  root  is  exactly  equal  to  1  when  x  is  zero. 

Here  it  is  evident  that  G  must  be  equal  to  1  and  the 
observation  equations  are 


for  all  values  of  x  from  0  to  £.     Hence  the  normal  equation  is 

f*      _         f*  f* 

x\/l  +  xdx=\  xdx+\  Ax-dx, 

Jo  Jo  Jo 


Taking  the  integrals  between  x=0  and  x=|,  we  obtain  A  =  '4606. 
Hence  the  required  approximation  to  the  square  root  is 


Example.  The  measurements  of  three  different  diameters  and 
the  circumference  of  a  circle  gave  a^  a2,  a3,  and  c  ft.  respectively. 
Find  the  diameter. 

Denoting  the  diameter  by  2,  the  observation  equations  are 


The  normal  equation  is  therefore 


from  which  we  obtain  the  diameter 


3  +  7T2 


Example.     Required  to  approximate    to    tan  d    by    means    of 
A  sin  6  for  any  value  of  6  from  zero  .to  a  small  angle  a. 
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The  observation  equations  are 
A  sin  0  =  tan  0 

for  all  values  of   0   from    zero    to    «.      The    normal    equation    is 
therefore 

{*A  siu20  dO=  fan  6  tan  0  dd, 

Jo  Jo 

from  which  the  coefficient  A  can  be  found, 


Thus  if  a  be  8  degrees,  the  coefficient  A  will  be  1*00586  or  ap- 
proximately 1'006,  so  that 

tan  0  =  1-006  sin  6. 

Example.  Two  adjacent  sides  and  a  diagonal  of  a  rectangle 
were  found  by  measurements  to  be  alf  «2,  «3  feet  respectively. 
Assuming  that  the  angles  of  the  rectangle  are  exactly  right 
angled,  find  the  most  probable  values  of  the  sides  and  diagonal. 

Let  Zj_  and  z2  represent  the  most  probable  values  of  the 
lengths  of  the  sides.  The  observation  equations  are  then 


The  sum  of  squares  of  residual  errors  is 


This  is  to  be  a  minimum  and  therefore  we  must  have 


from  which  we  have 
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Similarly 

(2*,—  a»)-)/K?  +  zf=as  z.2. 

These  are  the  normal  equations,  the  solution  of  which  gives 

z1  =  m  a1}     z2 
in  which 


Calculation  of  Probable  Error.     Expressing,  by  means  of  (5), 
the  measures  of  precision  Alt  h2,  h%  ........  in  terms  of  the  proba- 

ble errors  rit  rz,  r3  .........  and  substituting  them  in  (14),  we  obtain 


(19) 


in    which    r    is    the    probable   error  of  an  observation  of  weight 
unity. 

Case  1.  Probable  Error  of  the  Arithmetical  Mean  of  Direct 
Observations.  The  weight  of  the  arithmetical  mean  of  n  equally 
good  direct  observations  made  on  the  same  quantity  is  nt  the 
weight  of  each  being  unity.  Let  r  be  the  probable  error  of  a 
single  observation  and  r0  that  of  the  arithmetical  mean.  Then 
by  (19)  we  have 


7T (20) 


0  = 7= 


Now  to  find  r}  the  probable  error  of  a  single  observation,  proceed 
as  follows : — The  probability  of  the  concurrence  of  the  inde- 
pendent errors  xlt  #2,  #3, xn  is,  as  has  been  given  previously, 


: j g 

h  (*)+ 
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where 


This  becomes  zero  when  z  is  zero  and  also  when  z  is  infinite, 
that  is  when  h  is  infinite  and  also  when  h  is  zero.  There  exists, 
therefore,  some  value  of  h  that  makes  the  probability  P  a 
maximum.  Now  for  a  given  system  of  errors,  it  must  be  con- 
ceded that  the  observations  have  been  as  precise  as  possible  and 
consequently  A,  which  is  proportional  to  the  probable  error, 
should  have  such  a  value  as  will  make  P  a  maximum.  To  find 
the  value  of  h  from  the  condition  of  maximum  P,  we  have 

dP  _  dP    dz 
dh 


=0, 
from  which  we  have 


,     .    .  So?       /r 

that  is  ~~n~~~2' 


Therefore  h=L.  ..................................     (21) 

By  (5),  this  becomes 

-          ,=-4769/1 

...........................     (22) 
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In  a  very  large  number  of  observations  the  errors  closely 
agree  with  the  residuals,  and  Ix2  may  be  taken  equal  to  IV. 
But  for  a  limited  number  of  errors,  2v2  is  less  than  2$2,  because 
the  first  is  the  minimum  value  of  the  second,  and  the  relation 
between  the  two  quantities  may  be  written  thus 


The  term  J  decreases  with  the  increase  of  ??,  becoming  zero 
when  n  is  infinite,  and  becoming  equal  to  Jz2  when  n  is  1, 
because  when  there  is  but  one  observation,  the  observed  value 
itself  is  the  most  probable  value  and  therefore  the  residual  must 
be  zero.  For  the  same  value  of  n,  J  will  increase  or  decrease  with 
the  value  of  Ja-2,  because  the  more  accurate  the  observation,  the 
nearer  will  become  2v*  to  Sx*.  The  exact  value  of  J  cannot  be 
found  and  as  the  best  approximation  it  may  be  taken  as  equal 


So* 

to  —  .     Then 


and 


+— 

Iv2 


Inserting  this  in  (21)  and  (22)  we  have 


Hence  by  (20)  we  have 

.....................     (25) 


which  is  the  usual  form  of  the   formula    for   the   probable   error 
of  the  arithmetical  mean  of  n  observations. 
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Example.  Show  that  the  probable  error  of  the  arithmetical 
mean  of  two  equally  good  observations  is  "337  x  (the  difference 
between  the  two  observations). 

Case  2.  Probable  Error  of  the  General  Mean  of  Direct  Obser- 
vations of  Unequal  Weights.  The  weight  of  the  general  mean  of 

direct  observations  having    weights  plt  p2,  p3, .pn   is  Zp. 

Using   the   notations   previously  given,  the  probable  error  of  the 
general  mean  is 

*-•=-£?- (20/) 

yip 

To  find  r,  the  probable  error  of  a  single  observation  of 
weight  unity,  for  the  case  of  direct  observations  of  unequal 
weights,  the  following  process  may  be  employed. 

Writing  h  for  the  measure  of  precision  of  an  observation  of 
weight  unity,  we  have  by  (14), 

1   -  Pi         JL~J?L        J_-J*L 
17      F'        hi  ~  A8'        h*~  h2' 

The  probability  of  the  concurrence  of  the  errors  xlt  x2,  z3, xn 


+Pn 


here 
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As    the    condition  of  maximum   value  of  P,  a  result  similar 
to  (21)  is  obtained  ;  thus 


and  by  (5),  this  becomes 

^  ........................     (22') 


Now  the  relative  magnitudes  of  Ipx~  and  Spv*   being   considered 
the  same  as  in  "Case  1,  the  above  two  equations  become 


,     ,. 


and  ,.=-67457-^1  ............................     (24') 

T          ?l  -    J. 

This  last  equation  combined  with  (20')  gives 


Case  3.  Probable  Errors  for  Independent  Observations  made 
upon  a  Function  of  two  or  more  Unknowns.  The  relative  magni- 
tudes of  2p$  and  Zptf  may  be  expressed  by  the  equation 

2pa?=2pv-  +  d, 

in  which,  first,  J  is  positive,  because  Ipv*  is  the  minimum  value 
of  Ipxz  ;  secondly,  J  decreases  as  n  increases,  becoming  zero  when 
n  is  infinite  and  becoming  equal  to  2px2  when  there  is  but  one 
observation,  because  in  the  case  of  one  observation  only,  the 
observed  value  itself  is  the  most  probable  value  and  therefore 
the  residual  must  be  zero  ;  thirdly,  for  a  given  number  of  obser- 
vations, J  increases  when  2px2  increases,  because  the  more  accu- 
rate the  observations,  the  nearer  will  be  Ipvz  to  Ipx~;  and  fourthly, 
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J  increases  when  the  number  of  unknown  quantities,  a,  increases, 

2f>x2 
because  when  q  is  one,  J  must  be  equal  to      F      of  Case  2  and 

when  q  is  equal  to  n,  the  condition  is  the  same  as  that  of  a 
single  observation  on  one  unknown,  and  J  must  be  equal  to 
Spx2.  To  sum  up,  we  have 

J  is  positive  ; 

J  =  Spar         when  n  is  equal  to  1  ; 

J=0                   .,     n  is  infinite; 

J=     P               „     q  is  equal  to  1; 

„     q  „  „      „    n. 


Hence 

therefore  —  —  =  —  *-—  , 

n          n  —  q 

in  which  q  is  the  number  of  unknown  quantities  zlt  z2,  z3,  ....... 

Hence  by  (o),  (21),  and  the  above  result,  we  obtain  the  probable 
error  of  each  of  Zlt  Z>,  Z3,  .........  reduced  to  weight  unity, 


and  also 

h  =  J^L- (23") 

The  Expressions  for  the  unknown  Quantities  zlt  z2,  z3, zq. 

The  general  form  of  the  normal  equations  (18)  shows  that  the 
result  is  the  same  as  if  each  observation  equation  had  been  first 
multiplied  by  the  square  root  of  its  weight,  by  which  means  it 
would  be  reduced  to  weight  unity,  and  the  system  would  take 
the  form  (17),  so  that  a  now  stands  for  a\/p,  b  for  b^p,  c  for 
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Find  the  following  determinants,  whose  elements  are  the 
terms  on  the  first  member  of  (17)  and  the  coefficients  of  the 
unknown  quantities  zit  z2,  £3, zq, 

laa  lab  lac  lal 

Iba   Ibb   Ibc  Ibl 

D=      lea   Icb  Ice   Id 

Ila    lib    lie    Ill 

All  the  2nd.  factors  a  of  the  products,  which  form  the  elements 
of  the  1st.  column  of  the  determinant  D,  replaced  by  Z, 

laZ  lab  lac  lal 

IbZ  Ibb   Ibc  Ibl 

IcZ   Icb   Ice    Id 

IIZ    lib    lie    Ill  \ 

All  factors  b  in  the  2nd.  column  similarly  replaced  by 

laa  laZ  lac  lal 

Iba  IbZ  Ibc  Ibl 

lea  IcZ  Ice   Id 

Ila    IIZ   lie   Ill 

All  factors  c  in  the  3rd.  column  similarly  replaced  by  Z, 

laa  lab  laZ  lal 

Iba  Ibb  IbZ  Ibl 

lea  Icb  IcZ  Id 

Ila   lib    IIZ  Ill 

&c.  &c. 
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Then  the  general  expressions  for  zit  z.2,  za, are 

^*£,       „=*!,       ,3=-§L (26)  •'• 

Let  zlt  z2,  zst Zg  be  expanded   in   terms   of  SaZ,  SbZ,  ScZ, 

IlZy  thus 

(27) 

Now  if  Dzi  be  expanded  in  terms  of  the  elements  of  its  first 
column ;  D^  in  terms  of  the  elements  of  its  second  column  ;  and 
D&  in  terms  of  the  elements  of  its  third  column  ;  we  have 

Da  =  SaZ.Dab  +  SbZ.Dbb  +  2cZ.Dbc  + , 

&c.  &c. 

in  which 

DM*        D<a>y  Dao        

Dall,         Dbb)  Dbc,        

Ac,  Ac.  Dec,  

are  the  first  minors  obtained  by  suppressing  in  D  the  row  and 
column  which  contain  the  elements 

2aa,         Sab,         Sac,          , 

Sab,         Sbb,         Sbc,          , 

Sac,         Sbc,          Sec,          , 

Comparing  the  coefficients  Q,  R,  S  in  (27)  with  the  coefficients  in 
the  above  expansions  and  using  (26),  \ve  get 
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-L/b 


&c.  &e. 

The  Weights  and  Probable  Errors  of  the  Unknown  Quantities 

Let    zlt  z2,  z8, be    fully    expanded    in    terms    of   the 

observed  quantities,  thus 

?!  =  «!  Zi  +  «2  Z2+a3  Zs+ 4-  anZn, 

(28) 


Then  if  rZi  denotes  the  probable  error  of  zlt  and  r  that  of  a 
standard  observation,  that  is,  the  common  probable  error  of  each 
of  the  observed  values  of  Z1}  Z2,  Z&  .........  Znt  we  shall  have 

by  (8) 

4=?'22V. 
If  pgl  be  the  weight  of  the  unknown  quantity  zlf  we  have  by  (19) 


and  therefore 

Similarly 

and 
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Now  to  determine  the  values  of  these    weights,    we    proceed 

as  follows.     Equating  the  coefficients  of  Z^  Z^  Z^ in  the 

first  of  (28)  to  those  in  the  first  of  (27),  we  obtain 


•     (29) 

Multiplying  the  first  of  these  equations  by  «1?  the  second    by   «2> 
and  so  on,  and  adding  the  results,  we  obtain 

la?  =  laa.  Qt  +  Iba.  Q2  +  lea.  Q3  + 

+  2la.Qq (30) 

Multiplying  the  first  of  (29)  by  ait  the  second  by  0%,  and  so  on, 
and  adding,  the  result  is 

=  -ir(v~~71 

In  the  same  way  we  have 

2ba = Sdb.Qi  +  Zbb .  Q,  +  2bc.  Q3  + +  211.  Qq 


=~(  lab.  Daa  +  Sbb.Dab  +  Zbc.Dac  + Y 
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lab  lab  lac   lal 

Ibb  Ibb  Ibc  Sbl 

DIba=      Icb    Icb  Ice   Id 

lib    lib   lie    Ill 

because    the    first    two    columns  are  identical.     In  the  same  way 

lea, Ila  are  all  zero. 

Hence  (30)  becomes 

So?=Q»    (31) 

and  the  expressions  for  the  weights  therefore  become 

1        D 

(32) 

1   _  D 

The  probable  errors   of  zit  zz,  z3, may    be    expressed 

thus 

(33) 


the  value  of  r  being  given  by  (24"). 

Example.  Consider  the  normal  equations  previously  given 
for  the  measurements  of  the  elevations  of  three  points  above  a 
given  bench  mark.  They  were 
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—  z.2  —  23=       5, 
^3z3-  z3=     34, 


As  it  is  necessary  to  keep  the  second  members  of  the  normal 
equations  in  their  literal  forms,  let  A,  B,  C  be  written  for  5, 
34  and  —  11  respectively.  The  determinant  which  forms  the 
denominators  of  all  the  coefficients  of  A,  B,  and  C  in  the  ex- 
pansions of  Zit  z2,  and  z3  is 


=4 


=A 


=A 


3  -1   -1 

4-10              4-10 

-1       3  -1 

= 

_4       3  _4      =     o       2-4 

-1   -1       2 

0-13             0-13 

2   -4 

=4(6  -4)  =8. 

-1       3 

A   -1  -1 

A  -1       0 

B      3-1 

= 

.5       3  -4 

C  -I       2 

C'  -1       3 

3  _4               -10              -10 

—  B                     +C                    =  5,4  +  35+46'. 

-13                -1       3  j                3-4 

3      A  -1 

^  -3  -1 

-1      B  -1 

= 

B       1-1 

-1      (7       2 

(7       1       2 

1   -1 

_3  _i                _3  _i 

-B 

+  C                      =3,4  +  55+4(7. 

1       2 

12                    1-1 

3  -1     A 

^3-1               v4      4  -1 

-135 

= 

5-1       3      =        5-4      3 

-1-1     C' 

(7  -1   -1               6'      0  -1 
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=  4 


=  4 


A       1   -1 

A 

I       0\ 

B  -1       3 

=  4 

B 

-1       2 

C      0  -1 

C 

0  -1 

C        1-12 

10                 10 

A\ 

-B 

+  6' 

(               0  -1 

0-1                 12 

=  4(A  +  B  +  2C') = 4A  f  413 + 86'. 


Thus  we  have 


*    /I 


z5=A+B+      C, 

and  the  weights  are  therefore 

8  8 

^1=^       ^  =  -5-,-    ^3=1- 

The  probable  error  of  each  of  the  five  observations  10,  7,  18,  9, 
and  2  ft.  is  by  (24") 


Then  by  (33),  we  have 


^1  =-2 


=  -29211  =-2921 
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The  calculated  values  of  zlt  z2,  and  z3  are  therefore 
21=10-375±-231ft., 
«a=17-625±-231ft., 
zs=  8-500  ±-292  ft. 

Probable  Errors  for  Conditioned  Observations.  When  condi- 
tioned observations  are  so  adjusted  that  the  q  unknown  quantities 
in  the  n  observation  equations  are  reduced  to  q— n  independent 
quantities  by  means  of  n  conditional  equations,  the  probable 
error  of  an  observation  of  the  weight  unity  is  given  by  (24"), 
in  which  q  is  to  be  replaced  by  q—n,  or 


-6745V  — 
'V   n— 


(34) 


The  probable  errors  and  weights   of  zlt  z2,  z3,  .........   are  to 

be  found  exactly  as  in  the  previous  case  by  (32)  and  (33). 

The  Rejection  of  Doubtful  Observations.  It  sometimes  hap- 
pens that  the  magnitude  of  an  observation  appears  to  be  too 
much  out  of  proportion  compared  with  the  rest  of  the  observa- 
tions forming  one  series.  For  example,  suppose  that  one  obser- 
vation Z  in  a  system  of  a  hundred  observations  has  its  residual 
error  x  equal  to  4*5  times  the  probable  error  r  of  the  mean  of 
the  hundred.  The  probability  integral  corresponding  to  —  =4'5  is 
found  from  a  Table  to  be  "9976,  which  is  the  probability  of  any 
error  being  less  than  4*5  r,  and  therefore  the  probability  of  any 
error  being  at  least  as  large  as  4*5  r  is  -0024.  The  probable 
number  of  observations  having  greater  errors  than  4*5  r  is  there- 
fore 100  x  '0024,  that  is  0'24.  This  being  very  much  less  than 
unity,  the  observation  Z  may  be  rejected  as  doubtful. 
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Chauvenet's  criterion  for  the  rejection  of  doubtful  observations 
is  as  follows  : — 

Let  x=  the  residual  error  of  an  observation  Z, 

/•=the  probable  error  of  the  mean  of  many  observations 

of  which  Z  is  one, 
7i=the  whole  number  of  observations, 
P=the  probability  corresponding  to  error  x. 

Then  nP  is  the  probable  number  of  errors  that  are  less 
than  x  and  n—Pn  is  the  number  of  errors  greater  than  x.  The 
criterion  is  "  Reject  the  observation  Z  if  n—nP  is  less  than  J." 

In  the  example  above  given,  this  number  is  *24  and  there- 
fore by  the  criterion  the  observation  may  be  rejected.  Speak- 
ing generally,  if  the  residual  error  of  an  observation  is  4  or  5 
times  the  probable  error  of  the  most  probable  value,  that  obser- 
vation may  be  regarded  as  doubtful,  and  if  moreover  the  number 
of  observations  is  not  very  large,  it  may  be  rejected. 

Relative  Accidental  Errors.  Combination  of  Concordant  Deter- 
minations. Suppose  that  two  determinations  Z^  and  Z2  of  a 
quantity  whose  true  value  is  Z,  have  been  made  under  circum- 
stances exactly  alike,  so  that  they  may  be  considered  to  have  the 
same  standard  of  precision.  Let  xt  and  x2  be  the  errors  of  the 
determinations,  then  Z^Z+x^  Z2=Z+x.2,  and  Z^—Z^^x^—x^. 
The  difference  between  the  two  results  is  therefore  the  algebraic 
difference  between  the  accidental  errors  remaining  in  the  two 
determinations ;  this  may  be  called  their  relative  accidental  error. 
Now  if  Zi  and  Z%  were  considered  as  independent  measurements 
of  two  quantities,  and  rt  and  r2  their  probable  errors,  then  that 
of  Zi—Z2  would  be  by  (7)  r=Vr?+r%.  Since  the  true  value,  of 
Zl—Z<i  is  zero,  it  is  seen  that  r—Vr^  +  rz  is  the  ["probable  error 
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for   a  system  of  errors,  of  which  the  relative  error  x^— x2  forms 
one  constituent. 

Now  in  combining  any  two  determinations  to  obtain  a  single 
mean  value,  it  is  necessary  first  of  all  to  form  a  fair  judgement 
whether  there  exist  or  not  in  them  any  systematic  errors  pro- 
duced by  causes  that  are  different  in  the  two  determinations. 
For  this  purpose  the  two  quantities  x^—x2  and  r,  discussed  above, 
may  be  compared.  If  .TI— x2  is  small  enough  to  be  regarded  as 
a  relative  accidental  error,  the  two  determinations  Z±  and  Z^  may 
safely  be  assumed  to  be  free  from  different  systematic  errors, 
though  there  may  be  the  same  systematic  errors  in  them.  In 
this  case  the  two  determinations  may  be  said  to  be  concordant 
and  they  may  be  combined  by  means  of  (13')  to  form  a  mean 
value,  thus 

, 


r?  ^  r/ 
and  the  probable  error  R  of  this  mean  value  is  given  by 

i^=7^+7r 

Example.  A  certain  length  has  been  determined  by  a  method 
as  4336  ft.  ±3'4  ft.  and  a  second  determination  by  another  method 
is  4324  ft.  ±13-6  ft.  Are  these  concordant?  and  if  so,  find  the 
most  probable  mean  value. 

In  this  case,  ^  —  3*4,  r2=13'6,  and  X1—x2=l2)  so  that 
r=yV12  +  r22=T/(3'4)2+(13'6)2=14>0,  being  greater  than  the  rela- 

*  This  may  be  written  thus 
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tive  accidental   error.      It    is    thus    quite   reasonable    that    there 

should  be  an  error  as  large  as  12.      In  fact,  from  a  Probability 

x      12 
Table,    the   value   of  probability   for   the  ratio  —  =  ^  =0*857  is 

'437  and  therefore  the  probability  that  an  error  be  equal  to  or 
greater  than  12  is  '563.  Combining  the  two  determinations  by 
means  of  (13'),  we  have  the  most  probable  mean  value 


=4336-  -I?-  =4335-29  ft., 

7?  i2  3-4X13-6  Q   QAA 

and  It  =    ,  *--  „-  =     ,-,----.,.,—,.  n  „„  .  =3-300. 


rt2  +  r22       -/(3-4)2+(13-6)2 
The  final  result  is 

4335-3  ft.  ±3-3  ft. 

Combination  of  Discordant  Determinations.  If,  on  the  other 
hand,  the  difference  between  two  determinations  is  very  large 
compared  with  the  relative  probable  error  r,  it  will  be  found 
from  a  Table  of  Probability  Integral  that  the  probability  of  the 
relative  accidental  error  being  as  large  as  x^— x-2,  is  only  a  very 
small  fraction,  which  will  not  be  likely  to  be  true.  We  are 
then  justified  in  assuming  that  the  difference  Xi—x.2  is  mainly 
due  to  some  causes  peculiar  to  each  determination.  In  this  case 
the  two  determinations  are  said  to  be  discordant.  Supposing 
that  there  is  no  special  reason  for  preferring  either  of  them 
to  the  other,  the  final  result  should  be  the  simple  arithmetical 
mean.  The  probable  error  of  this  mean  is  to  be  found  by  (25), 
which,  for  the  case  of  two  observations  only,  becomes  *337  x  (the 
difference  between  the  two  observations). 
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Example.  Suppose  that  one  determination  of  a  certain  length 
is  347'5mm-±'4:mm-  and  another  is  344'7B"R-  ±'6mw'. 

Here  ^  =  '4,  r2='6,  xl-x2=2'S,  so  that  r=/-42+'62  =  -721, 
•^7=—  1  2  =  -721  =  3'88.  The  probability  integral  corresponding 


to  this  ratio  ='9911,  1-  '9911  =  '0089=-. 
The  last  fraction  is  the  probability  that  the  relative  accidental 
error  should  be  as  large  as  2'8""%  which  is  not  likely  to  be 
the  case,  unless  the  number  of  observations  be  very  large.  The 
final  determination  should  therfore  be  the  arithmetical  mean, 
which  is  347-r™',  the  probable  error  being  •337x2'8='9mm-. 

Example.  The  length  of  a  meter  bar  was  measured  at  tem- 
peratures 20°  C,  40°  (7,  50°  C,  60°  C,  giving  observed  lengths 
1000-22,  1000-65,  1000'90,  1001  '05mm-  respectively.  Find  the 
length  at  0°(7  and  the  expansion  per  degree  [Prof.  Johnson's 
Theory  of  Errors  and  Method  of  Least  Squares,  page  117.]  Find 
also  the  temperature  at  which  the  bar  is  exactly  one  meter  in 
length. 

Let  the  length  of  the  bar  at  0°(7  be  1000  +  *i  and  the  ex- 
pansion per  degree  be  z2.  The  observation  equations  are  then 

=  -22, 

=  -65, 
^+50  z2=  -90, 
Z.+  60  z2=l-05. 

The  normal  equations  are 

4zj+    170  z.2=     2-82, 
170^!  +  8100  z,  =  138-4. 

Let  A  and  B  be  written  for  2'82  and  138'4  respectively. 
Solving  the  normal  equations,  we  obtain 
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in  which 


Xov 


81  i 

-  and 


r,  =  --196  +  20x-0212-  -22=  -008,  r,2  =  -000064, 
•i-2  =  —  -196  +  40x-0212-  65=  -002,  t-a2  =  -000004, 
r3=--196  +  50x0212-  -90  =  --036,  v32  =  -001296, 


60  x  -0212  -1-05  =     -026,        ?y  = 

2tf  =  -002040. 


^  —  ^=4—2=2,  and  the  probable  error  of  any  of  the  four  meas- 
urements is 


n~  q 


=  •02154. 


=•0006797. 

The  length  of  the  bar  at  any  temperature  t°C  is  given  by 
J=1000-0-196  +  -0212*. 

Hence  the  bar  is  exactly  one  meter  in  length  at  the  temperature 
given  by 

'196       (\c\Azo/'i 


t=- 


•0212 
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Kesum£:—  The  length  at  00(7=999'804mm-±-033,  expansion 
per  degree  C~  "0212+  '0007,  and  the  temperature  at  which  the 
bar  is  just  one  meter  in  length  =  9  *25°(7. 

Empirical  Formulae.  When  a  rational  law  expressing  the 
relation  to  one  another  of  observed  quantities  is  not  known,  an 
approximate  empirical  formula  may  be  assumed  to  represent  the 
law  of  variation  within  the  range  of  observation.  The  constants 
in  such  a  formula  are  best  determined  by  the  application  of  the 
Method  of  Least  Squares. 

The  first  step  in  the  establishment  of  an  emperical  formula 
is  to  plot  on  squared  paper  the  given  observations  as  abscissae 
and  ordinates  and  to  draw  by  inspection  a  mean  curve  for  the 
points  so  plotted.  A  large  class  of  curves  may  be  represented 
by  parabolas,  thus 


in  which  A,  B,  C,  &c.  represent  constants  whose  values  are  to  be 
determined  from  the  observations.  When  the  successive  differences 
of  y  of  the  second  and  higher  orders,  for  a  given  finite  difference 
of  .r,  diminish  very  slowly,  it  will  be  necessary  to  keep  four  or 
more  terms  on  the  right  hand  side  of  the  equation.  In  such  a 
case,  the  following  form  of  the  equation  is  very  convenient, 


which    will    cause    the    successive    differences    to    diminish    very 
rapidly. 

When  the  quantity  represented  by  y  tends  to  a  definite  and 
constant  value  with  the  increase  of  x,  the  following  equation 
may  be  used  :  — 
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Particular  cases  of  this  equation  are  sometimes  useful, 

Bx  ?  =  _J_ 

a  +  bx'          y      a  +  cx2' 

The  last  equation  is  in  the  form  of  Gordon-Rankine  formula 
for  long  columns.  When  the  coefficient  If  of  the  highest  power 
of  x  in  the  numerator  of  the  above  general  equation  is  zero,  the 
value  of  y  continually  approaches  zero  as  x  increases  indefinitely. 
Another  class  of  equations  often  useful  especially  in  connec- 
tion with  the  properties  of  gases  is 

y  +  b=c(x+a)n, 

in  which  a,  b,  c,  and  also  n  may  be  determined  from  observa- 
tions. The  case  in  which  a  and  b  are  zero  is  well  known.  The 
equation  is  then  reducible  to  a  straight  line  form  by  taking  the 
logarithms  of  both  sides  of  the  equation  ;  thus, 

log  y = n  log  x  +  log  c. 

When  the  quantity  y  passes  through  repeating  cycles,  another 
class  of  equations  representing  a  large  variety  of  phenomena  may 
be  used, 

y  =  A  +  Bi  sin  0  +  B.y  cos  0 

+  <71sin20+(72cos  26 
+  A  sin  30  +  D.2  cos  30 
+  &c.  &c. 

in  which  #=-^p  a  being  the  period  or  periodic  time  of  the 
independent  variable  x,  considered  as  time.  As  instances  of 
phenomena  performing  repeating  cycles,  may  be  mentioned  the 
annual  variation  of  the  atmospheric  temperature,  changes  of 
barometric  pressure,  the  ebb  and  flow  of  the  tide,  the  motion  of 
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the  steam  valve  worked  by   any   radial    valve    gear    in    a    steam 
engine,  &c. 

Many  other  forms  of  equations  can  easily  be  proposed,  such 
as  for  example 

y=A+ 

y  =ke~ni:c  sin  ax,         &c.         &c. 

What  form  of  equation  will  agree  best  with  a  given  system 
of  observations,  is  a,  problem  that  can  only  be  solved  by  trial. 
Assuming  a  plausible  equation,  find  out  the  values  of  the  con- 
stants involved  in  it  by  the  Method  of  Least  Squares.  Now 
calculate  by  means  of  the  resulting  equation  the  values  corre- 
sponding to  the  observations,  and  if  the  agreement  is  not  so 
close  as  is  desirable,  another  equation  should  be  proposed  and 
tried. 

A  few  examples  showing  the  application  of  the  Method  of 
Least  Squares  to  engineering  problems  are  here  added. 

Example.  A  large  series  of  tests  on  the  strength  of  full  size 
columns  of  timber  were  carried  out  under  the  direction  of  Prof. 
Lanza,  Massachusetts  Institute  of  Technology,  and  for  posts  of 
white  pine  the  following  average  values  of  the  strength  constants 
were  found  : — 


l+h 

0  to  10 

10  to  35 

35  to  45 

45  to  60 

p 

2500 

2000 

1500 

1000 

All  the  posts  being  flat  at  the  ends  and  rectangular  in  section, 
of  breadth  b  and  depth  h,  l-^-h  in  the  table  is  the  ratio  of  the 
length  to  the  least  side,  and  p  is  the  breaking  load  in  Ibs.  per 
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sq.  inch  of  the  section.      Required    to    find    the    values    of   the 
constants  in  Gordon-Rankine  formula  for  this  kind  of  timber. 

Solution:  —  For  a  rectangular  section  ^=-^-=^-bhz-i-bh=——hi, 
and  Gordon-Rankine  formula  takes  the  following  form,  for  col- 
umns with  ends  flat, 


1  +  12 


(1) 


For  shortness  write  a  =  ..  nf)n    and  /=1000#.      The  above  equa- 


tion then  becomes 

10005 


1+i2^/*v' 

which  mav  be  written  thus  : — 

''  (-5  =  0. 


Now  in  forming  observation    equations    from    (2),    the    value    of 

/  1  \  2 

f-jM  corresponding  to  each  pt  should  be  the  mean  square  of  the 

ratio  -7-,  that  is  -o-^+^i+^i2)*  where  xz  and  Xi  represents  the 
limits  of  the  ratio  -j-  within  which  the  p  is  intended  to  be  used. 
Thus  for 

,,=2500, 


,,=2000,  „      = 

,,  =  1500,  „     =i.r452  +  45  x  35  +  352")=i-  x  4825, 


1000,  „     =602  -f  60  x  45  +  452  =-    x  8325. 
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The  corresponding  values  of  -  '    — 

1  9  v 

for 


luiug     ra.iUGD    ui      innn 

12x2500 

'ToW  ' 

100           1  00 

1000 
_o0oo         12x2000 

"  3  x  1000 
1675         13-10 

1000 
.,-lgQn         12x1500 

A  3x1000- 
4825     -08-95 

1000 
12x1000 

~  3x1000 
8325     _33.30 

1000 

Substitution  of  these  in  the  equation    (2)    gives    the    observation 
equations, 

2-5+   1-00^-5  =  0, 

2-0  +  13-40^-5=0, 
1-5  +  28-95  .4-5=0, 
1-0  +  33-30^-5=0. 

From    these,    the    normal    equations    are    obtained    in    the    usual 
manner, 

7-000+     76-65  A-  4-005=0, 
and  106-025 +  2127-55  ^-76-655=0, 

from  which  the  constants  A  and  B  are^found  to  be 

A  =  -04268         and         5=2-568, 
so  that 

A         -04268  1 

~  1000  ~    1000    "  23430' 

and   /=1000  5=2568  Ibs.    per    sq.    inch.      Finally    the    formula 

becomes 

2570 


1  + 


12     /  I  V 
S4WVTJ 


"23400 
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The    values    of  p    calculated    by    this  formula  may  be  compared 
with  the  averages  found  from  the  tests. 


flY 

\h) 

a) 

Average 

f 
from  tests 

Calculated 
b/(3) 

Difference 
of  j/s 

Percent 

dis: 

ixlOO 

577 

2500 

2527 

+  27 

+  1-1 

J  x  1675 

23-63 

2000 

1998 

-   2 

-o-i 

£x4825 

40-10 

1500 

1408 

-92 

-6-1 

i  x  8325 

52-68 

1000 

1061 

+  61            +6-1 

i 

Example.  The  variation  in  the  amount  of  coal  consumed 
per  indicated  horse  power  per  hour  by  the  same  typed  steam 
engines  are  due  mainly  to  the  variation  of  the  load.  A  small 
engine  when  exerting  12,  45,  and  60  indicated  horse  power  has 
been  found  to  burn  36,  18,  and  8J  Ibs.  of  coal  per  hour  per 
indicated  horse  power  in  their  ordinary  factory  use  under  altering 
loads.  The  maximum  indicated  power  of  the  engine  was  60. 
From  these  data  make  out  a  formula,  of  the  following  form  :  — 

C=A  +  Bx  (indicated  H.  P.), 

where   G  represents    the    amount    of   coal    in    Ibs.  per    indicated 
horse  power  per  hour,  A  and  B  constants  to  be  determined. 
Solution  :  —  The  observation  equations  are 

36 

18 


The  normal  equations  are  then 

62£  =     3A  +   117  .B, 
1752 
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From  these  we  obtain  J=43'0  and  7?=-Oo65,  so  that 
C=  43-0  -0-565  I.H.R, 

which  gives  36'2,   17*8,   and    9'1  Ibs.    respectively    for    the    three 
cases  stated  in  the  question. 

Example.  Given  the  following  values  of  the  volume  v  in 
cub.  ft.  per  Ib.  weight  of  saturated  steam  at  absolute  pressure  p 
Ibs.  per  sq.  inch,  it  is  required  to  find  the  two  constants  n  and 
c  in  the  empirical  formula 

pvn=c. 


Pressure    p 

60 

180 

300 

Volume      v 

7-024 

2-493 

1-535 

Solution : — The   above  equation  may  be  written  in  the  form 

log  p + n  log  v =log  c. 
The  normal  equations  are 

2  \ogp  +  nl  log  v = N  log  c, 

J(log^)(log  r)  4-  n  J(log  r)8  =  (log  c)S  log  r, 

where  N  is  the  number  of  observation  equations,  being  3  in  this 
problem.  Now  from  the  data,  the  following  numbers  are  to  be 
calculated. 


p      r 

,          , 
log  p       log  v 

(log*)2 

(log^)x(logv) 

60 

7-024 

1-77815     0-84658 

0-716698 

1-50535 

180 

2-493 

2-25527     0-39672     0-157387 

0-89471 

300 

1-535 

2-47712     0-18611 

0-034637 

0-46102 

I 

6-51054     1-42941 

0-908722 

2-86108 
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Substituting  these  numerical  values  of  the  coefficients  in  the 
normal  equations,  we  obtain 

6-51054  +  1-42941  n=3  log  c, 
2-86108  + 0-908722  w= 1-42941  logc. 

From  these  equations,  the  constants  are  found  to  be 

w=l-0586,    c=log~12- 67459  =472-7. 
Hence  the  equation  required  is 

X'ft586=472-7 
or  log  j?+ 1-0586  log  v=2-67459. 

The  result  of  calculation  by  this  approximate  formula  for  satura- 
tion curve  may  be  compared  with  the  values  of  v  given  in  the 
steam  table. 


p 

V 
by  Table 

V 

by  Formula 

Error  of  v 
by  Formula 

Error  in 
percentage 

60 

7-024 

7-028 

+  •004 

+  0-06 

120 

3-656 

3-651 

-•005 

-0-14 

180 

2-493 

2-493 

-•003 

-0-12 

240 

1-898 

1-897 

-•001 

-0-05 

300                   1-535 

1-537 

+  •002 

+  0-13 

Example.  The  following  measurements  were  made  on  a  com- 
pound condensing  steam  engine.  Find  a  relation  between  the 
indicated  and  brake  horse  power  in  a  linear  form. 


or 


Indicated  H.  P.  288         223 

Brake  H.  P.  249         189 

£=0-927  7 -17-9, 
1  =1-079  £+19-3. 


136 
108. 
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The  brake  power  calculated  by  the  first  of  these  equations 
are  249*1,  188*8,  and  108*2  corresponding  to  the  three  sets  of 
measurements,  to  which  the  agreement  is  very  close. 

Example.  By  a  series  of  tests  of  a  certain  steam  engine, 
the  following  results  were  obtainad. 


Condensing 

Non-condensing 

Indicated 
H.  P. 

Brake 
H.  P. 

Indicated 
H.  P. 

Brake 
H.  P. 

50-5 

40 

42-5 

35 

38-5 

30 

31 

25 

29 

20 

24 

17-5 

17 

10 

15-5 

10 

8 

0 

5-5 

0 

The  full  power  of  the  engine  when  working  as  a  condensing  or 
non-condensing  engine  corresponds  to  the  highest  figure  in  the 
respective  column  in  the  table.  Required  to  find  a  relation  be- 
tween the  brake  and  indicated  horse  power  in  a  linear  form. 


Am. 


ri 


li =0-939  7- 
7=1-0655  +  7 
B  =  0-949  7  -5-00 
7=1-0535 


condensing. 

non-condensing. 


The  results  of  calculation  may   be   compared    with   the   measure- 
ments. 
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Condensing                                         Non-condensing 

* 

/ 

by  test 

/                  B 

calculated     j; 

/ 

by  test 

/ 

calculated 

40 

50-5 

49-9                35 

42-5 

42-1 

30                38-5              39-3                25 

31 

31-6 

20 

29 

28-6                17-5 

24 

23-7 

10 

17 

18-0                10 

15-5 

15-8 

0                  8 

7-3                  0                  5-5 

5-3 

Example.  From  a  number  of  power  tests  made  by  Captain 
iSankey  on  a  Willans'  engine  capable  of  developing  150  indicated 
horse  power,  the  following  may  be  quoted  : — 

Indicated  //.  P.  104-5         49         12-5 

Brake  H.  P.  94'5         38  0 

From  these  data  the  following  relation  between  the  indicated  and 
brake  horse  power  may  be  obtained  : — 

£=1-027  7- 12-7. 
Comparison  of  the  Formula  with  the  Test. 


/ 

B 

B 

Error  of  B 

by  Test 

by  Formula 

by  Formula 

104-5 

94-5 

94-7 

4-0-2 

49 

38 

37-7 

-0-3 

12-5 

0 

0-2 

+  0-2 

Taking  the  above  formula  as  an  approximation  to  truth,  the 
amount  of  power  lost  in  friction  and  also  the  percentage  loss  in 
friction  may  be  exhibited  in  a  tabular  form  as  follows : — 
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Willans'  Engine. 


Indicated 
horse  power 

/ 

Brake 
horse  power 

B 

I-B 

lOOx^Z* 

150 

141-4 

8-6 

5-7 

100 

90-0 

10-0 

10-0 

75 

64-3 

10-7 

14-3 

50 

38-7 

11-3 

226 

25 
20 

13-0                 12-0 

7-9                  13-1 

I 

48-0 
65-5 

Here  the  amount  of  power  lost  in  friction  at  a  large  load 
is  actually  smaller  than  that  at  a  less  load.  This  is  in  contra- 
diction to  the  usually  accepted  law  of  friction  in  all  machines, 
and  shows  the  importance  of  power  trials  of  engines. 


Tokyo,  May,  1910. 


XXXI. 

Disposition  of  Boiler  Feed  Pipes. 

[ The  Journal  of  the  Society  of  Mechanical  Engineers,  Tokyo,  Japan, 
Vol.  XIV,  No.  24,  February,  1911.] 

In  Cornish  and  Lancashire  boilers  or  in  other  boilers  of 
similar  type,  a  simple  and  effective  method  of  obtaining  good 
circulation  of  water  is  to  extend  the  feed  pipe  into  the  inside  of 
the  boiler,  carrying  it  longitudinally  along  one  side  from  the 
front  end  to  nearly  the  back  end  of  the  boiler.  This  inside  feed 
pipe  has  a  completely  plugged  end  and  in  its  last  4,  5  or  6  ft.  of 
length  a  number  of  small  holes  are  drilled,  of  about  i"  diameter, 
all  these  holes  being  arranged  in  one  line  and  pointing  obliquely 
towards  the  bottom  of  the  boiler.  By  this  device  the  feeding  of 
the  boiler  is  effected  at  a  comparatively  cool  portion  near  the 
back  end,  in  the  form  of  many  small  parallel  jets,  which  are 
distributed  over  a  large  area  and  directed  towards  the  bottom  of 
the  boiler.  The  effect  of  these  parallel  jets  is  to  produce  an 
induced  current  of  water  in  the  circumferential  direction.  The 
pitch  of  the  small  holes  drilled  in  the  feed  pipe  is  fitly  made  to 
diminish  towards  the  plugged  end  and  the  combined  area  of  the 
holes  for  a  2!"  pipe  may  be  about  J  the  area  of  the  pipe. 

Now  the  extra  pressure  required  by  the  feed  pump  in  forcing 
the  water  through  the  small  holes  may  be  estimated  in  the 
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following  manner.  Consider  the  case  of  a  2|"  feed  pipe.  The 
mean  velocity  of  feed  water  through  the  pipe  may  be  assumed 
at  about  31  ft.  per  second.  Let  the  combined  area  of  the  holes 
be  £  the  area  of  the  pipe  and  assume  that  the  coefficient  of 
contraction  of  the  jets  is  0'64.  The  velocity  of  the  jets  is  then 
3 J -*-  (I  x  -64) =16*4  ft.  per  second.  The  head  due  to  this  velocity 
is  4'19  ft.  of  water,  which  is  equal  to  1*81  Ibs.  per  sq.  inch. 
The  coefficient  of  resistance  of  the  jets  through  the  holes  may 
be  taken  at  0*06,  so  that  the  extra  pressure  required  by  the  feed 
pump  is  1-06x1-81 =1*92,  that  is,  about  2  Ibs.  per  sq.  inch.  For 
a  feed  pipe  of  any  size  a  small  extra  pressure  on  the  feed  pump, 
of  a  few  Ibs.  per  sq.  inch,  may  first  be  assumed  and  the  corre- 
sponding combined  area  of  the  holes  may  be  found  by  calculation. 
The  writer  had  an  opportunity,  over  a  year  ago,  of  applying 
the  disposition  of  feed  pipe  described  above  to  an  existing  Cornish 
boiler  4'  6"  in  diameter  and  17'  0"  in  length.  No  drop  of  steam 
pressure  due  to  the  supply  of  comparatively  cold  feed  water  has 
since  been  experienced  and  steadier  and  easier  working  of  the 
boiler  has  been  the  result. 

Tokyo,  April,  1910. 


XXXII. 

The  Relation  between  the  Horse  Power 
and  the  Weight  of  an  Engine. 

\JHie  Journal  of  the  Society  of  Mechanical  Engineers,   Tokyo,  Japan, 
Vol.  XV,  No.  26,  February,  1912.] 

The  stress  at  a  point  in  a  section  of  a  machine  working  at 
a  steady  speed  is  made  up  of  two  parts ;  one  part  is  the  stress 
due  to  the  useful  working  force  transmitted  through  the  section 
and  the  other  that  due  to  the  accelerating  force  arising  from  the 
reciprocation  or  rotation  of  the  mass  of  machine  parts.  The 
power  exerted  at  any  instant  by  a  reciprocating  engine  is  equal 
to  the  product  of  the  total  useful  stress  transmitted  through  a 
cross  section  of  the  working  part  and  the  velocity  of  that  section. 
Divide  the  mean  value  of  the  power  in  ft.  Ibs.  per  sec.  for  one 
complete  working  cycle  of  the  engine  by  550  ft.  Ibs.  per  sec.; 
and  the  quotient  is  the  so-called  horse  power  of  the  engine. 
The  accelerating  force  due  to  the  reciprocation  varies  conjointly 
as  the  mass  of  the  moving  part,  the  linear  dimension  of  the 
reciprocation  or  the  stroke,  and  the  square  of  the  number  of 
revolutions  per  unit  time.  Since  the  sum  of  the  useful  stress 
and  the  acceleration  stress  must  necessarily  be  limited  by  the 
safe  stress  of  the  material,  there  exists  for  a  high  speed  engine 
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of  a  given  type  a  certain  definite  speed  of  rotation  for  which 
the  horse  power  is  a  maximum.  The  weight  of  an  engine  evi- 
dently varies  as  the  cube  of  linear  dimension  ;  and  it  may  be 
shown  that  the  weight  per  horse  power  of  a  high  speed  engine 
increases  as  the  linear  dimension  increases.  These  and  like 
points  may  be  discussed  in  the  following  manner. 
Let 

P=the  useful  load  transmitted  through  a  cross  section   of 
the  working  part  of  the  engine,    as    for    example    the 
total  initial  pressure  on  the  piston,  transmitted  through 
the  piston  rod,  and  crank  ; 
n=ihe  number  of  revolutions  per  unit  time; 
J9=the  stress  due  to  P  on    a   particular    member  such  as 

the  piston  rod  ; 
j90=the   stress   due   to   the   accelerating  force  on  the  same 

member  ; 

/=the    length    of    the    same    member    or    of   any    other 
member  ;  for  an  engine   I  may   conveniently   be   taken 
as  the  stroke  of  the  piston  ; 
A=  the    area    of    the   section,    at    a    point    of    which    the 

stresses  p  and  p0  act  in  the  same  direction  ; 
(o  =  the    density    of   the    material    of  which    the   engine  is 

made. 

The  stress  due  to  the  acceleration  or  retardation  of  the  re- 
ciprocating parts  is  expressed  by 


But  the  weight  or  mass  of  the  engine  may  be  expressed  by 
M—  const.  plA=cpP,    ...........................     (1) 
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where    c    is    a    constant    depending   on    the    type  of  the  engine. 
Hence 


(2) 


where  kQ  is  a  constant  depending  on  the  mode  of  distribution  of 
the  mass  of  the  engine  parts.  It  will  be  the  smaller  the  better 
the  design  of  the  engine.  Since  n  I  is  proportional  to  the  linear 
velocity,  the  above  equation  shows  that  the  stress  due  to  acceler- 
ation varies  as  the  square  of  the  piston  speed.  The  same  rela- 
tion also  holds  for  the  stress  due  to  centrifugal  force  in  a  uni- 
formly rotating  part  such  as  the  rim  of  a  flywheel,  it  being 
expressed  by  p0=pv2,  where  v  is  the  linear  volecity  of  the  rim. 
The  stress  due  to  the  useful  load  on  the  engine  is  given  by 


(3) 


where  k  is  another  constant  depending  on  the  mode  of  action  of 
the  load  P  and  also  on  the  form  of  the  engine  parts. 

Now  the  safe  stress  of  the  material  of  which   the   engine   is 
made  is  given  by 


.....................     (4) 

so  that 

(5) 


but  the  horse  power  of  the  engine  is 

£P=const.wZ.  P.      ..............................     (6) 

Therefore  &  =  C(fnP-1wn*F)  .........................    (7) 


Now  considering  the  speed  of  rotation  and  the  size  of  the  engine 
to  be  quantities  independent  of  each  other,  the  expression  above 
for  the  horse  power  becomes  maximum  in  two  different  cases. 
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Case  1.  Considering  engines  of  different  sizes,  all  running 
at  a  given  number  of  revolutions  per  min.,  the  horse  power 
becomes  maximum  when 

UJI  f1fd   _£    72          C7.    _..S74\         r\ 

=  U, 


dl 
that  is,  when 

The  corresponding  maximum  power  is 

maximum  IP=— Cfnl3 (9) 

5 

Since  nl  is  proportional  to  the  linear  velocity  we  may  write 
nl=k'v,  where  Ic  is  a  constant  and  the  above  becomes 

maximum  IP  =  —CJcrft2v (10) 

From  (8)  it  is  seen  that  for  maximum  power  at  a  given  speed 
of  rotation,  the  engine  should  be  so  designed  that  the  stress  due 
to  the  accelerating  force  shall  be  3/5  th  of  the  working  stress  of 
the  material,  the  remaining  2/5  th  only  being  that  due  to  the 
useful  working  load.  Eliminating  by  means  of  (8)  the  speed  of 
rotation  n  from  the  equation  (9),  we  obtain 


maximum  IP  =       -C-L}   (11) 

which    is    of   the    same    form  as  the  equation  arrived  at  by  Mr. 
Lanchester  by  the  principle  of  dimension  equation. 

Case  2.  Considering  engines  of  the  same  dimensions  running 
at  different  speeds,  that  which  develops  the  maximum  power  is 
given^by 
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that  is,  by 

~f=^pn^=p,  ............................     (12) 

The  corresponding  maximum  power  is 

maximum  IP  =~CfnP,      ..........  .  .......     (13) 

o  ' 

which  differs  from  (9)  only  in  the  coefficient.  In  this  case  the 
engine  should  be  so  designed  that  the  inertia  stress  shall  be 
1/3  rd  of  the  safe  working  stress,  the  remaining  2/3  rds  being 
that  due  to  the  useful  stress.  Eliminating  by  means  of  (12)  the 
speed  of  rotation  n  from  the  equation  (13),  we  obtain 


a  result  of  the  same  form  as  the  equation  (11)  obtained  in 
Case  1.  The  ratio  of  the  maximum  horse  power  given  by  (13) 
to  that  given  by  (9)  is  If,  on  the  supposition  that  the  engines 
in  the  two  cases  are  exactly  similar.  For  in  the  two  cases  the 
intensities  of  useful  stresses  are  limited  to  f  and  ^  of  the  safe 
working  stress  of  the  material. 

As  a  problem  occurring  in  actual  practice  it  is  however 
better  to  state  the  above  result  in  the  following  modified  form. 
Suppose  that  the  same  amount  of  horse  powers  is  developed  by 
each  of  two  high  speed  engines,  one  being  designed  for  maximum 
horse  power  at  a  given  speed  of  rotation  and  the  other  for 
maximum  horse  power  with  a  given  size  and  that  both  engines 
have  the  same  principal  dimensions  such  as  the  diameter  of 
cylinder  and  the  stroke  of  the  piston.  Then  since  the  total  use- 
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ful  stress  transmitted  through  a  corresponding  cross  section  must 
be  the  same  in  the  two  engines,  we  must  have 


where  AI  and  A2  are  the  values  of  A  for  the  two  engines.    Hence 


and  this  will  be  true  for  all  the  working  parts  through  which 
the  useful  stress  is  transmitted.  Thus  the  first  engine  is  1§ 
times  as  heavy  as  the  second  engine.  Dividing  (1)  by  (7),  we 
obtain  the  mass  or  weight  per  horse  power, 

M    _  CP  /1KN 

ff  -  -*     ' 


This  becomes  a  minimum  when 


which  is  just  the  same  as  the  equation  (12).  Thus  the  condition 
of  maximum  horse  power  expressed  by  (12)  satisfies  also  the 
condition  of  minimum  weight  per  horse  power.  Combining  (15) 
with  (12),  we  obtain 


Hence  supposing  that  the  engines  are  so  designed  and  worked 
at  such  a  speed  that  the  stress  due  to  the  accelerating  force  is 
£rd  of  the  working  stress  of  the  material,  the  weight  per  horse 
power  will  be  proportional  to  the  linear  measurement,  or  in 
other  words,  the  horse  power  developed  per  Ib.  weight  of  engines 
of  similar  type  decreases  in  the  inverse  proportion  of  the  linear 
dimension.  The  larger  is  the  size  of  an  engine,  the  greater  is 
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the  total  horse  power  in  the  duplicate  proportion  as  shown  by 
(11)  or  (14),  but  at  the  same  time  the  smaller  becomes  the 
horse  power  per  Ib.  weight.  Thus  arises  the  following  problem. 
It  is  required  to  obtain  a  certain  amount  of  total  horse  power 
with  the  least  weight  of  the  engine.  By  (14)  it  is  seen  that  an 
engine  having  four  equal  cylinders  can  develop  just  the  same 
horse  power  as  a  single  cylinder  engine  of  double  the  linear 
measurement.  But  by  (1)  the  weight  of  the  four  cylinder 
engine  is 


that  is,  one  half  the  weight  of  the  single  cylinder  engine.  In 
general  a  single  cylinder  engine  and  a  similar  engine  having  N 

equal  cylinders  each  .^th  in  linear  measurement  can  develop 
the  same  amount  of  horse  power.  This  follows  at  once  from 
equation  (14)  ;  for, 

-  =-  I  =  const,  x  I2. 


I    \2 
-  =-  I 

N*  J 


But  as  regards   the  total  weight  of  the   second    engine,    we   have 

by  (i) 


so  that  the  weight  decreases  in  the  inverse  proportion  of  the  square 
root  of  the  number  of  cylinders.  This  is  a  broad  governing 
principle  relating  to  the  weight  of  an  engine  of  a  given  power. 
Against  it  there  is  however  a  set  back  that  the  efficiency  of  an 
engine  decreases  as  the  size  of  the  cylinder  becomes  smaller.  In 
aeronautical  engines  the  weight  of  the  fuel  to  be  carried  is  thus 
increased,  so  that  the  multiplication  of  cylinders  will  be  limited 
by  this  factor. 
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Now  to  examine  the  materials  used  for  the  working  parts 
of  an  engine.  Let  fi  and  pj_  be  the  tensile  strength  and  the 
density  of  one  kind  of  material,  and  /2  and  />2  the  corresponding 
quantities  for  another  kind  of  material.  So  far  as  the  horse 
power  and  weight  of  an  engine  are  concerned,  it  is  seen  from 
(14)  that  these  materials  will  be  equally  good,  if 

-il    -A      /.il    ->V 

Ji  ~p\    —h  ~P* 
that  is,  if 

/  „  \i 

(18) 


For  example,  commercial  rolled  aluminium  weighing  about 
(o2='096  Ib.  per  cubic  inch  may  be  compared  with  mild  steel  of 
average  quality  used  for  the  construction  of  steam  boilers.  The 
latter  metal  weighs  about  ^  =0*283  Ib.  per  cubic  inch  and  has 
an  average  tensile  strength  of  about  /i=28  tons  per  square  inch. 
Hence  the  rolled  aluminium  would  be  as  good  as  the  boiler 
steel,  if 

/•096\J 
/-      *V^2837 

=  19-5  tons  per  sq,  inch. 

Rolled  aluminium  commercially  pure  has  a  tensile  strength 
ranging  from  about  6|  to  lOi  tons  per  square  inch,  while  the 
hard  rolled  plates  of  aluminium  alloy  prepared  by  Mr.  Yarrow 
with  the  addition  of  6  per  cent,  copper  and  adopted  for  the 
construction  of  a  torpedo  boat  gave  14  to  16  tons  per  square 
inch  tensile  strength.  These  are  not  sufficiently  high  to  equal 
the  boiler  steel.  An  alloy  of  aluminium  termed  "Duraluminium," 
invented  recently  and  manufactured  by  the  Electric  and  Ordnance 
Accessories  Co.  of  Birmingham  is  said  to  contain  'upwards  of 
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90  per  cent,  of  aluminium,  and  to  have  a  specific  gravity  of 
about  2'8  and  a  melting  point  of  650°  C.  The  makers  state  that 
the  tensile  strength  of  the  alloy  is  as  high  as  40  tons  per  square 
inch  when  the  metal  is  hard  and  has  a  little  elongation  ;  28  to 
30  tons  per  square  inch  with  15  per  cent,  elongation  in  2  inch 
gauge  length ;  and  25  tons  per  square  inch  with  20  per  cent, 
elongation  in  2  inch  length.  Specific  gravity  of  2'8  is  equivalent 
to  *101  Ib.  per  cubic  inch,  so  that  Duraluminium  will  be  better 
than  the  boiler  steel,  if  its  tensile  strength  is  higher  than 

=  19-9  tons  per  sq  inch, 


so  that  this  metal  in  its  weakest  and  most  ductile  state  is  much 
superior  to  the  boiler  steel,  so  far  as  the  horse  power  and  weight 
of  the  engine  are  concerned. 

It  may  be  added  here  that  in  the  adoption  of  a  new  material 
for  the  construction  of  an  engine  or  structure,  the  resistance  of 
it  to  shearing  would  probably  be  another  very  important  quality 
demanding  our  careful  examination. 
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